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Abstract -In this paper, a technique is introduced by which 
to extend the applicability of the existing analytic solutions of 
electromagnetic field problems to cases where random-noisy- 
sampled data (such as measurement outputs) are available, 
rather than analytic input functions. We address those problems 
for which a theoretical solution exists in the form of a superposi- 
tion of some bash functions. The algorithm introduced employs 
this same set of basis functions, and finds the expansion 
coefficients by the use of an iterative error-minimization tech- 
nique, which resembles those found in the process of training of 
artificial neural networks. In cases where the expansion func- 
tions are orthonormal, guaranteed fast convergence is proved. 
As well, we show how neuro-computation techniques can be 
employed to circumvent the effects of various types of measure- 
ment errors and noise. Satisfactory performance of the algo- 
rithm is shown for a test problem driven by random inputs cor- 
rupted with various levels of Gaussian noise. 

INTRODUCTION 

There are many mathematically well-defined and rigorous 
solutions to time-harmonic boundary-value problems in elec- 
tromagnetics [l]. Amongst them is modal analysis , in which 
we first identify a set of expansion functions satisfying boun- 
dary conditions. Then, using available input data such as 
sources or fields on the boundary, we proceed to find expan- 
sion coefficients from which to determine output fields. If the 
expansion functions satisfy the boundary conditions, the only 
problem that remains is that of matching the solution to real 
or equivalent sources. 

While this approach is rigorous, difficulties arise in many 
practical cases (e.g. nondestructive testing, radar and remote 
sensing, and antenna-pattem estimation using near-field 
measurements) because instead of crisp-valued input func- 
tions, we have a collection of measurements corrupted by 
various types of error and measurement noise [2]. To resolve 
this practical difficulty, we propose an optimization-based 
approach similar to that found in the process of training 
neural networks, to achieve both input filtering and noise 
rejection, as well as effective calculation of the output fields 
in an iterative way. 
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THE NEURO-COMPUTATION APPROACH 

For a typical boundary-value problem, we assume that we 
have a general form of solution including a series of basis or 
expansion functions fi. (x,y,z)  (in rectangular coordinates) 
satisfying the boundary conditions, together with some 
unknown coefficients Wi. The goal is to find the coefficients 
which match the solution to the sources. However, the prac- 
tical constraint is that rather than precise real or equivalent 
sources, we know only some noisy measured values at ran- 

where N is the number of measured points. In a noise-free 
case, for an arbitrarily large number M of expansion func- 
tions, we want to find values for Wi such that 

domly selected points, e.g. yk,,,,d (xk  , y k  , s?k) ; k=1,..-,N, 
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k k 
Yneaswed = Yculculated = wi ' f i b k  9 Yk z k )  9 for all k m  How- 

ever, in a noisy-data case, we expect the algorithm to fit the 
data and reject the noise. With the above assumptions, the 
classical analytical approach (or its numerical counterparts) 
cannot be used. 

Borrowing from the neurocomputation literature, we fol- 
low an optimization process, similar to error back- 
propagation used in the training process of a neural network, 
to obtain those Wi values which minimize an overall error 
measure 131. One possible error-measure is an estimate of 
Mean-Squared Error (MSE). Our proposed procedure con- 
sists of the following steps: 
Step 1. Initialize Wi with random small values between 0 and 
1, i = 1 ,..., M , where M is the number of expansion functions. 
Step 2. If k l N ,  calculate the output values: 

M 

i=l 

k 
Yculculuted = Wi *fi . (Xk rYk , Zk); otherwise go to Skp 6. 

Step 3. Calculate the error using the specified error function. 
For MSE, the error at each point is considered to be: 

Step 4. Use one of the variations of the gradientdescent 
technique and change each Wi to a new (Wi+A Wi) such 
that the enor is reduced. Correspondingly, 
AWi(n,k) = - q - - where k is the index specifying the 

input point, n is the iteration index, and q is the training rate 
which controls the adaptation speed. Consequently, 
Wi(new) = Wi(old) + A Wi(n,k) . 

k E k =  6hcUluted  -Ymecmvcd 12. 
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Step 5. Increment k and go to step 2. 
Step 6. Check the error and n; if Errormtd = Ek is less 

than Target (a pre-specified value), or n is more than Max 
(the maximum allowable number of iterations), go to step 7. 
Otherwise increment n, set k=l, and go to step 2. 
Step 7. If ( Errorma, (n) - Errormd (n-1) ) is less than E (a 
pre-specified small number), a local minimum has been 
reached, else increase n and try again. In certain situations 
the result would also be a global minimum (see Appendix 1). 

About the error function, the MSE for the set W,, of 
weights can be defined as the expected value of the squared 
error. We assume that the input points are introduced by 
independent experiments with identical distributions. This 
assumption yields [5]: 

N 

k=l 

N 

k=1 

k 
EW=W, = (l/N) ( Y!alculared - Ymemwed I2 3 

which converges to the true statistical average of E w=w, as N 
approaches infinity. 

Here, we are using an instantaneous error and gradient, 
which under the considered conditions, converge to the true 
statistical averages [Appendix 11. The algorithm can accom- 
modate a non-uniform probability distribution function to 
increase the number of samples where more precise measure- 
ments are possible. 

The above algorithm is similar to' the so-called on-line 
error back-propagation neural-network training process [3], 
or to a modified version of Widrow's Least-Mean Square 
(LMS) algorithm in adaptive filters [SI. For an explanation of 
the convergence conditions, we refer to Appendix 1. 

NUMERICAL VERIFICATION 

NOISE FILERING AND ROBUSTNESS 

In addition to the capability of exploiting randomly meas- 
ured input data, other major advantages appear when we use 
the noise-removal and robust techniques discussed in the 
neuro-computation literature [4]. For example, we can select 
the error function and adjust the training algorithm to minim- 
ize the errors caused by different types of noise. Thus, it has 
been shown that a mean-squared-error function minimizes 
the effects of random Gaussian noise [5 ] ,  and that the Che- 
byshev norm function does so for uniform noise [6].  Using 
other variations of error functions can lead to a robust estima- 
tion [7]. In terms of statistics, robustness often means allow- 
able deviation from an assumed Gaussian, uniform, or other 
probability density function. Robust estimators should be able 
to ignore infrequent observations which are significantly dif- 
ferent from the remaining observations. Mean-squared meas- 
ures tend to overemphasize infrequent samples or erroneous 
measurements. Alternatively, for example, long-tail noise or 
the effect of infrequent samples is reduced using an error 

To verify the validity of our approach, we have chosen the 
classical problem of a step in a waveguide [l]. Fig. 1 illus- 
trates the situation. We assume that only a dominant TElo  
mode propagates towards the junction from the smaller 
guide, and we also assume that the larger guide is matched 
such that only outward-traveling waves exist. For an analytic 
solution, we suppose that E, at the junction is that of the 
incident wave: f (x,y) = Ey I r=O = s i m / a  if y IC and OSX Sa, 
and otherwise is zero. Then, we expand the fields in terms of 
the modes in the rectangular coordinates. Considering boun- 
dary conditions, the E, lz=,-, component of the wave solution 
in the larger guide should be equal to f(x,y). We have: 

mn nx D o D D  

f (X,JJ) = E,,,,, sin-x a COS-JJ b . 
m=l n=O 

This is in the form of a double Fourier series. The E,,,,, are the 
Fourier coefficients of the expansion of E, I r=O , therefore: ,. a b  

ZE, ~- mx nx 
E,,,,, = - jIf(x,y) sin-x a C O S - ~  b dx dy , * 0 0  

where E,, is Neumann's number and is E, =1 if n=O, and E, =2 
if n>O. In the above situation, we have a complete analytic 
solution for the problem, but it requires complete information 
about f(x,y) at an infinite number of points. Having a limited 
number of points, the analytic model doesn't work. Fig. 2 
illustrates the analytic stimulus function at the z=O plane. 

In the next step, we remove the strong condition of know- 
ing the analytic stimulation function at the transition, and, 
instead, assume the input to be a collection of field measure- 
ments compted by Gaussian noise. We simulate possible 
measurement conditions by taking assumed analytic values 
for input (source) fields at the waveguide transition, and 
adding Gaussian noise with pre-specified variance to it. 
Using our approach with an MSE error function, we find that 
the expansion coefficients match the purely analytic ones 
within a few percent accuracy. As well, we have examined 
the effect of noise at different power levels. Table I shows an 
example of the results of our simulations with Gaussian sam- 
pling noise. Fig. 3 depicts one of the solutions obtained using 
our approach. As an example of the convergence speed, for 
lo00 sampling points, the algorithm converges in 1701 steps 
(less than two complete passes through data). This takes 5.7 
seconds on a Sun SPARCstation 10. 

r' T' 

function such as &/(1 + e') , where "e" is the difference 
between the computed and required values. Fig. 1. The test problem is a step in a waveguide junction. 
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Fig. 2. Analytical stimulus function at the z=O plane. 

Y 

Fig. 3. Stimulation field obtained based on our approach 
using 700 random data points corrupted with Gaussian noise 

(variance=0.2). 

CONCLUSIONS AND FUTURE WORK 

The approach proposed makes it possible for existing 
analytical solutions to electromagnetic boundary-value prob- 
lems to be exploited in practical situations having only 
randomly-sampled input data. Also, it provides a means to 
minimize the errors caused by various types of noise. 
Although we have demonstrated its application to modal- 
analysis examples, it is more generally applicable to other 
structured-solution problems such as those using the moment 
method [8]. 
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TABLE I 
SIMULATION RESULTS FOR hhMuRBMBNIs W l l H  GAIJSSLW NOISE 

Number of Average Relative Variance 
Measurements h r  of Noise 

700 13.72 % 1 .o 
7cK) 10.5 % 0.5 ._ _. - 

loo0 10.75 % 0.5 
200 12.7 % 0.2 
500 11.0 6 0.2 
700 5.8 % 0.2 

1 0 0  5.8 % 0.2 

The erron shown are the average of the relative emrs in 24 
numerically calculated expansicm coefficients in comparison 

with ideal coefficients. 

Appendix 1 

PROOF OF CONVERGENCE 

Fig. 4 illustrates the structure of a network which performs 
the proposed estimation of the unknown parameters. 

The output unit is a linear unit. It adds up all of its inputs 
and provides a single linear output. f l  (x,y) , * - , f~(x,y) 
belong to a set of orthonormal basis functions. 

(x,y) are the input variables to the algorithm, which are 
assumed to be determined by independent random-number- 
generation trials. We consider an ensemble composed of an 
infinite number of similar networks with similar weights and 
each driven by the outcomes of one of the random experi- 
ments, by which we determine the random inputs (x,y) to one 
of the networks. We also assign a corresponding desired out- 
put for each pair of inputs. Consequently, (xk,yk), with k as 
the time index, can be considered as a random process which 
is also assumed to be stationary. 

Next, we consider each fi(xk,yr) as a memoryless system 
whose output is a direct function of its input without any 
dependence on the past values of the input. Therefore, we 
conclude that if (xk,yk) is in a smct sense stationary,fi(xk,yk) 
are also stationary [5].  
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out t 
Averaging over the collection (ensemble) of the adaptive 
linear combiners yields: 

E [E:] =E Iyi]-2E b,, f T] W+WTE [f, f ;f ] W. 

Following the convention introduced in [9], we define the 
vector P as the cross correlation between y,, (the desired 
response) and the vector f,,, and the matrix R as the matrix of 
correlation between fi functions. Then the mean-squared 
error is: 

5 = E[&:] =Ely:] - 2PTW -+ WTRW . 
The MSE is a quadratic function of the weights. The matrix 
R is real, symmetric, and positive definite. Furthermore, In 
this problem, as we proved, any two fi and f i  functions are 
uncorrelated and statistically orthogonal. This means that all 
the nondiagonal elements of the correlation matrix R are 
zero. Considering orthonormality condition, all the diagonal 
elements are equal and have the following value: 

ElX2 f (xk,y31=j ,& ( x c l y d . l / ~  
a b  

dy =I/&. 
0 0  

The value (here llub) depends on the specific p.d.f of the 
input random variables, however, we can always say that it is 
a constant value for any uniform distribution. Therefore, R is 
invertible and its condition number equals 1, which is the best 
case considering lower sensitivity in numerical calculations. 
This also guarantees a unique global minimum, 

R = il;, pi , h is a constant value. 

Fig. 4. The network arcbitectm performing the estimation of 
the unknown parameters. 

Then, we prove that at each instant of time (k constant), 
the functions fi(xk,yk) are uncorrelated. Our assumption is 
that each input random variable has a uniform probability 
density function (p.d.0 over a nonzero interval. This means 
that in our example, for any k, we have: fx,(u)=l/a if O I U  la, 
and &(v) =l/b if OIv S k  and otherwise both are zero. Based 
on the independence assumption, for their joint p.d.f we can 
write: fL,,(u,v) =fz,(u)'fy,(v) = l/ub if -la and O I v I b ,  
and otherwise is zero. Assuming a zero-mean set of orthonor- 
mal basis functions, for each random variable fi(xk,yk), we 
find its mean to be zero: 

a b  

EV;(XkrYk)l= jjfi(Xk.Yk).(l/Ub)dx dy =o. 
0 0  

Next, we calculate the cross-correlation of any two of 
these random variables. We note that fi(xk,yk)$(xk,yk) is 
again a function of two random variables xk and yk (we are 
talking about the same instant of time): 

a b  

Ev;(~&,Y&)lfi(Xk,Yk)l= J I f , ( x k , r k ) $ ( x k , Y ~ ) . ( l l a b >  dx dY =o . 
0 0  

This results from the orthogonality of the basis functions 
and the properties of the assumed uniform distribution. 
Therefore, Elfi(xk9~ df ih  ,ydl=EV; (x~,Y dl .El& (x~,Y dl = 0. 
This implies orthogonality and uncorrelatedness of any two 
random variables at the nodes of the middle layer at each 
instant of time. 

At the next layer, we have a network similar to the adap- 
tive linear combiner discussed in [9]. The inputs to this linear 
combiner are stationary random processes 
f =  (f~(xk,yk), - - -  ,f~(xk,yk)) , which at each instant are 
also uncorrelated. Let y,, be the desired output of the n"' net- 
work in the ensemble and W be the common weight vector. 
Then the error at the n" network is: 

&: = (Yn - fZW)' = y: - 2y,fTW + WTf"fTW. 

L J  

The gradient with respect to W is Vw 5 =-2P + 2RW. 
Equating it to zero yields Wophl = R-' P . 

In practice, we do not have all the statistical information 
that we need to calculate the matrices directly. The stationar- 
ity assumption allows us to use a single network instead of 
the infinite ensemble of networks and to expose the input data 
to that single network in a time-serial basis. For each expo- 
sure, we can define an instantaneous error. Correspondingly, 
we use the instantaneous error as an estimate of the statistical 
average error and calculate an instantaneous gradient to per- 
form a movement in the direction of steepest descent in the 
error space. The error and the gradient introduced in this 
paper obey the same assumptions. In [9], it has been shown 
that the instantaneous gradient is an unbiased estimation of 
the hue gradient. As well, there, it has been shown that the 
bounds on the training rate q for the convergence of the alge 
rithm are : O<q<l/(truce[R]), in which truce [RI (the sum- 
mation of the diagonal elements of R), here, is equal to the 
average signal power of our f vector. 

In cases where the sampling is not uniform or the basis 
functions are not orthogonal, but if uncorrelatedness of the 
nondiagonal elements of R can be proved, the existence of its 
inverse and a unique global minimum is still guaranteed. 


