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Abstract

As Field-Programmable Gate Array (FPGA) capacity can noppsu several processors
on a single device, the scalability of FPGA design tools amthods has emerged as a
major obstacle for the wider use of FPGAs. For example, legithesis, which has tradi-
tionally been the fastest step in the FPGA Computer-Aideside(CAD) flow, now takes
several hours to complete in a typical FPGA compile. In thoskywe address this problem
by focusing on two areas. First, we revisit FPGA logic systh@nd attempt to improve its
scalability. Specifically, we look at a binary decision dag (BDD) based logic synthesis
flow, referred to a$BDD, where we improve its runtime by several fold with a marginal
impact to the resulting circuit area. We do so by speedinghepctassical cut genera-
tion problem by an order-of-magnitude which enables itdiagfion directly at the logic
synthesis level. Following this, we introduce a guidediparting technique using a fast
global budgeting formulation, which enables us to optinmzividual “pockets” within the
circuit without degrading the overall circuit performan@&g using partitioning we can sig-
nificantly reduce the solution space of the logic synthesiblem and, furthermore, open

up the possibility of parallelizing the logic synthesispste



The second area we look at is the area of Engineering ChardgrO(ECOs). ECOs
are incremental modifications to a design late in the desayn flThis is beneficial since
it is minimally disruptive to the existing circuit which perves much of the engineering
effort invested previously in the design. In a design flow reh@ost of the steps are fully
automated, ECOs still remain largely a manual process. ddnsoften tie up a designer
for weeks leading to missed project deadlines which is vetyiental to products whose
life-cycle can span only a few months. As a solution to this,slhow how we can leverage
existing logic synthesis techniques to automatically rfyoaicircuit in a minimally disrup-

tive manner. This can significantly reduce the turn-aroumeé tvhen applying ECOs.
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1 Introduction

1.1 Introduction to Field-Programmable Gate Arrays

Since their introduction in 1985, Field-Programmable Getays (FPGAS) have become
an effective medium to quickly implement a wide range of @ilgapplications. An FPGA
is a regular array of programmable logic and routing stmaspas illustrated in Figure 1.1.
Digital logic is implemented on an FPGA by programming tHegic blocks and routing

fabric to various configurations.

Programmable . K input programmable
ILAB t
Connections U Lookup Table

~
100 ‘
LAB | X LAB A '.11\‘4 ,/ 1 (Un)registered
- —— T —BLEW} 0] Output
0]

L L \ bits p I ' B

T \ | Programmable
LAB LAB | \ Internal o SRAM T
\ \ Routing . :—b1ts
\ \ nBLEy | ————— |
Programmable | KBLE
Switch Block | BLE inputs

-~

Logic Array Block (LAB)  Basic Logic Element (BLE)

Figure 1.1: A traditional island-style FPGA architecture.



1 Introduction

1.2 Motivation and Overview

The programmable nature of FPGAs make them an extremelyeffestive solution for
designing digital applications. For example, for a few thand dollars, one can purchase
an FPGA to implement an entire System on Programmable CRP( [ter09]. Contrast
this to the initial development and fabrication costs forA®BIC which currently costs
upwards of a million dollars [ICK04, LamO03]. As this trendshaorsened over time, as

shown in Figure 1.2, it is expected that FPGA use over ASIdisgnow.

$3.5M

$3.0M

$2.5M

$2.0M

$1.5M

ASIC Mask Set Costs (USD)

*»
=
o
<

$0.5M

$0.0

0.5u 0.35u 0.25u 0.18u 0.13u 0.09u 0.065u
1994 1995 1998 1999 2000 2002 2007
Technology Node and Year

Figure 1.2: Initial costs for fabricating an ASIC as meaduyg the mask set costs for each
technology node from 1994 to 2007[Yan01, RMBB, LamO5].

The cost advantage of FPGAs, however, comes with a penatgrms of circuit area,
power, and performance. Fortunately, a large body of wotkénlast 20 years has signifi-
cantly improved both the costs and performance of FPGAs.s@lean be broken down

into architectural enhancements, which explore prograbhengabric improvements on



1 Introduction

the FPGA [WRV96, RBM99, ARO0O, LBX3, LAB*T05, Mor06b]; and CAD enhance-
ments, which explore algorithms that map digital applmasi onto the programmable
fabric [BRV90, ME95, BR97b, BR97a, MBR99, LSB0O5b, MSBO05, B8b5a, MBVO06,
MCBO06a, MCBO06b]. As a result of these improvements, FPGAsasd performance
have improved by several fold. Furthermore, in severaliegippbn domains FPGAs have a
significant cost and performance advantage. For exammerd-iL.3 illustrates the costs,
measured in terms of silicon area, of an FPGA and DSP impl&atien of a well known
DSP applicatiort. This clearly shows that for equal performance, the FPGAisrder-
of-magnitudecheaper than the DSP [Alt05a, Bie07]. However, even witserempelling
advantages of FPGAs, they currently take laps than 2%of the semiconductor mar-

ket [McMO08, Wor06].

N w S
o o o

Cost Per Operation
(normalized to Xilinx FPGA)
|_\
(@]

0
Xilinx TI
Virtex—4 TMS320C641
SX25 400 MHz

Figure 1.3: A normalized cost comparison between a XilinxcPR/ersus a Texas Instru-
ments DSP[AIt05a, Bie07].

One reason that FPGA growth has been limited is due to the exrsoime nature and

high-learning curve of the FPGA design flow. The FPGA CAD floas lgenerally been

1The DSP application was an orthogonal frequedivision multiplexing (OFDM) unit, each operation is
defined as the computation required to process a single ehpkltd5a, Bie07].
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adopted from the ASIC domain, and as a result, FPGA CAD floviferstrom scalability
problems typically found in by ASIC CAD tools. In particuldhe compile time of the
entire FPGA CAD flow commonly takes on the order of hours to plete. Compare this
to the typical compile times for DSPs which take on the ordenimutes to complete. A
second issue is that manual intervention is often requigethe user to alter the design
and meet constraints: something that requires extensige/lkdge of hardware design
and the underlying FPGA architecture. Both these factagsifitantly degrade FPGA
design productivity, which deters new entrants from usiRGRSs to leverage their benefits;
particularly those who are unfamiliar with the digital dgsflow. This dissertation attempts
to address this issue by focusing on two areas. First, we dsirate how we can improve
the productivity of the FPGA CAD flow by reducing its runtinfedugh several fast global
optimization techniques. Second, we remove the manualeatihe backend FPGA CAD
flow.

To reduce the runtime of the FPGA CAD flow, we focus on logictegsis. Logic syn-
thesis has a large impact on the final implementation of aiitiand remains an important
problem in the FPGA CAD flow. Furthermore, it occupies a digant portion of runtime
in a circuit compile?. In this dissertation, we will look at a synthesis flow thatdeages
Binary Decision Diagrams (BDDs). BDD-based synthesis flanesa powerful means to
optimize a circuit for area, power, and delay [YCSO00, VKTBESBO05]. However, one of
the primary bottlenecks in BDD-based synthesis flows isrttleistering and elimination
step. During elimination, redundancies in the circuit a@moved and resynthesis regions
are defined. Current methods for elimination accomplisise¢hasks through trial-and-
error and, hence, will not scale to modern designs contgihimdreds of thousands of
logic blocks. This issue could be solved by treating eliioraas a covering problem.

Doing so would convert the elimination problem to an extrnfigst global optimization

2Commercial numbers have not been publicly disclosed byiinédly have listed anywhere from 30 to 50%
of the overall CAD runtime [Alt07, Xil0O].
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problem rather than a greedy-based heuristic. In order sarerthat the covering prob-
lem scales to elimination, we introduce a novel compressonnique using BDDs to help
compress the cuts necessary when solving the coveringgmoblhis ultimately leads to
an order-of-magnitude speedup in the cut generation psaoes a several fold speedup in

the overall synthesis flow with negligible impact on circaniea.

Another technique to improve the runtime of CAD is throughitianing for paralleliza-
tion on multi-core processors. During partitioning, a gitcs split into several independent
subcircuits where each subcircuit is optimized individjaahlthough this can significantly
reduce the runtime of the optimization process, each pmartdanly provides a localized
view of the entire circuit and, as a result, optimizing eaattifon does not guarantee a sat-
isfactory global result. As a solution to this, we formulatelnteger-Linear Program (ILP)
that derives partition constraints during optimizatiory Bllowing these constraints, the
localized optimizer will produce a solution with superiaradjty to that of one with only
a localized view of the partition. Unfortunately, our ILPrfioulation is NP-complete and
does not scale to large circuits. To avoid this issue, we simwwe can reduce our ILP to
polynomial complexity by leveraging the concept of dualDoing so improves the prob-
lem runtime by over 100x. Furthermore, although our redymetilem theoretically has a
polynomial complexity with respect to circuit size, empaily we find that it runs in linear
time on average. When run on the IWLS benchmark set (thedaegademic benchmark
set used in logic synthesis), we show that our ILP formutatian improve circuit depth by
11% on average when compared against partitioning-based flat do not use our tech-
nique. Furthermore, our reduction in depth comes with atlegs 1% penalty to circuit

area.

Finally, in an effort to improve the FPGA design flow, we intigate ECOs. ECOs are
an essential methodology to apply late-stage specificatiamges and bug fixes. ECOs

are beneficial since they are applied directly to a placeranted netlist which preserves
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most of the engineering effort invested previously. In agleflow where almost all tasks
are automated, ECOs remain a primarily manual and expepsieess. As a solution, we
introduce an automated method to tackle the ECO problemcif@aly, we introduce a

resynthesis technique using Boolean Satisfiability (SAR)olw can automatically update
the functionality of a circuit by leveraging the existingglo within the design; thereby
removing the inefficient manual effort required by a desigBy using this technique, we
show how we can automatically update a circuit implementedroFPGA while keeping

over 90% of the placement unchanged.

1.3 Objective and Contributions

The objective of this research is to enhance the user experief FPGA design tools

through two goals as follows:

1. Enhancing the scalability to the general logic synthisvs.

2. Removing the manual nature of ECOs in the FPGA CAD flow.
Achieving these goals led to five primary contributions dfes:

1. A novel BDD-based compression technique for cut germrdt reduce its runtime

and memory use by an order of magnitude.

2. A novel edge-flow heuristic that reduces the number ofingutvires by 7% when

used during logic synthests

3. Aglobal covering based approach to solve the elimingiroblem in logic synthesis

reducing the elimination runtime by an order of magnitudiuction.

3As technology scales down beyond 65nm, routing wires begitominate the overall circuit area, thus
reducing routing wires significantly reduces the cost angroves the delay of the circuit [ZLMO06].
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4. Aformulation of the slack-budget management problemrmdstager-Linear Program
followed by a reduction method leveraging duality to redogelnteger-Linear Program
to a network flow algorithm with polynomial complexity. Thisduces the slack-

budget management problem runtime by two orders of magaibncaverage.

5. An automated approach to the FPGA ECO flow that uses Bo@aéisfiability to

isolate and resynthesize logic.

1.4 Dissertation Organization

The remainder of this dissertation is organized as folld@lsapter 2 gives a brief overview
of FPGA architecture and CAD flow. A brief tutorial on BinargBision Diagrams (BDDs)
and Boolean Satisfiability (SAT) is also be provided. Chatentroduces our novel ap-
proach to elimination for logic synthesis. We also deschibe we use BDDs to signifi-
cantly reduce the memory and computational requiremergsmérating cuts during elim-
ination. Chapter 4 outlines our slack-budget managememtufiation as an Integer-Linear
Program and show how it can be used in conjunction with pamiitg to improve circuit

depth. Chapter 5 covers our automated approach for ECOg Bsialean Satisfiability.

Finally, we conclude in Chapter 6 with a summary and diredtifor future work.



2 Background

This chapter provides a brief overview of FPGA architectame CAD. Also, a descrip-
tion of Binary Decision Diagrams (BDDs) and the Boolean Sebility (SAT) problem
is given. Each section is generally self contained, thus,rédader can skip to sections
that they are unfamiliar with to give a better foundation aokledge when reading the

succeeding chapters in this dissertation.

2.1 Terminology

The following section describes some basic terminology ulseoughout this dissertation.
The combinational portion of a Boolean circuit can be repnésd as a directed acyclic
graph (DAG)G = (V(G), E(G)). A node in the grapl € V(G) represents a logic gate,
primary input or primary output, and a directed edge in ttb(u, v) € E(G) represents
a signal in the logic circuit that is an output of gat@and an input of gate. For a given
edge(u, v), u is known as the tail andis known as the head. faninfor nodev, fanin(v),

is defined as a tail node for an edge with hea&imilarly, afanoutfor nodewv is defined as
a head node for an edge with tail A primary input(PI) node has no fanins ancpamary
output(PO) node has no fanouts. Amternal node has both fanins and fanouts. Registers
can be represented in the DAG if the inputs of the registersrardelled as POs and the
outputs of the registers are modelled as Pls. Since register form a cycle in a graph,

they should not be treated as nodes, as cycles are very Hiffichandle in many circuit
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optimization algorithms.

A nodev is K-feasibleif | fanin(v) |< K. If every node in a graph i&'-feasible then
the graph isi-bounded A path, is defined as a sequence of nodes starting at nadd
ending at node such that for each adjacent two nodesndv, in a sequence, there exists
adirected edgéu, v) € E(G). For any given paths is known as a transitive fanin for node
t andt is known as the transitive fanout for nogdeHere, we assume parallel edges do not
exist within the graph, since our definitions of edges andgaannot disambiguate parallel
edges and paths (e.g. two edges connecting the same soancksinkv). The length of a
path is the sum of the delays of the edges and nodes alongtthelppae assume that the
delay of each edge are equal, at a nodthe depthdepth(v), is the length of the longest
path from a primary input te and the heightheight(v), is the length of the longest path
from v to a primary output. Both the depth for a Pl node and the hdagha PO node are
zero. The depth or height of a graph is the length of the langgh in the graph.

When visiting nodes in the graph, they are often visitetbpological order In topo-
logical order, nodes are visited if and only if all of theinfas have been already visited.
This implies that the node traversal occurs from Pls to PGsieRse topological order is
the opposite case where nodes are visited if and only if ath@f fanout nodes have been

visited already.

A coneof v, C,, is a subgraph consisting ofand some of its nonPI predecessors such
that any node: € C, has a path te that lies entirely inC,,. Nodew is referred to as the
root of the cone. The size of a cone is the number of nodes plus éddes cone. This
parameter often determines the computational complexipperations on the cone since
many optimization on a cone of logic require traversing lal hodes or edges within the
cone. At a con€’,, the set of faninsfanin(C,), are the set of nodes that are the tail nodes
of edges with a head ifv, and the set of fanoutggnout(C,), are the set of nodes that are

the head nodes of edges withas a tail. With fanins and fanouts so defined, a cone can
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be viewed as a node, and notions that were previously deforeabties can be extended
to handle cones. Notions such @&th(-), height(-) and K-feasibility all have similar
meanings for cones as they do for nodes.

A cut of a nodev is the set of fanin nodes to a cone whose roat. iFhus, every cone
defines a cut and there is a one-to-one correspondence Ibeéaek cone and cut. Note
that we are using the term cut in a different manner than vehiaaditionally used in graph
theory, where a cut typically is defined as a set of edges,wdeparates two sections of
a graph. In our case, we are using the source nodes of the eddeBne our cut. A cut
is K-feasible if it contains at modt” distinct nodes. Assuming a given nodéas only 2
fanin nodesy andw. A cut for nodev can be created by concatenating two cuts from the
fanin nodes: andw. The concatenation operation can be represented usingsiabol
where ifc,, ¢, andc,, are cuts for nodes, u, andw respectively¢, = ¢, * c,.

A net n, is defined as a set of edges with a commondaiHere,« is known as the
driver or sourcenode of net: and the set of head nodesre thesinksof netn. A net can
be thought as a set of wires which connect a source node tamasiak nodes. Anetlistis

a set of nets which define all of the connections and nodesnaathircuit.

2.2 FPGA Architecture

2.2.1 Programmable Logic

The fundamental building block of an FPGA is the Basic Logierkent (BLE), as illus-
trated in Figure 2.1. This traditionally has consisted obakup Table (LUT) and a register
that can be by-passed via a programmable multiplexer. Bgraroming the SRAM bits

in the LUT, any logic function of up td( variables can be implemented. Determining an
ideal value ofK for the LUT is the main focus when designing a BLE. Having @dar

value of K is beneficial since this increases the amount of logic thatpzecked in the

10
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K input LUT
(Un)registered
0 Output

2K um

SRAM

bits i

KBLE
inputs BLE

Figure 2.1: A Basic Logic Element (BLE) consisting of a LopKlable (LUT) and a con-
figurable register.

BLE and reduces the number of BLEs along the critical pattmefcircuit. However, each
additional input to the LUT doubles its size thus finding adjbalance between delay and
area is necessary. Previous work has shown that BLEs camgadanput LUTSs result in
the best area-delay balance [ARO0O]; though more recenthf,d with 5 or 6 inputs have

been favoured to improve circuit delay [Mor06b, LABS5] at the cost of some area.

BLEs are connected together via wire segments and progratersaitches. How-
ever, there is a significant delay penalty associated witih @nnection switch a sig-
nal has to pass through. To mitigate this problem, FPGA techires have adopted
a hierarchical structure, where BLEs are clustered togetite larger blocks known as
Logic-Array Blocks (LABs) (the term Clustered Logic BlocKI(B) is also commonly
used). The connection fabric within a LAB is often an ordemudgnitude faster than
the interconnect between LABs [RBM99]. Thus, by packindicai portions of a cir-
cuit into a small number of LABs, circuit delay improves diatmally. An example
of the hierarchical LAB structure is illustrated in Figure22vhere each LAB contains

n BLEs and/ inputs. Previous work has shown that the number of requitester

11
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Figure 2.2: The hierarchical structure of an FPGA.

inputs I can be significantly lower than the maximum value /6fx n for full logic
utilization within a LAB [BR97a, RBM99, ARQOQ]. In particutafor BLES containing
4-input LUTSs, previous studies has shown that a good numb&AB inputs is I =
2n + 2 [BR97a, RBM99, AROQ].

As Figure 2.2 shows, LABs are connected together with discmiting segments where
each segment can host at most one inter-LAB signal. Cororechetween segments are
made using programmable multiplexers to determine whigmgats attach to a given
LAB. The number of segments found in a single channel is knaswhechannel-widtrand
the channel-width together with the programmable switcitkd form the FPGA routing
fabric. Previous work has explored both the routing segmnsmcture [BR99, LBJ03]

and connections blocks [CFK96, Wil97] which yield good gedé a reasonable cost.

2.2.2 Commercial Architectures

In order to improve the versatility and performance of FPG&smmercial FPGA archi-

tectures often add specialized blocks onto the FPGA whiatksvim conjunction with the

12
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Figure 2.3: Altera’s Stratix commercial FPGA [LBO3].

programmable logic. For example, Figure 2.3 has a high-texerview of Altera’s Stratix
FPGA [LBJ'03]. This consists of BLEs and programmable interconnéatgawith mem-
ory and dedicated “hard” blocks. These hard blocks are pggjifiermance structures which
can perform various arithmetic operations. An example ofpgctl hard block is shown
in Figure 2.4 which implements a multiply-accumulate ofiera Since these structures
lack any programmable logic, they are much faster and st a fully programmable
alternative. This both reduces the costs and enhances tloepance of the FPGA. This
has led to more studies to both quantify the benefits of usard blocks on FPGAs and

explore new structures that may be beneficial [JRO5,104Q).

2.3 FPGA CAD

The FPGA CAD flow has a major impact on performance of appboatrunning on

FPGAs and each step is coupled very tightly to the underliAiRGA architecture. These

13
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Figure 2.4: A multiply-accumulate “hard” block on the commeial Stratix FPGA [AltO5b].

steps are highlighted in Figure 2.5 and determine how efffilyiea design gets maps onto

the programmable fabric of the FPGA.

2.3.1 Logic Synthesis and Technology Mapping

Logic synthesis is the first step in the CAD flow after a higheledescription is converted
to atechnology independenttlist. We define a technology independent netlist as aitirc
representation where each node represents a Booleandiuictit is not tied to any spe-
cific technological implementation. The goal of logic syegls is to create an optimized
netlist consisting of basic gates, such as 2-ilfNDandORgates [ESV92, MCBO06a]. An

example of this is shown in Figure 2.6. In Figure 2.6(a), aoptimized netlist is passed
to logic synthesis resulting in a less costly implementatis shown in Figure 2.6(b). Sev-

eral common techniques are used during logic synthesispoowe the area and delay of

14
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module foo(..)

begin
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Technology Independent
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Figure 2.5: A generic CAD flow for FPGAs.
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a circuit including two-level minimization [BHMSV84], aépraic division [BM82], func-
tional decomposition [Ash59, RK62, JJHW97, YSC99, YCS0&)viring [SB98, CLL02,
LIJHMO7], and rewriting [LSB0O5b, MCBO06a].

X6 X, X, X3 Xy x5 X Xy XS Xy X

il J

=
]

X

S 5

y

H_<:|w><

4-LUT 4-LUT

F G F G F G F G
(@) (b) (€) (d)

Figure 2.6: An illustration of the logic synthesis procesd éechnology mapping. (a) An
unoptimized netlist. (b) An optimized netlist. (c) Identdtion of nodes to pack
into a LUT for technology mapping. (d) Technology mappeduirto 4-input
LUTs.

Once optimized, the netlist is then passed to the technatoggper which maps the
basic gates into technology specific nodes, such as 4-irpts [MBVO06] as illustrated in
Figure 2.6(d). When mapping to LUTSs, the goal is to pack asmiogic as possible into
each LUT. This is beneficial since it minimizes the numberdffls required to implement
the circuit. Other metrics such as delay and power shoutdlagaken into consideration
during technology mapping. For example, in [ANO6] the aushprove that static power
consumption of storing logic “1” versus a logic “0” is asymtmeand this can be leveraged

during technology mapping to reduce the FPGA power use.
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2.3.2 Clustering, Placement, and Routing

Clustering involves packing each BLE produced after tetdgomapping into a set of
LABs. One of the first works to effectively accomplish thisssthe VPACK tool [BR97a].
In VPACK, a greedy approach is used where BLEs are clustaredcaba time. This starts
off with a seed BLE as the initial cluster. Next, addition&lEs are added to it based on an
attraction function. In VPACK, BLEs with more common contieas to the current seed
cluster are chosen over other BLEs. This continues untitthveent cluster utilizes all of
the logic or inputs into the LAB. Next, a new cluster is stdntmtil all BLEs are clustered
into LABs. VPACK was later improved in T-VPACK to include ting information into
its attraction function [MBR99]. More recently, routing rsiderations were taken into
account [SMS02, BMYS04] which was shown to reduce the olvarah and power use of
the resulting netlist. A useful side-effect of clusterisghat it can significantly reduce the
number of placeable objects in the circuits. This in turrumss the solution space of the

placement problem.

During placement, each LAB is assigned to a single locatiorthe FPGA chip such
that the overall interconnect use and circuit timing is miizied. Although several place-
ment techniques have been explored in the past, simulateghhng, as exemplified by
VPR [BR97Db], has become the de facto standard for FPGA planenburing simulated
annealing based placement, individual LABs are randomlgpped between locations.
The swaps are accepted if circuit metrics such as wirelemgtiming is improved. Dur-
ing placement, wirelength is estimated as the summatidmedfalf-perimetedength of all
nets within the design. An example of the half-perimeter nétis shown in in Figure 2.7.
For timing-driven placement, the delay between two LABsd8neated using a lookup

method where the delay between two locations is precatimnpirically and cached in a

1To avoid getting "trapped" in local minima, simulated animgpwill often accept moves which hurt timing
or wirelength, so long as this improves the timing and wingté in succeeding swaps [BR97b].

17
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lookup table [MBRO0O]. Along with several heuristics suchhédkclimbing, simulated an-
nealing based placement has proved to be an extremelyieff@ctans to solve the FPGA
placement problem. One drawback of simulated annealing somputational complex-
ity. As a result, placement has traditionally consumed tlagonity of the runtime in the
FPGA CAD flow; however recent advancement in parallelizafldBP08] and partition-

ing [SR99] has significantly reduced the runtime of FPGA etaent to manageable levels.

N
E9T)
W

half-perimeter = A+w

Figure 2.7: The half-perimeter wirelength of a net is defiagtialf of the rectangle perime-
ter which encompasses all terminals of the net. This ret@asgermed as a
bounding box

Once placement completes, routing begins. During routi#Bs are connected to-
gether via programmable connections and wire segments. t®the discrete nature of
the FPGA routing problem, FPGA routing is significantly mai#ficult than the general
routing problem found in ASICs. One of the more general apgies to FPGA routing is
PathFinder [ME95]. PathFinder connects LABs together sbhahthe wire delay is min-
imized between connections. During this initial step, wsegments can be used more
than once to create connections between LABs. Once allnegjgbnnections are made,
a second routing iteration starts which “rips out” overusere segments. The cost of
the overused segments is incremented to deter the routerdverusing them again. This

process continues until no more wire segments are overused.
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2.3.3 Physically-Driven Synthesis

Physically-driven synthesis, or physical synthesis farsthas become an important step
in achieving timing closure after placement. During phgbgynthesis, logic transforma-
tions are applied in conjunction with timing informationroked from the placement. An
example of this is shown in Figure 2.8. Here we show a basioimg operation where
registers are “pushed” across the circuit to shorten thistexeto-register delay of the cir-
cuit [LS91, SMBO05b]. Retiming is a popular means to optingzeuit delay since it does
not change the cycle behaviour of the circuit, thus extemtalfaces to the circuit do not
need to be changed. In Figure 2.8(a), we show an unclustettidtrat the top and the
clustered and placed netlist below it. In this figure, eaclBLiA represented by a large
block and can pack at most four BLEs. Assuming that the detawéen two BLES is
proportional to their distance, shortening the length ef ¢hitical path will improve the
circuit delay. This is highlighted in Figure 2.8(b) whergister d is pushed ahead of logic
element c. Although this shortens the path between logroete ¢ and register d, the cur-
rent placement is now illegal since the pushed registerssgasd to a full LAB. In order
to create a legal placement, the cells surrounding registeust be displaced such that the
resulting placement is legal as shown in Figure 2.8(c) agdrei2.8(d). This iterative pro-
cess between logic transformations and incremental pleseoontinues until the circuit

delay converges to a desired value.

2.3.4 Engineering Change Orders (ECOs)

Engineering Change Orders (ECOs) cover a wide range of whi&hws either used to in-
crementally improve the delay of a design [CS00] or help riyattie behaviour of a design
such that circuit delay is maintained [MCB89, CMBO08, YSVB6ICC99, Men05, Xil08].

The work presented in this dissertations falls in the lattéegory where we focus on late-
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W- I—v LUT + LuT P LuT

() (d)

Figure 2.8: lllustration of physically-driven synthesppdying retiming. (a) Current place-
ment with long distance between register d and logic elersen{b) Post-
placement layout-driven optimization using retiming. [egremental place-
ment process for legalization. (d) Final legal placemerdpiimized netlist.
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stage ECOs that are applied directly to a place-and-routdiisin Late-stage functional
changes often occur due to last minute feature changes otoduggs which have been
missed in previous verification phases. The most recens steyard the automation of the
ECO experience include [CMBO08] and [YSVBO07]. Here, usingval methods and ran-
dom simulation, the authors in [CMBO08, YSVBO07] show how igtinodifications can be
automated. To apply modifications, the authors use randamlation vectors to stimulate
the circuit. Using the resulting vectors at each circuitendtiey are able to find suggested
alterations to their design to match a specified behavioalowing their modifications,
they require a formal verification step to ensure that theidification is correct. The re-
sults of their work is promising where they can automatcalpply ECOs in more than
70% of the cases they present.

The technique in [YSVBO07, CMBO08] requires an explicit reggetation of any modifi-
cation, which does not scale to large changes. This is nattzgm in ASICs since ECOs
requiring major changes are not desired since they areudiffic implement; however in
FPGAs, where we can reprogram individual logic cells, lariganges can be implemented
while maintaining circuit delay. Our approach improveslois tvhere we can handle much

larger changes by using a SAT-based approach shown in GCHapte

2.3.5 Timing Analysis

Timing analysis occurs at every level of the FPGA CAD flow asd main driver for circuit
optimizations aimed at improving the delay of the designrimtiming analysis, every
node and edge within the circuit graph is assigned a delaye\aid critical portions of the
circuit are found. An example of this is shown in Figure 2.9wheach node and edge is
annotated with a delay value and the longest path delay afitbeit, Delay,,q.., IS Shown.
This path is known as theritical path of the circuit and determines the minimum clock

period (or maximum clock frequency) of the design.
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Figure 2.9: An illustration of a circuit graph with statiating values assigned to each node
and edge.

One simple method to timing analysisgtatic timing analysis Static timing analysis
uses the static delay values of nodes and edges in the grapit to calculate theriticality

of each edge. Paths that contain many critical edges anmiapt for delay.

The criticality of an edge inversely relates to the amount of flexibility agestias to
increase its delay where critical edges have very littlalfiéky to increase its delay without
harming the clock frequency of the circuit. This flexibilis/based on the notion afrival
time andrequired time The arrival time is defined by Equation 2.1. In Equation 2hg,
arrival time of a node is defined as the maximal value of the arrival time of a fanin to
nodew plus the delay of the fanin node and its edge connectlalay(u) + delay({u,v)).

Basically, the arrival time of node is the longest path delay from a primary input to the
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nodev.

arrival(v) =

p

\

MAX ¢ fanin(w) {delay ((u, v)) + arrival(u)}  +delay(v),
if v# {PI,register}

0, otherwise
(2.1)

The required times of each node is defined by a similar relatigp as defined in Equa-

tion 2.2 which is the longest path delay between noeded a primary output.

required(u) =

4

MINye fanout (wy{required(v) — delay((u,v))} —delay(u),
if u# {PO,register}

Delaymaq, otherwise
(2.2)

Using the arrival time and required time, we can defiteekas shown in Equation 2.3.

To find the criticality of each edge, we first normalize thecklto the largest arrival time

value, as shown in Equation 2.4. This is known as the slagkoathe edge. Finally, using

the slack ratio, we can define the criticality of each edgecéimeld by Equation 2.5. Here,

the criticality ofv is defined as 1 minus the slack ratiowofThe criticality of an edge takes

on the value between 0 and 1. Nodes which are attached tatetiges with a value equal

to or near 1 should be optimized for delay to help shorten tiiea path.

slack({u,v)) = required(v) — arrival(u) — delay({u,v)) (2.3)

, _ slack({u,v))
slackratio({u,v)) = “Delay (2.4)
ceriticality((u,v)) = 1 — slackratio({u,v)) (2.5)

The primary difficulty in performing static timing analysis assigning accurate delay
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values to each node and edge. The most simplistic pre-pEmedelay model usasnit
delay In the unit delay model, the delay of each edge is assignediue wf O and nodes
have a unit delay value. Various other more sophisticatéalydestimation methods have
been applied for logic synthesis suchretrange[LMSO04]. The netrange of a net is de-
fined as the difference between the minimum and maximum lbgth of any given node
connected to a net where the delay of a net is proportionas tegtrange. Unfortunately,
effective pre-placement delay models are still lacking iatpiire further work [MCSBO06].
Post-placement delay estimation is much easier sinceltte/sposition of logic blocks,
and hence the approximate length of interconnect segmemtsll defined. Thus, after
placement and routing has completed estimations of delagsan the circuit is very ac-
curate. Leveraging this information can be extremely péut@rhen trying to improve cir-
cuit clock frequency. This occurs during the physicallyven synthesis and Engineering
Change Orders step where placement information is usedpogbele logic transforma-

tions to incrementally increase the circuit clock frequeacmodify its behaviour.

2.4 Introduction to Binary Decision Diagrams

A Binary Decision Diagram (BDD) is a directed acyclic grapiatt represents a Boolean
function. A BDD can be understood in terms of Shannon’s egjganSha38], as shown in

definition 2.4.1.

Definition 2.4.1 Shannon’s expansion:

F(xo,z1,...,x) =To- F(0,21, ..., xy) + 2o - F(1, 21, ..., ) (2.6)

In definition 2.4.1,F(0, x4, ..., x,) andF' (1, x4, ..., z,,) are the negative and positive cofac-
tors of functionF" with respect to variable, respectively. The negative cofactor can be

represented aB |z, and the positive cofactor can be representefl 4s. Definition 2.4.1
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states that any Boolean expression can be represented ast@asan of a variable and
its complement conjoined with its respective cofactor. riflma’s expansion can be repre-
sented graphically as shown in Figure 2.10. Here, the dditiedepresents the negative

assignment ta;y, and the solid line represents a positive assignment.

F

Fl.  |F

Xo

Figure 2.10: Graphical representation of Shannon’s expans

A BDD extends the graph shown in Figure 2.10 to all variabteRinction F'. This is
illustrated in Figure 2.11 where we show the truth table,ectdpresentation, and BDD
representation for the Boolean expressfor- T1x374 + 12273 + x12224. IN the BDD
shown in Figure 2.11, each path from the root nétk® a terminal node O or 1 represents a
minterm in functionF'. The terminal value of that path represents the valug agsuming

the minterm along that path is set to true.

The fully expanded BDD shown in Figure 2.11 is not very ussfate it grows expo-
nentially with respect to the number of variables in the fioxc A more useful form is the
Reduced Ordered Binary Decision Diagram (ROBDD). A ROBD@n#icantly reduces
the size of a BDD by leveraging two reduction rules. The firs¢ ¢s illustrated in Fig-
ure 2.12. This removes nodes whose positive and negative @aigt to the same node.
In Figure 2.12(a), we identify a node whose positive and tieg@dge point to the same
value 0. This is applied to all nodes resulting in the grapFkigure 2.12(d). Following
this, we remove redundant terminal nodes as illustratedgarg 2.13(a). When applied to

all terminal nodes, the resulting graph is shown in Figuig).
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T1XoX3T4
0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

(a) Truth-table

T1X2T3T4
0-10
110-
11-1
(b) Cubes

e RS

RPORPRPFPOOOOOFROOORrR OOl

= o
R TR RSET G e

(c) BDD
Figure 2.11: Truth-table, cube, and Binary Decision DiagrédBDD) representation of
funCtionf = T123%4 + T1XoT3 + L1XT2Z4.
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(d)

Figure 2.12: An illustration of reduction rule 1: removirgdundant assignments.
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(b)

Figure 2.13: An illustration applying reduction rule 1 tcetkentire graph: removing all
redundant assignments.

28



2 Background

The second reduction rule is shown in Figure 2.14. Here, aidkblat have the same
variable label and whose positive and negative edge potheteame nodes can be replaced
with a single node. The parent edge of all nodes that are redhaxe then reattached to
the remaining node. This process is shown in figures 2.14@pal4(b). After applying
both of the reduction rules, the resulting ROBDD is shown iguFe 2.14(c). Generally

in literature, BDD is used synonymously with ROBDD and welwib the same in this

dissertation.

()

(b)

Figure 2.14: An illustration of reduction rule 2: removingpdicate nodes.
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An interesting characteristic of BDDs is that every subgregnted at a single node and
terminated by the 0 and 1 terminal nodes represents a Boelgaession. For example,
Figure 2.15(a) identifies the two expressions rooted at egahode. This fact makes
BDD construction extremely efficient through dynamic pargming. Here, subgraphs
can be reused to represent larger BDDs; this saves a significgount of time and storage
space when manipulating BDDs [Som98]. We leverage thistéaichprove the algorithms
discussed in Chapter 3.

One additional reduction rule leverages the inverted sepriation of Boolean expres-
sions. Since each subgraph represents a Boolean exprebsonmay exists subgraphs
where are complements of each other. This is shown in Figli®(&). We can reuse the
complemented form of a subgraph if we introduce invertecesdgto the BDD. If a sub-
graph in the BDD is pointed to by an inverted edge, this ingaiet the terminal nodes are

inverted. This is shown in Figure 2.15(b) by the finely dotied.

F F

(@) (b)

Figure 2.15: An illustration of using inverted edges.

BDDs have a canonical property where for a given variablemnd in the graph, and
assuming all of the previous reduction rules have been eghpthere exists exactly one

representation for a given Boolean function. For differesutiable order, the canonical
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property does not hold. Furthermore, the number of nodds®BDD varies dramatically
with variable order. For example, for the previous functfos T7x37; + 12273+ x1 7224,
alternate variable orderings can lead to very differenplysaas shown in Figure 2.16. Sev-
eral heuristics have been used to find a “good” ordering shahthe size of the BDD is

minimized [Rud93].

(@) (b)

Figure 2.16: An illustration of two resulting BDDs if alteate variable orders are used.

2.4.1 Zero-Suppressed Binary Decision Diagrams

The BDD data structure has been used in a wide range of apptisdor logic synthesis.
However, for some domains, BDDs are not well suited. As altgbere have been several
variants to the BDD data structure which have proved to bg wseful for various applica-
tions [BFG"93]. One variation is the Zero-Suppressed Binary Decisi@gyiam (ZDD).
ZDDs differ from BDDs is one of its reduction rules. In BDD&the positive and negative
edge of a node point to the same node, v is removed. In contrast, ZDDs will remove
a node if its positive edge points to the 0 terminal node. Vargation has major implica-

tions on representing Boolean expressions. For exammaré-R.17 illustrates a Boolean
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expression represented as a BDD and as a ZDD.

\ /
| \ /
I \ o
i \ ;o
i \ ;o
I \ ;o
/ \ ;o
! \ )
I \ ;o

E E

(a) (b)
Figure 2.17: BDD and ZDD representation of= x5 + x324 [Mis01].

Figure 2.17 highlights that ZDDs are not good at represgrgemeric Boolean functions.
However, when representing sets, ZDDs are extremely gfficiEor example, consider
the set{x,zo, x123,23}. When represented as its characteristic function [CM#¥§ is
represented ag = x,1973 + 117213 + T10223 Whose BDD and ZDD representation is
shown in Figure 2.18. Clearly, the ZDD representation is Imomre efficient and as a

result, ZDDs have been widely used to quickly manipulate g&hin CAD [Min93].

Figure 2.18: BDD and ZDD representation of the characieristunction of
{z129, 2123, 23} [MiSO1].
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2.5 Introduction to Boolean Satisfiability

The Boolean Satisfiability (SAT) problem was introduced 971 as the first problem clas-
sified as NP-Complete [Coo71]. Given that P class problems hgolynomial run time,
it is generally thought that NP-Complete class problemdarder than P class problems.
This statement, although not formally proven, is often desd byNP-C # P [CLRSO1,
ch.34]. As a result, efficient heuristics must be appliedetuce the problem space and
time requirements for solving NP-Complete problems. Rebein the area of SAT is an
example of this where heuristics have demonstrated ruritilpeovements on a range of
NP-complete problems in the orderdf00 x in comparison to brute force methods.
Given a Boolean formuld’(xy, zo, ..., z,,), SAT asks if there is an assignment to the
variablesxy, x,, ..., x,,, such thatf” evaluates to 1. If such an assignment exiBt$s said
to be satisfiable otherwise, it isunsatisfiable A SAT solver serves to answer the SAT

problem.

(A+B+C)-(A+B+ C )

clause literal

Figure 2.19: A Boolean formula in Conjunctive Normal Form.

For practical purposes, modern day SAT solvers work on Boofermulae in Conjunc-
tive Normal Form (CNF). Boolean formulae in CNF consist ofamjanction of clauses.
A clause is a disjunction (logicaDR of literals and a literal is any Boolean variable,
x € {0, 1}, or its complement. An example Boolean expression in CNfi@sve in Fig-
ure 2.19. Any Boolean formula can be converted to CNF usirgickhiaoolean algebraic
techniques such as those shown in Table 2.1.

In CNF, the problem of SAT can be rephrased to the followiniye® a Boolean formula,
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Logic Operation | Symbolic Representation CNF

De Morgan’s Law (A+ B) (A-B)
(A-B) (A+ B)

Implication (A — B) (A+ B)

Equivalence (A« B) (A+B)-(A+ B)

Table 2.1: Conversion rules for CNF Construction.

F(xy, 29, ...,x,), iIn Conjunctive Normal Form (CNF), seek an assignment tovénmbles,
x1, 2, .., T, SUCh that each clause has at least one literal evaluatifig taterestingly,
when dealing with CNF Boolean formulae whose clauses ak feawer than three literals,
SAT is a polynomial problem [CLRS01, ch.34]. Once there tsxéd least one clause with

three or more literal terms, the problem becomes NP-CompEtRS01, ch.34].

2.6 Solving the Boolean Satisfiability Problem

One of the earliest works on SAT was done in 1960 by Davis atdduin [DP60]. This
was refined a few years later by Davis, Logemann, and Lovetafidl L62] to create the
DPLL algorithm. The DPLL algorithm was originally applied theorem proversvhich
attempt to verify a set of propositional statements. The DRIgorithm is based upon the
splitting rulewhich can be understood in terms of Shannon’s expansiorBgghas shown

in Definitions 2.6.1 and 2.6.2.

Definition 2.6.1 Shannon’s expansion:

F(xo,z1,...,x) =To- F(0,21, ..., y) + 2o - F(1, 21, ..., ) (2.7)

Definition 2.6.2 Splitting Rule:F'(zg, x1, ..., z,,) is satisfiable if and only if

F(0, 24, ..., z,) is satisfiable orF'(1, 24, ..., x,,) is satisfiable.

The splitting rule naturally defines a simple recursive atgm for SAT shown in Algo-

rithm 2.1. Algorithmsat_solve accepts three parameters: the functiom set of variables
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sat solvéF,V, A)

begin
if (F(4)=1)
return satisfiable
if (F'(4) =0)

return unsatisfiable

/Il select a variable and assignitto 0

Il to check if F(0,...) is satisfiable

select a variable ¢ V

assignV «— (V — p)

assignp < 0

assignA — (AJp)

if (sat_solvéF,V, A) = satisfiable
return satisfiable

// 0 assignment failed, assign itto 1

/Il to check if F(1,...) is satisfiable

assignA — (A —p)

assignp — 1

assignA — (AUp)

if (sat_solvéF',V, A) = satisfiable
return satisfiable

/l Formula is not satisfiable under the current assignment.

unassigrp

assignA — (A —p)

assignvV — (V- UUp)

return unsatisfiable

end

Algorithm 2.1: A recursive algorithm to solve SAT.

V that defineg~, and a set of assignmermdo the variables itV. Firstsat_solve checks if
the current assignment leads to a satisfiable or unsatesfallition. IfF is in an indeter-
minate state with respect to the current set of assignmgatissolve selects an unassigned
variable (referred to as faee variable) and assigns it the value at_solve then recur-
sively checks if the remainder of the formula is satisfialfiep, it returns satisfiable. If
not, it toggles the last variable assignment to 1 and repbatsecursive check. If both

assignments lead to an unsatisfiable solutsa, solve returns unsatisfiable.
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Algorithm 2.1 is horribly inefficient; however, it is the aorof all modern day SAT
solvers, which have come a long way since the first DPLL algori Some popular ones
include Chaff, Grasp, and SATO [MMA)1, MSS99, Zha97]. The reason for their suc-
cess stems from heuristics which can drastically reducedbech space of the SAT solver.
These heuristics include, but are not limited to, Booleansfant Propagation, conflict-
driven learning, and non-chronological backtracking. fua interested reader, the fol-
lowing sections explains these concepts in detail, but tsnecessary to understand the

successive chapters in this dissertation.

2.6.1 Heuristics To Solve the Boolean Satisfiability Proble m
Boolean Constant Propagation

Boolean Constant Propagation (BCP) reduces the search bgagnoring decisions that
will create an obvious unsatisfiable state. BCP works bynakidvantage aifinit clauses
to force variable assignments in snplicationprocess. A unit clause is a clause with only
one free literal where all other literals in the clause eatduo 0. Thus to satisfy a unit
clause, the implication process forces the free literavaduate to 1. For example, given

the assignment shown in Figure 2.2, must be assigned to 0 to satisfy the expression.

(T1 + 22) - (T2 + 73 + 71)
N——_—— ——

unit clause

Figure 2.20: An example of a unit clause, given that,z3 = 110 andx, is free.

The BCP process can be illustrated throughimaplication graph which is a directed

acyclic graph where nodes represent variable assignmadtslieected edges represent
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implications due to BCP. At each node, the notatipr- b Q [ impliesz; is assigned at time

[ to valueb. For example, in Figure 2.21b variables z,, andxg are assigned at time 0, 2,
and 4 respectively. The variables assigned at time 1, 3, @md 6ot shown for simplicity.
Each implication edge in Figure 2.21b is labeled to refezahe clause subscripts shown
in Figure 2.21a. The referenced clause indicates the cdulse mnplication. For example,
the edges labeled 1 imply an implication occurred due tosdal ((Z7 + x4 + 22)1 )
and variable assignments = 1 @ 0 andz, = 0 @ 2, with the resulting assignment,
x9 = 1 @ 6. An interesting feature of BCP is that they may form a chaimgdlications.
For example, referring back to Figure 2.21b, when clausecbrbes a unit clause;, is
forced to 1, which in turn causes two more implications duelaoise 2 and 4. This chain
of assignments are directly related through implicatiod &ns impossible to satisfy the
expression without following the implications to comptetiwhere no more unit clauses
remain. Thus, variables involved in a chained implicaticocess are grouped and all share
the same time label. This is shown in Figure 2.21b where akwedes are given a time
value of 6. It is possible for BCP to create inconsistent ingtions. The node labeled
x7; = X @ 6 is an example of this and shows the two inconsistent impiinatleading
to that node. Inconsistent implications are known as cdsfli®Vhen a conflict occurs,
previous assignments must be undone until the conflict i®vech This process, referred
as backtracking, is very costly and heuristics are used asatonflict-driven analysis to

minimize the time spent backtracking.

Conflict Analysis

Conflict-driven learning is a process wharenflict clausesre added to the Boolean for-
mula to remove solution space regions that always lead tonaatisfiable solution. A
detailed algorithm of this can be found in [MSS99] and is rietdssed here, but referring

back to Figure 2.21, a quick explanation can be presentedighran example. As stated
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F=.. (214 22)0 (T1 + 24 + 22)1 - (T2 + 26)2 - (T4 + 22 + T1)3 - 2.8)
(Tz+ 25+ T3)a (x4 +T6 +T7)5 (x4 +T5 + 27)6 - - '
(a) Boolean formula to illustrate BCP and
- conflicts.
x=1@0 x=1 @6
(b) Resulting implication graph from (a).
F=..-(T7+ x4+ 7Tg) (2.9)

(c) Conflict clause added due to conflict in (b).

Figure 2.21: A conflict-driven analysis implication graph.

previously, node:; = X @ 6 is in conflict due to the conflicting implication edges 5 and 6,
thus backtracking must occur to undo this conflict. Howew&hout learning it is possible
that this conflict arrangement may occur again; thus, it ielieial to add information to
the Boolean formula to prevent this. Closer inspection efithplication graph in Fig-
ure 2.21 shows that the conflict originates at edges 1 and 4adassignments; = 1,

x4 = 0, andzg = 1. Further analysis of Equation 2.8 shows that assignment 1,

x4 = 0, andzg = 1 will always cause a conflict. Thus, to prevent this in the fefa learnt

clause is added which is shown in Equation 2.9. The learnselés a redundant clause and
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does not change the meaning of the original Boolean formblateit makes it impossible

for the assignment; = 1, x4, = 0, andzg = 1 to occur again.

Non-Chronological Backtracking

The process of reversing the most recent assignments duedoflet is called chrono-
logical backtracking (i.e. in-order backtracking). Howewften several assignments can
be reversed out of order if the source of the conflict can batifiled. This is known
as non-chronological backtracking. Like conflict analysisn-chronological backtrack-
ing uses conflict information to determine the original suof the conflict and reverse
all the decisions to that source. Continuing with the examplFigure 2.21, the original
source of the conflict was due to node= 1 @ 4. Thus, the backtracking process should
jump to decision level 4 to fix the conflict. This is depictedtive decision treeshown

in Figure 2.22b which contrasts with chronological bactkiag shown in Figure 2.22a.
A decision tree represents the variable assignment prodasse each branch represents
an assignment decision and each leaf represents a satisfiabhsatisfiable solution. In
the case of unsatisfiable solutions, the decision tree tmuia up the tree to remove the

conflict.

2.6.2 Circuits and Boolean Satisfiability

The benefit of using SAT for problems in CAD is that circuit pesties can be quickly
evaluated using any efficient SAT solver [McM03, SVV04, LSBOSMV*07, LJHMO7].
However, before a circuit CAD problem can be formulated a®\& @oblem, the circuit
must be converted to a Boolean formula in CNF form. This caadbgeved using a tech-
nique first presented in [Lar92], which deriveslaaracteristic functiorof a logic circuit.
This CNF representation contain variables representiagtimary input, primary output,

and intermediate circuit signals and evaluates to 1 if tlsggeals are consistent. For ex-
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x=l@0 x=l@0

@ / =1 @ /
0@ 2/ x~0@ 2/
x=1 @ 3/ x,=1 @ ?/
7'y
0@ ‘/ wzl @4 %0 @ 4/ yzl @4
0,0 @ %T x,~0 @ V

ZEDN z
xF0@6 A N xl@6 x=0 @6 ‘/ \{ =1 @6 ¢

(a) Chronological backtracking. (b) Non-chronological backtracking.

Figure 2.22: Backtracking due to a conflict in Figure 2.21.

A B Z | Fanp A 7
0O 0 O 1 B}
0O 0 1 0 o
0 1 O 1 AB
0 1 1 0 7 00 01 11 10
1 0 O 1

0
1 0 1 0 1 1 @ 1
1 1 O 0 B
1 1 1 1 ! <O> O> 1 @,

Faxp=(A+2Z)-(B+Z)-(A+B+ 2)

Figure 2.23: A characteristic equation derivation for ptibANDgate.

ample, consider thANDgate shown in Figure 2.23. The table to the left gives thentrut

table for theANDgate characteristic function where the onset containgéd input-output
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relations of an”ANDgate. This can be converted to CNF using any standard miatiorz
technique, such as a Karnaugh map as shown. Table 2.2 k&isabether common gates
and digital functions with their associated characterifiinction [SmiO4, ch.2]. Notice
FULL-ADD has two outputs to the circuit (i.e, ¢,,;). The technique shown in Figure 2.23
is directly applicable to multiple output circuits. One giljmadds all output variables to the

characteristic function truth table where its onset sgfiides valid input-output vectors.

— z
— Cc

(a) Two cascaded gates.

F=(A+2)(B+Z)(A+B+2Z) - (Z+Y)-(C+Y)-(Z+C+Y)

AND OR

(b) Characteristic equation for (a).

Figure 2.24: A cascaded gate characteristic function.

Deriving CNF functions directly from the circuit input-qaut relation is only practi-
cal for primitive gates and logic blocks where the numbemgiuits and outputs is small.
Fortunately, characteristic equations for larger cicoan be derived iteratively from the
conjunction of its subcircuit characteristic functionsr Example, Figure 2.24a shows two
cascaded gates. Notice the wire connectingAN®gate to theORgate is labeled with
variableZ for CNF construction. The characteristic function of thegaded circuit is sim-
ply the conjunction of thNDandORgate characteristic functions with varialifeas the
logical link between the two functions. The characteristijoiation in Figure 2.24b evalu-
ates to 1 if all wire signals are consistent. This includesghmary inputs and outputs as

in Figure 2.23, plus any intermediate wire signals (.
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Gate Function CNF formula

AND Y=12T1 Ty T

NAND Y =171 Ty Tp

NOR Yy=o1+To+- -+,

(

(o)
o v en | (fien).

(=)

XOR y =11 ® 1) @1+ 22 4) (o4 2 7))
(Tr+ 22 +y) - (21 +72 +y)
NXOR Y =T, 0 (T +T2+y) (v1 + 22+ 9)-
(Tr + 22 +7) - (21 + 72 +7)
BUFFER y==x (x+y)~(x+y)
NOT y=71 (x+vy) (T+7)

(so+To+y)-(so+z0+7)-

MUX 2:1 y=1(so = 1)7x1 19 _ o
Go+z1+7) - Go+71+y)

(so+ 81+ To+y)-(so+ 51+ 20+ 7) -

y=leolr (S0 + 51+ 77 +4) - (80 + 51+ 21 +7) -

MUX 4:1 (50 = 1) 2mg:ag] s | 07070 oo
(Bo+s1+T2+y) (So+s1+x2+7):

soe—= 1) ?7x
G Droal | G s may) Gt st e D)

(@a+b+Cou) (@4 b+ Cout) -

(

(a+cin+cout) (a+m+cout)'
b—FCm—FCOU b+m+cou )

s=aDbDcy, ( -~ 2 _t)

FULL-ADD (s4+a+ Cout) (S+ a+ Cour) -

Cout = (a@b) 'Cin"’ab _ o

(s 4+ b+ cout)  (S+ b+ Cour) -

(8 + Cin + Cout) * (5 + Cin + Cout) -

(s+T+b+Cpn)-G+a+b+ci)

Table 2.2: Characteristic functions for basic logic eletag8mi04, ch.2].
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2.7 Relationship between Binary Decision Diagrams

and Boolean Satisfiability

In the previous two sections, we explored the properties@bDB and SAT. We learnt that
the BDD explores properties of a circuit by storing Boolegpressions as a graph; whereas
SAT maps a circuit to a characteristic function and theniap@ sequential algorithm to
traverse the function. BDDs have had a long history in CADnsjrag several decades.
When applied to CAD, BDD graphs can be manipulated usingB&dD operators and
through dynamic programming which can be exploited due ¢oDAG structure of the
BDD. This had made BDDs extremely attractive in the past. elwy, the problem with
BDDs is that they suffer from memory explosion. Here, a giBD may require an
exponentially large number of nodes to represent a giverieBooexpression. This has

created a wall in extending the application of BDDs to nevasre

Only in the last decade has SAT become popular in CAD. Thiphasarily been due to
the recent innovations started by the zChaff project [MMZ] which incorporated several
heuristics to significantly speed up the SAT process. Urlikds, SAT does not suffer
from memory explosion to the extent that BDDs do, since tiseeeeone-to-one correspon-
dence between the characteristic function of a circuit Arcircuit size. The characteristic
function allows SAT to traverse the CNF to explore variougperties of the circuit. The
drawback with this is that runtime becomes the limiting éadbr SAT, where for some

SAT instances, the runtime of solving a problem is intraletab

Thus, there exists a complementary relationship betweeDdB&hd SAT where BDDs
explore problems in space and SAT explore properties in.tifFe@ smaller problem in-
stances, BDDs are in general a faster means to solve prolfemsSAT. However, more
recently, more problems are finding a SAT-based solutiorciwhiave been proved to be

much more scalable. This does not imply that SAT-basedisolsitvill subsume all BDD-
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based solutions in the future, but simply illustrates th&t &nd BDDs will continue to

play an important and synergistic role within CAD.

2.8 Summary

An overview of the primary architectural features of an FP@#s given. First the BLE
was introduced as the basic building block of an FPGA. Fdhowthis, the LAB was
introduced and the benefits of using an hierarchical arctite was discussed followed by
a brief overview of the programmable routing fabric.

Following an architectural overview, the FPGA CAD flow wasdgbed. This disserta-
tion focuses primarily on improving the CAD flow where our gato improve the user
experience and scalability of existing CAD algorithms;@peally in logic synthesis and
ECOs.

The chapter then concludes with a brief overview of the Biriaecision Diagram data
structure and Boolean Satisfiability problem. These twdlenm domains share a com-
plementary relationship: BDDs solve Boolean expressiarspace through a graph data
structure whereas SATs solves Boolean expressions in tinoeigh several algorithmic
approaches. In general, SAT based approaches to solvingzéiidems has emerged as
more scalable than BDD based approaches and its appliéati&AD has grown in recent

years to many problem domains.
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3 Improving BDD-based Logic Synthesis
through Elimination and

Cut-Compression

In a progression towards a more scalable and manageable ERGAlow, we investigate
methods to improve logic synthesis. We focus on logic sysithsince it has the most
flexibility to modify the circuit structure and has a largesoall impact on the final circuit
performance. Furthermore, logic synthesis occupies afignt portion of runtime. In this
chapter we present means to help reduce the runtime of lggtbesis without impacting

the Quality of Result (QoR) of the optimized netlist.

The rest of the chapter will be organized as follows. Sec8dnwill provide a brief
overview of the logic synthesis flow. Section 3.2 will debersome problems associated
with the existing logic synthesis flow. Specifically, we shbaw existing techniques do
not scale to large circuit designs. Section 3.3 will outlrug solution to the problems we
discuss in the proceeding sections. Here, we propose abkeapproach to a key step
during logic synthesis: elimination. In doing so, we intnoé a novel BDD-based cut
generation method that is an order of magnitude faster thanqus approaches. Also, we
describe a new structural metric referred toedge flomwhich helps reduce circuit area.

Section 3.4 will give an overview of our results and the ckapiill conclude in Section 3.5.
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3.1 Introduction to Logic Synthesis

In the FPGA CAD flow, logic synthesis occurs after a high-ledescription is broken
down into basic logic gates. During logic synthesis, thel godo optimize the circuit
netlist such that the resulting netlist has a more costt¥ie implementation or has better
performance. Although there have been several generic tlmiee logic synthesis prob-
lem [ESV92, CJI03, MCBO064], in this work we focus on BDD-based synthesis $low
BDD-based logic synthesis has gained popularity due toitgxact representation of logic
function and scalable transformation techniques [YCSO0RQ%|. During BDD-based syn-
thesis, several generic steps are generally taken as shdvigure 3.1. The first step taken
is elimination The purpose of elimination is to remove redundancies withe circuit
netlist and form resynthesis regions in which succeedingropations can be applied. Af-
ter eliminationdecompositiomndshared-extractiolgan occur. During this step, the resyn-
thesis regions formed during the elimination step are rémgized such that the resulting
circuit is optimized. This process continues until the witeneets some cost metrics or

no further improvement is achieved, after which the neilishen passed onto technology

mapping.

3.2 Motivation

There has been a large body of work which has improved thengieasition and shared-
extraction step in logic synthesis; both to improve its QBRIB2, Ash59, RK62, JJHW97]
and to improve its scalability [YSC99, YCS00, WZ05, MCBO6&Jowever, little focus
has been given to the elimination step. As a result, elinrondias emerged as the primary
bottleneck for scalability in BDD-based synthesis engiweere it has been reported to
take up to 70% of the runtime [WZ05]. During elimination, i@gs are grown from a

seed node where its fanins are successively collapsedhatadde in a greedy fashion.

46



3 Improving BDD-based Logic Synthesis through Eliminatam Cut-Compression
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Figure 3.1: An illustration of the generic logic synthescl
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If the cost of the logic is reduced after the collapse, théapske is committed into the
netlist, otherwise the collapse is undone. We measure gicapion in terms of BDD
nodes, where we aim to reduce the number of BDD nodes aftdtagpse. This process is
illustrated in Figure 3.2. Figure 3.2(a) shows an unoptedigate-level netlist. This netlist
is transformed to its BDD-based netlist representationiguie 3.2(b) where each basic
gate in the original netlist is mapped to a logic node, whaoggclfunction is represented
by a BDD. Next, a collapse operation is illustrated in Fig@r2(c) and 3.2(d) starting
from a randomly chosen seed node. Notice that after theps®laperation completes, the
number of resulting BDD nodes is reduced from 12 to 9 (terhiiriand '0’ nodes are not
included in the count). In situations where there is an iasean BDD nodes, the collapse
would be undone. After several collapse operations are,dbaeesulting netlist is shown
in Figure 3.2(e) resulting in 4 BDD nodes contained in a gnglimination region (for
larger circuits, several elimination regions would resbllowing this, a decomposition is

applied to decompose the netlist back into basic gates assihd-igure 3.2(f) and 3.2(g).

In order to get to the simplified netlist in Figure 3.2(e), tatof five collapse operations
need to be applied. In general, the number of collapse apasatiuring elimination can
be very large which is costly, particularly when a collapseds to be undone. Ideally,
forming each elimination region should occur as one lardl@gse operation consisting of
several nodes, without the need to undo any collapse opesatFor example, being able
to go directly from Figure 3.2(b) to Figure 3.2(e) would sfgrantly reduce the runtime
of the overall elimination step. One way to accomplish tkisa solve elimination as a
covering problem. As a covering problem, elimination regiare created by covering the
netlist. Following this, each cover is collapsed into a Engode, which is significantly

faster than collapsing several nodes individually.

The covering problem has traditionally not been used toeselvnination since there are
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Figure 3.2: An illustration of an elimination operationltmled by a decomposition.
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several problems associated with it. The first problem eteel to scalability. The covering
problem relies on a well known cut-generation step to geaedta covers. However, cut
generation does not scale for cuts beyond a size of 6. Forgeato generate all 7-input
cuts for circuits in the IWLS benchmark set can take sevesar$rand requires several
hundred megabytes of memory. The second problem is thardurrethods to define cov-
ers are not applicable to elimination. If the covering peoblcan be used for elimination,
each cover must be chosen such that it can eliminate redoiedamhen collapsed and de-
fine regions ideal for resynthesis. In the following sectiave will overview the covering
problem in detail and describe how we tackle both of thesblpros. First we illustrate a
compression technique for cut generation using BDDs. As Weskhow, this compression
technique leads to an order of magnitude reduction in battime and memory use when
generating cuts. Second, we introduce a new heuristicreeféo asedge flowwhich helps

to quickly identify covers ideal for elimination.

3.3 Adaptation of Covering Problem to Elimination

3.3.1 Covering Problem

The covering problem seeks to find a set of covers for a graph that a given charac-
teristic of the final covered graph is optimized. For examplaen applied toK-LUT
technology mapping, the covering problem returns a covgragh such that the number
of resulting LUTSs in the graph is minimized (eaéhrinput cover in the covered graph is
mapped directly to & -LUT). This is illustrated in Figure 3.3.

A common framework to solve the covering problem is shownigufe 3.4. The cover-
ing problem starts by generating &ll-feasible cuts in the graph (line 1). This is followed
by a set of forward and backward traversals (line 3-4) whittenapt to find a subset of

cuts to cover the graph such that a given cost function ismma&d. Iteration is necessary
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4-LUT 4-LUT

(b) (©)

Figure 3.3: lllustration of the covering problem when apglio K-LUT technology map-
ping. (a) Initial network. (b) A covering of the network. (€pnversion of the
covering into 4-LUTSs.

1 GENERATECUTS(K)

2 for i+« 1upto Maxl
3 TRAVERSEFWD ()
4 TRAVERSEBWD()
5 end for

Figure 3.4: High-level overview of network covering.
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(MaxI > 1) if the covering found in RAVERSEBWD() influences the cost function used
in TRAVERSEFWD(). A detailed description of this algorithm when appliedéchnology

mapping can be found in [MBV06].

Forward Traversal

1 foreachv € TSORT(G(V, E))
2 cut, < MINCOSTCUT (v)
3 cost, < COST(cut,)

4 end foreach

Figure 3.5: High-level overview of forward traversal.

Figure 3.5 illustrates the high-level overview of the fordi&raversal. Here, each node is
visited in topological order from PIs to POs. For each node nhinimum cost cut is found
(line 2). After the minimum cost cut is found, the cost of thetrnodev is assigned the cost
of the cut (line 3). Note that MiCosTCuUT is dependent on the goal of the algorithm. In
later sections, we will describe the cost function used wheiapply the covering problem

to elimination.

Backward Traversal

MARKPOASVISIBLE()
foreach v € RTSORT(G(V, E))
if VISIBLE(v)
foreachu € fanin(cut,)
MARKASVISIBLE (u)
end if
end foreach

No oh~owWDNPRE

Figure 3.6: High-level overview of backward traversal.

Figure 3.6 illustrates the high-level overview of the baekavtraversal. First, all POs

are marked as visible (line 1). Next, the graph is traversa@verse topological order. If
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a node is visible, its minimum cost cut found in the precedorgvard traversal¢ut,, is
selected and all of its fanins are marked as visible (ling.4A%er the backward traversal
completes, the minimum cost cuts of all visible nodes in ttawh are converted to cones

to cover the network.

Cut Generation

The primary bottleneck of the covering problem is its cutgration process. Thus, over-
coming this problem is essential if the covering problemloamigrated to elimination.

While cut generation has been traditionally applied tcaitige FPGA technology map-
pers, such as DAOmap [CC04] and IMap [MBV06], there has beemawed interest in
the cut generation problem [MCB06b, CMBO06] due to its grayvirse in several other
CAD problems including:

e Boolean matching of PLBs [CH98, LSB05a]
e resynthesis of LUTs [LSBO5b]
¢ synthesis rewriting [MCBO06a]

In contrast to network flow methods to generate cuts [CD949%}Hone of the first
pieces of work to generate dll-feasible cuts in a circuit graph was in [CD93]. Here, cuts

are generated using the recursive set relation shown intlequ 1.

S(v) ={cu*cy | cy € {{u} UP(u) | u € fanin(v)}, (3.1)

cw € {{wlUP(w) | w e fanin(v)},u # w,| ¢y * ¢y |< K}

In Equation 3.1,®(v) represents the cut set for node {u} represent the trivial cut

(containsu only); ¢, represents a cut from the cut gt} U ®(u)}; and®(u) represents
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the cut set for fanin node. A cut set,®(v), is formed by visiting each node in topological
order from Pls to POs and merging cut sets as defined by Equatio Two cut sets are
merged by performing a concatenatiar) ¢ c,,) of all cuts found in each fanin cut set,
and removing any newly formed cuts that are no longefeasible ( ¢, * ¢, |< K). For
example, referring to Figure 3.7, autis generated by combining the eytwith the trivial

cutuy (CQ =L kU = 1)11)2’04).

Figure 3.7: Example of two cuts in a netlist for nogewherec, dominates:; (K = 3).

In terms of set operations, Equation 3.1 defines the Cantgsaluct operation. In other
words, generating cuts for a given nodés equivalent to taking the Cartesian product of
the fanin cut sets of, and removing any elements which have more tRaaircuit nodes.

This is illustrated in Figure 3.8.

3.3.2 BDD-based Cut-Compression

The primary problem in generating cuts through Equations3fiat cuts must be duplicated
and stored every time a new cut is generated. For exampéeriref back to Figure 3.8, the
cutsde andeg are duplicated and create the cuts in®ét). Furthermore, Equation 3.1
generates redundant cuts. A ayt,is redundant if it completely contains all the input nodes
of another cutg;, in which case:, is known as alominatorcut. Figure 3.7 illustrates this

relation. We term these cuts as redundant since their rdndoes not impact the final
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D(b) = {de} [b, D(c) = {eg}

D(a) = () x D(c)
={c, eg}x{b, de}
= {bc, deg, cde, beg }

Figure 3.8: Example of generating cut sets through Cangsiaduct operation of fanin
cutsets.

quality of our applicatiort. These factors lead to a large amount of redundant data and

operations when generating cuts and thus cut generatibdais not scale beyond a cut

size of 7. Although this is not a problem for commercial FPGiAet restrict their LUT size

to 6 or less [Alt04], migrating the covering problem to largeoblems such as elimination

requires a more scalable cut generation solution.

Redundant data could be removed if a “factored” represientat the cuts was possible.
For example, in Figure 3.8, cut séta) in factored form would b&(a) = {(de, b)(eg, ¢)}.
This factorization operation has an analogy to Booleankalge/here Boolean expressions
are factored to share common subexpressions. If we coulégept our cut sets as a
Boolean expression, we could leverage existing factaomatepresentations and poten-
tially reduce storage requirements of maintaining largesets. This is possible if we
represent a cut as a cube of positive literals and a cut seBaslaan disjunction of these
cubes to form a Sum of Products (SOP). For example, in SOP, fimecut set forb(a)
would be equivalent tgf, = bc + cde + beg + deg. If we define asubcutas a subset of

fanin nodes of a cut, it is possible to share subcuts to reptes entire set of cuts. This

LIt should be noted, that some applications do not consideximitor cuts redundant and can be chosen in
the final solution

55



3 Improving BDD-based Logic Synthesis through Eliminatam Cut-Compression

requires a factorization of the cut set SOP representatiaxtract common subexpres-
sions. Instead of explicitly applying a factorization oggwn which can be expensive if
applied numerous times, we can use a BDD which implicitlyetdoolean expressions in
factored form [Som99]. For example, the BDD used to reprethencut setf, is shown in
Figure 3.9.

[, =bc+deg+cde+beg

\N(e
\

~
~

7/

S

Figure 3.9: The BDD representation of the cut set in Figui® 3.

In order to fully extend our cut set representation into alBan space, we must pro-
vide a Boolean operation to apply the Cartesian productatioer used in Equation 3.1.
Fortunately, if each cut set is represented as a SOP, thed@artproduct of these sets is

equivalent to a logicaANDoperation. This is shown in Equation 3.2.

fv = Huef(min(v) (u + fu) (32)

Equation 3.2 is structurally very similar to the set relatsown in Equation 3.1; however,
Equation 3.2 is a Boolean operation applied directly to Banlexpressions representing
each cut set. Here, we map a unique Boolean variable to eatdwrfound in our netlist

and represent cuts by the conjunction of the fanin node bfwsa To join cut sets, we
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replace the set union operatian)(with a logic OR. Furthermore, thié operation can be
thought as the logical AND of all clauses € f,,), though this operation must be modified
to take care of a few special cases as described later inlibiger. An example of the
Boolean approach to cut generation is shown in Figure 3.h& g§hows how each node is
represented by a Boolean variable and each product terne ifutittion represents a cut.

Also, notice that the cut set functigf is the conjunction between the clauges- f.) and

(b+ fo)-

Ja= Tyt
= (de+b)(eg+tc)
= bc+deg+cde+beg

Figure 3.10: A Boolean expression based representationt @keds.

There are three primary benefits of using BDDs to represamtudisets: 1) Cuts sets can
be implicitly shared when constructing larger cuts seexghy removing redundant storage
and computation; 2) Subcuts are shared within a cut set astoo$ within the BDD; 3)
Dominator cuts are automatically removed due to the BDD c¢tdn rules presented in
Chapter 2. Examples of each of these benefits are shown inltbeiing sections.

1) Cut Set Sharing: Figure 3.11 illustrates an example where cut sets are reéasedn
larger cuts. In Figure 3.11a, two smaller cut sets are repted as BDDs. In Figure 3.11b,
the BDDs shown in Figure 3.11a are reused as cofactors td thalBDD for functionf,.
We have effectively saved time and storage by avoiding th@ication operation of the

smaller cut sets where we have effectively used a single Bbi2present three different
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cut sets.

[, =bct+deg+cde+beg

(a) (b)

Figure 3.11: lllustration of reusing BDDs to generate lafgBDs. (a) Small BDDs repre-
senting cut set functiolfy andf.. (b) Reusing BDDs in (a) as cofactors within
cut set functiony,,.

2) Subcut Sharing as Cofactors:An example of subcut sharing is shown in Figure 3.12.
Notice that in the BDD representation, the subgut de is a positive cofactor for variable
c andg, and is shared by two larger cuts = cde andc, = deg. The benefit of subcut
sharing is very sensitive to variable ordering. For examipleéhe previous example;
could not be shared if variabldsande were found at the top of the BDD. Hence, to ensure
that subcut sharing is maximized, we assign BDD variablesties such that fanin node
variables are always found below their fanout node vargliiehe BDD cut set. This is

stated formally in Lemma 3.3.1 and Proposition 3.3.2.

Lemma 3.3.1 Consider two functiong; and f, represented as BDDs wherg is com-
posed off, and some other variables (i.¢; = g(f2, zo, ..., z,)). Also, letd be the set of
variables found inf; which are not inf,. The BDD graphf, can exist as a subgraph ify

if and only if all the variables iry, are below all variables irf.
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An intuitive explanation to Lemma 3.3.1 can be seen in Fi@uid where the BDD repre-
sentingf, is a subgraph irf,, which would not be possible if variabldsande were not at

the bottom of the BDD iry,.

on

~ c,=deg

clzde

—

S~

C
c 3=cde

a

(@) (b)

Figure 3.12: BDD representation of nodeutsc,, c,, andcs (K = 3).

Cut sharing will only occur if BDD variables are assigned @®ah the following manner.
If the variable assigned to nodeand the variable assigned to nod@ppear in the same
BDD, f, and ifu € fanin(v), the variable assigned to nodeshould appear above the
variable assigned to nodein f. For example, this relationship is shown in Figure 3.12.
Here, the node labeledin Figure 3.12a has fanins labele@ndg. This translates to the
BDD shown in Figure 3.12b where BDD variahl@ppears above variablesandg. This

variable ordering condition is stated formally in Propmsit3.3.2.

Proposition 3.3.2 Cut set sharing can only occur if the variable assigned toasad such
that variables assigned to a node will appear above varialassigned to their transitive

fanins if those variables appear in the same BDD cut set.

Proof: Proof by contradiction. Recall from Equation 3.2 that theoBan expression to
generate the cut set for a given nadss f, = Il,c fanin) (v + fu). First we will look at a

single fanin tov. Let us assigy = (u + f,) and assume the BDIp, exists as a subgraph
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in g and hence is shared. Also assume tha& not the top variable ig. However, ifu
is not the top variable i, f, cannot exist iny by Lemma 3.3.2. Thus by contradiction,
if f, is shared iny, u must be the top variable in Since all variables irf,, are assigned
to the transitive the fanin nodes to the nadéhe variables assigned to the transitive fanin
nodes appear below in functiong. A same argument can be applied to all fanin nodes
u € fanin(v). W

3) Removal of Dominator Cuts: The third benefit of using BDDs for cut generation is
shown in Figure 3.13 where dominator cuts are automaticathoved. Figure 3.13a illus-
trates the cut; and the dominator cut,. As a BDD,¢; andc, are shown in Figure 3.13b.
Since BDD node: is now redundant (Chapter 2), it can be removed as in Figuréc3.

which removes the dominator ceit

d (¢

clzde

(b)
Figure 3.13: BDD representation of nodeutsc; andcs (K = 3).

3.3.3 Symbolic Cut Generation Algorithm

Figure 3.14 illustrates our cut generation algorithm. t-tree netlist is sorted in topological
order (line 1). Next, the cut set functioffi,, for each node in the graph is initialized to a
constant 1 and assigned a unique variable (line 2-5). Kirfall each nodey, its cut set is
formed following Equation 3.2 (line 7-10). When forming tt set for node, each fanin
node,u, is visited (line 7) and a temporary cut set is formed by tlggdal OR of the trivial

cutu and its cut sef,,. Next, the temporary cut set is conjoined to the cut setuding the
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CutGeneration()
G(V,E) « TSORT()
foreachv € G(V, E)
fo =1
b, «— CREATENEWBDDVARIABLE ()
end foreach
foreachv € G(V, E)
foreachu € fanin(v)
f: < BDDOR(by, f,)
f, — BDDANDPRUNE(f,, f., K)
10 end foreach
11 end foreach

O©OooO~NO O WNPE

Figure 3.14: High-level overview of symbolic cut generatadgorithm.

logical AND operation (line 9). When forming larger cuts vthe logical AND operation,
it is possible to form cuts larger thali, thus BODANDPRUNE is also responsible for
pruning cuts that are ndt-feasible. It does so by removing all cubes that are contairem

than K positive literals which will be explained in the detail iretfollowing section.

3.3.4 Ensuring K-Feasibility

When conjoining two cut sets together using the logical ANi2mation, we must ensure
that all cuts remaining in the new cut set dfefeasible. We achieve this by modifying the
BDD AND operation to remove cubes with more th&rliterals. This recursive algorithm
is illustrated in Figure 3.15. Notice that the only diffecenn this algorithm compared to
the recursive definition of a BDD AND operation is the checHliie 9. The algorithm
starts off by checking the trivial case where both BDD cus se& constant functions (line
1). If not the trivial case, the top most variable of both ceiisSs retrieved (line 3). Next,
the cofactors relative to the variablieare found for the cut set§, and f, (line 4-8). This
is followed by recursive calls to find the negative and peesitiofactors of the new cut set

f. (line 9-12). When constructing the positive cofactor, wekenaure that the number of
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< f. > BddAndPruneRecur(f,, f,, X, n)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Figure 3.15

if ISCONSTANT(f,) AND ISCONSTANT(f,)
return < f,AND/, >
b «— GETTOPVAR(f;, )
fn, — fo(b=0)
fr, — Jy(b=0)
fo — f(b=1)
fpy — fy(b=1)
fny, «— BDDANDPRUNERECUR(fn,, fn,,, K, n)
if n <K
fpy, + BDDANDPRUNERECUR(fp,, fp,, K, n + 1)
else
foy <=0
SETTOPVAR(f., b)
SETCOFACTORS f, fny, fpy)
return < f, >

: High-level overview of BDD AND operation witlhyming for K.

positive edges seen is less than or equa tine 9-10). If not, we prune out all cubes that
form due to that branch in the BDD. This works since our cué,sétand f,,, only contain
positive literals and is initialized to zero in the first call to BDANDPRUNERECUR. Thus,
we can assume is equivalent to the size of the cube in the current brancthefBDD.

Finally, we join the cofactors and form a new cut sgt,and return (line 13-15).

The function ETCOFACTORSMuSst also be altered to suppress BDD nodes whose pos-
itive edge points to zero (line 3). If this occurs, this ingglithat there exists a cube with a
negative literal. Since our cut sets should only contaarails in positive form, we elimi-
nate them. This is similar to the reduction rule used to eraaZDD, though the resulting
graphis not a ZDD since complemented edges are allowed ammbthmon edge reduction

rule is still used as described in Chapter 2.
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SetCofactorsf., fny, fo,)
10 foy = fy
2 fz — fpb
3 elseiffp, =0
4 fz — fnb
5 else

6 SETPOSITIVECOFACTOR(f,, fpy)
7 SETNEGATIVECOFACTOR(f., fny)
8 return

Figure 3.16: Construction of BDD cut set givénf given positive and negative cofactors.

3.3.5 Finding the Minimum Cost Cut

In general, the cost of a given cut is usually defined recahgwith the form as shown in
Equation 3.3.

coste = Yue fanin(c) COStmin(Cu) (3.3)

In Equation 3.3y is a fanin of cut, ¢, is the minimum cost cut associated with nedand
costmin(cy) IS the cost of the cut,. For traditional cut generation methods where subcuts
are not shared, each cut has to be traversed independed#éyeionine the minimum cost
cut. Conversely, since we represent our cut set as a BDD wiehare subcuts, we can
leverage dynamic programming to calculate the cut cost anabtfie minimum cut cost.
This is illustrated in the recursive algorithm in Figure 8.1 In MINCUTCOSTRECUR,

the minimum cost cut;,,.;,, and its costgost, from the cut seff, is returned. Notice that
cmin 1S returned as a cube where each positive literal in the cefresents a fanin node to
the cut. First, if the cut set is trivialf({ = 1), the algorithm returns an empty cube (const 1)
with zero cost (line 1-2). If the cut set is empty, an invalidbe is returned (line 3-4). If the
cut set is not an empty set, the algorithm checks if this dutas been visited already, and
if so, returns the cached information (line 6-7). If the eitlsas not been visited previously,
two recursive calls are done to find the minimum cost cut arsdl fy the cofactors (line

9-12). Next, the positive cofactor cost is modified with tleela cost of the current variable
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< Cpmin, cost > MinCutCostRecur(f,)

if fo=1
return < 1,0 >
elseiff, =0

return < ¢, ¢ >
/I dynamic programming step
if CACHED(f)
return < LOOKUP(f,) >
b «— TOPVAR(f,)
9 fny <« fv(b = 0)
10 fpy — folb=1)
11 < enin, cost, >«— MINCUTCOSTRECUR( fn,)
12 < epmin, costy >«— MINCUTCOSTRECUR( fpy)
13 cost, « cost, + GETNODECOST(b)
14 if VALID (¢nmin) AND VALID (¢pmin)
15 if cost,, < cost,,

oO~NO UL WNEBE

16 CACHE( fy, < Cnypin, costy, >)
17 else

18 fo < BDDAND(cpmin, b)

19 CACHE( fy, < fu, cost, >)

20 end else

21 else ifVALID (cpmin)

22 fz < BDDAND(cpimin, b)

23 CACHE( fy, < fy,cost, >)

24 else

25 CACHE( fy, < Clyin, cOSty >)
26 return < LOOKUP(f,) >

Figure 3.17: Find the minimum cost cut in a given cut set.
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(line 13). Finally, the minimum cost cut set and cost arerredd (line 14-26). Note that

when the minimum cost cut is found, it is cached for futurerefice (line 15-25).

3.3.6 Using Zero-Suppressed Binary Decision Diagrams (ZDD  s)

Zero-Suppressed Binary Decision Diagrams (ZDDs) are weldidn to be efficient in stor-
ing and applying set operations for the same reasons as dbwtial3ed approach. The algo-
rithms listed previously can be extended to well known ZDDogerations [Min93, Mis01]
as illustrated in the appendix. However, in contrast to oathoad, ZDDs have two main
limitations. First, ZDDs do not implicitly remove dominatouts, as shown in Figure 3.13.
In a ZDD representation, the dominator cuts are treated mpi@rset elements are will
not be removed. Second, ZDD cannot use inverted edges. Asik, the amount of sub-
cut sharing is much more limited. We will explore these twinpofurther in the results

section.

3.3.7 Reconvergence and Edge-Flow

In the previous section, we addressed the scalability ssiaoed by the covering problem.
As a final step in migrating the covering problem to elimioatiwe need to formulate an
effective cost function for the covering problem that is imel with elimination’s goals.
The key purpose of elimination is to define regions which aomtedundancies and can be
removed during a collapse or decomposition operation. ;Tausvering based approach
to elimination should accomplish this by creating covea tontain redundancies. As
a solution, we propose a structural method which attempidenotify redundancies by
directly leveraging the structural characteristics ofriedist.

In our analysis, we will focus on reconvergent paths to hetpate redundancies. A re-

convergent path is defined as a path that branches into twoalisaths which later merge
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into a single path. Figure 3.18 illustrates two cones ofdoghe without any reconvergent

paths, and one with reconvergent paths.

(a) Tree (b) Reconvergent

Figure 3.18: lllustration of cones with no reconvergenthpafa) and with reconvergent
paths (b).

Proposition 3.3.3 A cone of logic will have redundancies, only if it containsasvergent

paths.

Proof: Proof by contradiction. Let's assume that a cone of logic fealsindancies, but
contains no reconvergent paths. If a cone of logic contamngoonvergent paths, it forms
a tree structure. This implies that each node in the conexaglg one path to a fanin to
the cone. If the cone has redundancies, this implies thabfife nodes can be removed or
reduced (removal of one of the node inputs). However, if &nsdemoved or reduced, one
of the fanins of the cone will no longer have a path to the rétii® cone, thereby changing
the function output from the root of the cone. Thus, the dirleas no redundancies and we
have a contradictiorll

By Proposition 3.3.3, when defining our covers we shouldaigotones with reconver-
gent paths. In order to accomplish this, we use a heurisst fomction which attempts
to minimize the number of edges found within the final covegeaph. This is ideal since
covers that contain reconvergent paths have less inpusedge covers with no reconver-
gent paths. Our cost function is referred to as edge flow,gmdibimizing the overall edge

flow during covering selection, the total cut size of the fic@ering is minimized.
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fu) + W
ef(Cy) = g ‘
f< ) u€ fanin(Cy) |fcm0ut(u) ‘ (34)
ef(v) =MIN{ef(Cy) | C, € ®(v)} (3.5)

(a) Two Fanouts (b) One Fanout

Figure 3.19: lllustration of fanout dependency on the cioner

Edge flow is defined recursively in Equation 3.4 and is deneféd). The edge flow of
cover(C, is defined as the sum of the edge flows of the fanin nodés, tplus the weight
associated with each fanin edg@e ), Wu, ). Herex is the head node for the fanin edge
of C,. Also, for each fanin, we divide its edge flow summation bysize of its fanout set.
The edge flow for a node is defined as the minimum cost edge flamytover rooted at

nodev. If v is a primary input, its edge flow is defined as O.

Under the general framework for the covering problem, tmofa size of a node will
not be known until the covering problem completes. For eXapgonsider Figure 3.19.
If the covering chosen in the backward traversal is Figui®8&. nodes has a fanout of 2;
however, if the covering chosen is Figure 3.19b, the noldas a fanout of 1. If the fanout
size can be estimated, edge flow can still be a good predittihreaesulting number of
edges in a given covering. The fanout size estimated canuwelfby taking a weighted

average of previous fanout sizes per node as shown in EquaBovherd fanout(v)’ |es
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| fanout(v)' |ese +ov | fanout(v) |
t est—
| fanout(v) |es +a

(3.6)
Figure 3.20: Equation for estimating a node’s fanout size.

is the estimate found in the previous iteration anfdnout(v) | is the actual number of
edges found in the last backward traversal. In cases whems not a cone root node in
the last covering chosenfanout(v) | is set to 1. On the first traversalfanout(v) |.s iS
set to the number of output edges of the node the uncovered netlist. Previous reports

showed that setting between 1.5 and 2.5 was best for iterations of 8 or less [MBV06

3.4 Results

We empirically validate our analysis in the previous se®ibere. First, we create a BDD-
based cut generation algorithm, which we refer tddsiCut and compare it to current
techniques. Next, we evaluate our edge flow heuristic whex ts drive the covering

problem. Our last evaluation attempts to measure the beradfihe proposed covering
method under the context of a complete logic synthesis flowhis end, we embed BddCut
as a replacement of the elimination procedure in FBDD, a BiaBed synthesis engine,

and evaluate its impact on runtime and area.

3.4.1 BddCut: Scalable Cut Generation

To evaluate our cut generation technique, we look at twoasp@©ur first evaluation fo-
cuses on the scalability of the cut generation approach.e¥auation, we compare our
approach against two representative, state-of-the-gppara: IMap, one of the earliest
mappers to use cut-generation for technology mapping; a8@,Ahe most recently re-

ported synthesis flow that employs a state-of-the-art caégion algorithm for many of
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its algorithms.

To investigate our symbolic approach to cut generation, evepare the cut generation
time of BddCut against IMap’s [MBV06] and ABC'’s [MCBO06b] cgeneration time. Note
that during all flows, we generate all possible cuts (i.e. nmmg) of sizeK or less.
Table 3.1 and Table 3.2 shows detailed results for selectits;, followed by Table 3.3
and 3.4 with summarized results for the entire ITC and ISCASShchmark suite. We also
show a peak memory use comparison between ABC and BddCubas sh Table 3.5.
Finally, we compared BddCut with ABC for one of the largestU8Vcircuits which is
shown in Table 3.6. In cases that the technology mapper ranfauemory, the circuit

time is marked as n/a.

K=6 (sec) K=7 (sec)
Circuit BddCut| IMap | ABC | BddCut| IMap | ABC
C6288 0.20 | 40.64 | 0.52| 0.67 |660.76| 5.66
des 0.36 | 10.46 | 0.19| 0.70 | 294.05| 3.34
i10 0.22 | 14.27 | 0.25| 1.58 | 98.27 | 2.00
b20 1.84 | 81.89 | 0.88| 8.27 | 890.67| 8.69
b21 191 | 86.84 | 0.94| 8.59 |929.90| 8.66
b22_1 2.17 |107.16| 1.38| 8.81 n/a | 10.3
s9234.1 0.11 3.96 | 0.13| 0.33 | 38.32| 0.75
s38417 045 | 13.68| 0.31| 1.39 |133.83| 0.72
s4863 0.11 | 19.27 | 0.11| 0.36 | 269.07| 0.84
s1494 0.11 | 15.73 | 0.09| 0.33 | 197.76| 0.63
Ratio Geomean 63x | 0.83 225x | 1.8x

Table 3.1: Detailed comparison of BddCut cut generatioretagainst IMap and ABC.
IMap could not run fork” > 8.

The results in the previous table clearly indicate that dusibcut sharing and redundant
cut removal, our symbolic approach scales better thantiwadi techniques where IMap
is more than an order of magnitude slower. When comparechstydBC, our technique
scales much better where our average speedup and relativetios in memory use im-

proves agds gets larger. Unlike runtime, the improvement in memory dugsoccur until

69



3 Improving BDD-based Logic Synthesis through Eliminatam Cut-Compression
K=8 (sec) K=9 (sec) K=10 (sec)
Circuit BddCut| ABC | BddCut| ABC | BddCut| ABC
C6288 2.48 | 14.49| 9.91 | 150.13| 41.86 | 1758.44
des 9.05 |10.70| 74.66 | 105.16| 828.44 | 1126.50
i10 283 | 6.06 | 11.41 | 57.17 | 50.78 | 581.09
b20 42.01 | 73.53| 200.27 | 889.92| 895.63 n/a
b21 44.03 | 80.34| 205.25| 942.88| 920.22 n/a
b22_ 1 41.22 | 84.36| 180.58 | 924.38| 766.63 n/a
s9234.1 1.08 7.61 4.11 16.69 | 17.94 | 192.72
s38417 4.31 6.19 | 14.19 | 58.09 | 47.97 | 536.84
s4863 145 | 499 | 6.53 | 50.66 | 30.77 | 555.59
s1494 120 | 353 | 5.88 | 32.63| 31.61 | 295.38
Ratio Geomean 2.5x 4.9x 10x

Table 3.2: Detailed comparison of BddCut cut generatiome gainst ABC forX > 8.

Benchmark K=6 | K=7
ITC 27.8x| 46.5x
ISCAS89 | 12.2x| 26.5x

Table 3.3: Average ratio ol{;M cut generation times. IMap could not be run for> 8.

K gets large & > 7). We found that because there is a fixed overhead in the CUDD

ddCut

Benchmarkl K=6 | K=7 | K=8 | K=9 | K=10
ITC 0.512x| 1.07x| 1.77x| 4.25x| 11.2x
ISCAS89 | 0.781x| 1.08x| 1.59x| 2.39x| 4.87x

Table 3.4: Average ratio ofZ< cut generation times.

Benchmark K=6 | K=7 | K=8 | K=9 | K=10
ITC 0.22x| 0.60x| 1.58x | 2.12x| 6.13x
ISCAS89 | 0.14x| 0.24x| 0.73x | 1.55x| 2.71x

Table 3.5: Average ratio 6f22<- memory usage.

BDD manager [Som98], and therefore only at the larger catssivas this overhead amor-

tized through subcut sharing or if the benchmark is largendake case ofeon2 shown
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runtime (sec) | memory (GB)
Cut Size| BddCut ABC| BddCut ABC
23.3 77.9| 0.43 1.41
58.9 n/a| 0.45 n/a
152.9 n/a| 0.60 n/a
547.6 n/a| 0.81 n/a

O 0o ~NO»

Table 3.6: Runtime comparison of BddCut with ABC on cirdaiin2 (contains 278,292
4-LUTSs).

in Table 3.6. Without subcut sharing, memory runs out forva & the larger benchmark
circuits whenK = 10. This is also true for extremely large benchmark circuitskasvn in
Table 3.6 where ABC runs out of memory in circlebn2 for K > 6. Fortunately, ABC
supports cut dropping which has proven to reduce the mensageaiby several fold, but,
from our experience, cut dropping increases the cut cortiputime so we did not turn
on this feature. For example, with cut dropping enabled, A&tk more than 12 hours to
generate 10-input cuts for circo0, whereas BddCut takes less than 15 minutes.

Although ABC outperforms BddCut for small cut sizes, thedest 6-input cut gener-
ation time in BddCut was 2.8 seconds. For small cut sizesp#eehead in storing and
generating BDDs is not amortized when generating cut setbsircally, thus ABC is still
the better approach for smaller valuesiof The exception to this trend occurs for circuits
with a high degree of reconvergence such as for cikc8288 (C6288 is a multiplier). For
these circuits, our relative speedup is much larger foralies of K because reconvergent
paths dramatically increase the number of cut duplicatiort®nventional cut generation
methods.

A concern one could raise with our symbolic approach is tfecebf BDD representa-
tion of cuts on the cache. Since the CUDD package repres@idsBs a set of pointers,
the nodes in each BDD may potentially be scattered throughemory. Thus, any BDD
traversal would lead to cache thrashing, which would drazaly hurt the performance

of our algorithm. However, CUDD allocates BDD nodes from atamuous memory pool
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leading to BDDs that exhibit good spatial locality. Our caetifive results support this

claim and indicate that good cache behaviour is maintaindd@UDD.

3.4.2 Edge Flow Heuristic

The new edge flow heuristic is used in the context of the cagguroblem for elimination.
Since in elimination attempts to capture reconvergenbregas described in Section 3.3.7,
our goal is to ensure that edge flow results in a graph withddges; however, we must
ensure that other metrics correlated to overall area aray dgk not degraded. To do so,
we compare our edge flow based covering algorithm againdiwst@rea driven covering
algorithm [MBVO06]. The metrics we use to evaluate the resgltover are the number of
resulting covers, the longest path of the resulting covgragh, and the resulting number
of edges in the graph. The resulting number of covers is itaporsince this directly
correlates to the final area of the circuit. In a similar setise longest path correlates to

the final delay of the circuit.

# Covers | Longest Path # Edges
circuit af ef |af ef af ef
C6288 498 492 | 25 24 1634 1589

des 1248 1250 7 7 4725 4621
i10 793 799 | 14 14 3021 2913
b20 4525 4501 29 29 11240 10824
b21 3700 3689 28 27 12350 11235
b22 1 5825 5801 28 28 16440 15111
s$9234.1 392 381 8 8 1182 1038
s38417 3660 3620 9 9 10423 9593
s4863 406 401 | 15 15 1434 1362
s1494 266 265| 5 5 937 875
Ratio Geomean 0.99 1.00 0.93

Table 3.7: FPGA channel-width reduction using EdgeFlowiut-Height QDelay values
in nanoseconds).

Table 3.7 shows our results on the ITC and ISCAS89 benchnenkisere only a few
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circuits have been shown in detail. Three groups of columeshown that compare the
number of covers Cover$, longest pathl{ongest Path and number of edgeg Edge$in

the resulting covered graph. The first columif)in each group lists the results of the area
driven flow, and the second columaf( in each group lists the results of the edge driven
flow. The edge flow heuristic has a clear impact on the final @a/graph. Overall, edge
flow can reduce the overall number of edge in the final coveragdtgby 7% on average
with no impact to the area or delay of the final covered cirtclnterestingly these results

were also found successively in an independent study pddis [JCCMO3].

3.4.3 Covering based Elimination

After ensuring our symbolic cut generation approach wakbtaand evaluating our edge
flow heuristic, we migrated the covering problem to elimioatind evaluated our elimina-
tion scheme against greedy based elimination schemesg Usmapproach should signif-
icantly improve the runtime of the elimination step whilesaring that the resulting logic
regions formed during elimination yield area results whach comparable to the original
greedy based elimination approach. In our first set of erpants, we use a cut size of 8
to generate our cones for elimination. In following expezits, we will explore changing
this parameter to see its impact on area and runtime.

To compare the two approaches, we replaced the folded eltramstep in a BDD-based
synthesis engine with our covering-based eliminationrtigam and compared both the area
and runtime of the original flow against our new flow. The sysik engine we chose in
our evaluation was FBDD [WZ05]. FBDD improved the BDD syrdiseflow by leverag-
ing shared-extraction [WZ05] where common divisors wetteaexed from multiple nodes
and logic folding. Logic folding exploits the inherit reguity of logic circuits by sharing
transformations between equivalent logic structures.s Tiais a huge impact on runtime

where it has been shown to reduce the number of eliminatieradipns by 60% on aver-
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age. We also compare against SIS for a common reference painease of readability,
we will refer to our flow which uses covering-based elimioatas¥BDD,,.,,. Starting
with unoptimized benchmark circuits, we optimized the wits with #BDD,,.,,, FBDD,
and SIS. To compare their area results, we technology mamyoeaptimized circuits to 4-
LUTs using the technology mapping algorithm described iB\06]. When optimizing
the circuits in SIS, we usegtript.rugged [ESV92]. Table 3.8 illustrates detailed results
for a few benchmark circuits. Colum@ircuit lists the circuit name, columiiime lists
the total runtime in seconds, and colugi.UT Arealists the 4-LUT count. Note a few
circuits caused SIS to run out of memory and are marked asTila.final row lists the

geometric mean of the ratio when compared againisD D,,..,,.

Time (sec) 4-LUT Area
Circuit FBDD,., FBDD sSIs | FBDD,,., FBDD SIS
b20 5.5 44.8 154.5 4514 4324 4773
b21 7.9 358 185.1 3700 3689 3721
b22 1 6.2 38.4 2024 5788 6505 5664
s38417 1.9 7.2 58.0 3560 3559 4052
s38584 3.0 13.7 3927.3 4289 4152 4174
35932 3.9 4.1 n/a 3264 3360 n/a
s15850 0.8 9.1 68.8 1282 1270 1329
systemcdes 3.1 11.3 1231 1152 1207 1143
vga_lcd 38.9 585.2 n/a 40680 40676 n/a
wb_conmax 18.6 104.2 1313.5 19135 19479 19726
Ratio Geomean 5.7x 70x 1.00 1.03

Table 3.8: Detailed comparison of area and runtimé'&fD D,,.,, against FBDD and SIS

— FBDDpew
for k' =8. FBDD or SIS

For the circuits shown in Table 3.8, our new flow is signifitafdaster than the original
FBDD with an average speedup of over 5x and an order of madggpeedup over SIS.
The results also show that this speedup comes with no aredtyen

To explore the impact of cut size on our elimination algarithwe varied the cut size

from 4 to 10 and compared the area and runtime against thimalrigBDD flow. This is
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shown in Table 3.9 where we applied our new flow to the enti@ IECAS89, and select
IWLS benchmarks and took the geometric mean ratio of the FB&DIt overF BD D,,.,,.
ColumnK lists the cut size used iIRBDD,,.,, when generating resynthesis regions, col-
umn Timeis the time ratio, and colum#-LUT is the final 4-LUT area ratio. Each ratio

column is given a benchmark heading indicating the benckmigite used. As Table 3.9

ITC Ratios | ISCAS89 Ratio§ IWLS Ratios
K | Time | 4-LUT | Time | 4-LUT | Time | 4-LUT
4 | 12.4x| 1.001 | 11.9x| 0.982 | 12.8x| 0.913
6 |8.76x| 1.00 |9.26x| 0.984 | 8.72x| 0.921
8 |6.16x| 1.00 | 6.24x| 0.987 | 6.84x| 0.971
10 | 2.55x| 0.991 | 2.62x| 0.984 | 2.76x| 0.964

Table 3.9: Comparison of area and runtime of FBDD agaim8D D,,..,, for various values
of K, +5ppes-

shows, it appears that using a cut size of 4 or 6 has a sulatspeiedup of more than 10x
in many cases; however, this comes with an area penaltycparly in the IWLS bench-
marks. This implies that the elimination regions createthwhese cut sizes are too small
and does not capture large enough resynthesis regions mgle sione. In contrast, a cut
size of 8 still maintains a significant average speedup ofertizan 6x for all benchmarks

with negligible impact on the final area when compared to tigireal FBDD.

3.4.4 Comparison with Structural Synthesis

Structural synthesis methods have proven to be significdaster than traditional syn-
thesis techniques [MCBO06a]. This has largely been due tadagptation of And-Inverter
Graphs (AIGs) for logic synthesis and fast hashing-scheémagwrite” the netlist. AIGs
are circuit representations which only contAlNDgates and inverters. Such a representa-
tion makes transformations on the netlist extremely fastrelthe netlist is locally updated

using rewriting which replaces 4-input logic functionshit the netlist with an AlG repre-
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sentation that either uses few&NDgates or reduces the number of logic levels. Thus itis
generally accepted that structural AlG transformatiomsthe fastest methods to perform
logic synthesis.

Table 3.10 shows a comparison of runtime and area betweefABBelogic synthesis
engine, a robust AlG-based synthesis flow, and our improv@BdBased synthesis flow
that uses a cut size of 8 during elimination. In the comparis@ use the resynthesis script
resyn2.rc  to perform AIG rewriting and refactoring on the netlist aedhnology map

all circuits to 4-input LUTSs.

ITC Ratios | ISCAS89 Ratio§ IWLS Ratios
Time | 4-LUT | Time | 4-LUT | Time | 4-LUT
1.31x| 1.04 | 1.43x 1.01 1.28x| 0.963

Table 3.10: Comparison of area and runtime of FBDE & &) against AIG Rewrit-
ing/Refactoring.

Overall, our results suggest that BDD-based synthesis #ti/sannot beat AlG-based
flows using structural logic synthesis in terms of runtimewsver, for larger benchmarks
found in the IWLS benchmark suite, we have a slight area adgan Since we have shown
that we can reduce the synthesis flow runtime to an order ofites a 28% overhead in
terms of runtime translates to a few minutes, which in marsgsas an acceptable amount
of runtime penalty when improving area. This shows that B@DBg structural techniques

can play a complementary role in optimizing netlists foritogynthesis.

3.5 Summary

In this chapter we described a methodology for improving tintime of BDD-based logic
synthesis flows by 6x with a negligible impact to the final git@area. This speedup was

achieved by adapting the covering problem to eliminatiomirnpducing a novel edge flow
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heuristic to reduce the number of edges found in a logic itiedong with a BDD-based
compression technique to store and process cuts. Ourgeshdiv that our edge flow
heuristic can reduce the number of edges within a circuit W oh average, while our
BDD-based compression technique was shown to reduce thgeaetration runtime and

memory use by an order of magnitude.
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4 Budget Management for Partitioning

Partitioning has become a popular means to manage sclgdvdblems of existing CAD
algorithms. This is attractive since partitioning a citatan dramatically reduce the solu-
tion space of the original problem, and hence improve itsimm In the context of logic
synthesis, this involves partitioning the netlist follaiey applying logic optimizations to
each partition. An example of a partitioned circuit is shawfigure 4.1 which shows six

partitions highlighted in the dashed lines.

Figure 4.1: Partitioning of circuit for resynthesis.

In a partitioned circuit, each partition is optimized indivally. For example, Fig-
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ure 4.2(a) illustrates a depth optimization on an indiviquertition where the partition
depth is reduced. This optimized patrtition is then insebiack into the original circuit as
shown in Figure 4.2(b). By optimizing the depth of each piarti the overall circuit depth
has been reduced from 12 to 10 as highlighted by the shadexdzdss.

In the previous example, we were able to reduce the deptheobwerall circuit by
optimizing each individual partition optimally. Howeven optimal decomposition for
a circuit partition may not necessarily be the best decoitiposvhen looking at the entire
circuit. For example, in the previous figure, the optimaltiegecomposition of a partition
is shown in Figure 4.2(a). However, if a non-optimal skewedainposition is used, as
shown in Figure 4.3(a), an improved global circuit depth a$ &chievable as shown in
Figure 4.3(b).

The previous example highlights that optimizations whicyrbe beneficial from a sub-
circuit’s perspective may actually lead to a poor globalile©ne possible solution to this
is to apply incremental updates to the circuit, where part#t are individually optimized
in an iterative fashion. However, this requires severadicstaning iterations, which can
significantly hurt the runtime benefits of partitioning. Barmore, a “ping-pong” prob-
lem can occur where paths are consistently over or undémizgd between iterations. To
avoid these problems, circuit constraints should be agpbeall the partitions in a single
shot. In addition to removing the iterative nature of incegrtal approaches, this allows the

resynthesis engine to produce skewed decompositions asshd-igure 4.3(a).

In this chapter we create partition constraints to imprmedircuit depth with minimal
impact to the final circuit area. When applied to depth otations, the circuit constraint
we seek is known as the depth budget, which is a numeric vakigreed to each partition
input. The depth budget for each input lists the maximum ligtibwable between the
given input and root node in order to achieve some globakdegdtie. This is beneficial for

two reasons. First, it indicates which input paths in a gipartition must be “shortened”
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Figure 4.2: Retransformation optimization to shorten thiécal path using a localized
view of each partition. Original depth of circuit in Figure24s 12, final depth
is 10 along shaded gates.
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Figure 4.3: Retransformation optimization to shorten thgcal path using budget con-
straints to guide optimizations in each partition. Fingbtthes 8.
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in order to improve the overall circuit depth. Second, itegilexibility to input paths to
focus its circuit optimizations on area, as opposed to gidepth. An illustration of this is
shown in Figure 4.4, which shows how we can achieve the skeleedmposition shown
previously using depth budgets assigned to each partitjouts. In Figure 4.4, input paths
that are assigned a relatively large depth budget (6 in #gs)ccan be optimized for area,

while input paths assigned small depth budgets (2 in this)aasist be optimized for depth.

Figure 4.4: lllustration of numeridepth budgeassignments to each partition input.

In this chapter, we show that the problem of deriving eflechudget constraints as high-
lighted in Figure 4.4 can be formulated as an Integer-Lifragram (ILP). By following
the constraints found from the ILP, the resulting optimizaduit has a superior Quality
of Result (QoR) to that of one with only a localized view of ttition.

It is well known that the ILP problem is NP-complete [CLRSGi#]d, thus, solving
our budgeting problem as an ILP will not scale to large cicoequiring a large number

of constraints. To resolve this issue, we show later in 8acdi.2.2 how we can reduce
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our ILP to polynomial complexity by leveraging the conceptaality. Note that in this
chapter, the term duality is used in the context of convexmpéation theory, and has no
relation to the definition of thdual of a logic functiorfound in Boolean algebra. Doing so
reduces the problem runtime by over 100x, which is a necgssadition for our technique
to be practical for large circuits. Furthermore, although @duced problem theoretically
has a polynomial complexity with respect to circuit size pamsally we find that it runs
in linear time on average. When run on the IWLS benchmarkveetshow that our ILP
formulation can assist partition based logic synthesictvitnproves circuit depth by 11%
on average with a less than 1% penalty to area when compaagasagartitioning-based
flows without budgeting.

The rest of the chapter is organized as follows: Section ¥eglsgome background infor-
mation on the budget management problem; Section 4.2rdltest our budget management
scheme in the context of logic synthesis and how we reduaitglexity to polynomial

time using duality; Section 4.3 highlights our results; &edtion 4.4 concludes the chapter.

4.1 Background and Previous Work

4.1.1 Budget Management

Budget management is a common problem found in all stepsedfBGA CAD flow. It is
the problem of judiciously setting circuit constraints ool regions within a circuit while
providing enough freedom to optimize for other charactiessof the circuit [BGTS04,
LXZ07]. Furthermore, these local constraints must be sefrnsure that the global con-
straints of the entire circuit are also met. The difficultypofiget management arises when
various circuit characteristics work in opposition to eather. For example, circuit area
and power have an inverse relationship to circuit depth amtbpmance and choosing be-

tween alternate design implementations is often a trafleetiveen these characteristics.
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An example of the budget management problem is found in [GBIE®/hich works
on improving the resulting area of a circuit during highdesynthesis. During high-level
synthesis, the circuit is represented as a data-flow grapiGj@vhere each node repre-
sents a functional operation (e.g. addition or multipima). Choosing between various
implementations of each node involves a trade-off betwéeckecycle latency and area.
In [GBCSO04], clock-cycle latency is define as the number o€klcycles required to com-
plete a computation; this has a big impact on the final aredetircuit. For example,
for a given clock period, the area of a single-cycle muléipis significantly higher than
to that of a multi-cycle multiplier. The problem of budget magement deals with how to
choose between such alternatives of each DFG node suchéatérall area is minimized
while maintaining the latency, in terms of clock cycles, loé eentire circuit. An example
of this is shown in Figure 4.5 which shows two implementadiofn the same sequential
circuit. In Figure 4.5, each node represents a functiondlsuth as a multiplier and is
labeled with two numbers. The top number lists the latencthefnode and the bottom
lists its area units. For the two DFGs shown, the latency i®7 there are 7 registers along
every path from any input to output). In Figure 4.5(a), thatarea is 84. Assuming that
the bottom most node will have a significant area savingspiaieed with a 2-cycle unit,
the total circuit area can be reduced if an additional cyzlallocated to the bottom most
node. However, in order to maintain a circuit latency of 7,west obtain this additional
cycle from one node along each path which the bottom nodengslto as shown in Fig-
ure 4.5(b). In our case, we moved one cycle from the two noekedirig into the top most
node (4-cycle unit replaced by a 3-cycle unit, and a 3-cynieis replaced with a 2-cycle

unit).

As the previous example illustrate, clock cycles shouldssgmed to nodes which can
best leverage the additional clock cycles to reduce its. afigas is difficult since each

DFG node has a unique clock latency versus area trade-ofé cathus, greedy heuristic
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Figure 4.5: Alternate implementations of the same cir@aith node with a different circuit
latency allocated to it.

approaches often lead to missed opportunities to reduceitcarea. As an alternative, the
authors in [GBCS04] formulate this problem as a convex ogtition problem. The results
of their budget management is significant where they aretabieduce the overall FPGA
LUT usage of their design by 29% without changing the latesfde final circuit.

From a budgeting perspective, our work is similar. Howeweour case, we are dealing

with logic depth as our main budgeting constraint, as opptselock cycles.

4.2 Partitioning with Delay Budgeting

During logic synthesis, the primary goal is to minimize tlrewit area, while reducing the
depth of the circuit. Achieving these goals after partithgnis significantly more difficult
since the critical path cannot be identified by looking athepartition individually. Fur-
thermore, even if the critical path information is annodgbeior to partitioning, optimizing
each path in isolation can cause problems where paths age-tptimized” for depth while

“under-optimized” for area. This chapter addresses thesiglgms through budget man-
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agement which annotates each partition with informatiometip guide the optimizer. This

approach has four primary steps as follows:

A clustering algorithm to partition the netlist into disgjpipartitions.

A fast conversion of the circuit to an And-Inverter Graph @) which is neces-
sary to help model the area-delay relationship of eachtmartused in the budget

management formulation.

A budgeting algorithm to allocate a fair distribution of ly&d to the partition inputs.

A resynthesis algorithm that can utilize the budgeting rinfation to drive a delay

driven resynthesis engine.

4.2.1 Partitioning and AlG construction

To partition the circuit, we apply a variant of the coveringlgem which attempts to
minimize the number of edges found between partitions. Eiselting circuit will be a
set of covers where each cover encapsulates a localizeshrefjthe circuit. A simplified
illustration of the partitioning phase is shown in Figuré 4nd is described in detail in
Chapter 3. In Figure 4.6(b), partition regions are hightiégh which are then represented
as a single node in Figure 4.6(c). Although only small parg are shown in this example,
larger partitions which can have more than 10 inputs are unstiils work.

After partitioning, each partition is converted to an Amdkdrter Graph (AIG). An AIG
is a circuit representation which consists of only 2-inAbiDgates and inverters as illus-
trated in Figure 4.7. Here, we represent inverters as “lagldn a given graph edge. The
benefit of this construction is that it unifies the represgonaof the entire circuit, which
makes resynthesis extremely fast and simple [MCB06a]. Tegge the AIG, we first

convert the logic function for each node in the circuit intoimedundant sum-of-product
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(@) (b) (c)

Figure 4.6: Clustering of a simple netlist. (a) Originalliset(b) Partitioning of original
netlist (c) Representing each partition and Pl as a single no

form (ISOP). An ISOP is a Boolean expression that containsedondant cubes in the
expression. Following this, the ISOP for each node is fattdo reduce its cost. This
simplified Boolean expression is then converted directly anetwork of AND gates and
inverters [MCBO06a]. We will show in later sections that th&GAstructure will help us

express the area-delay relationship of each partition usedr budgeting formulation.

[ g

Figure 4.7: Example of an And-Inverter Graph (AlG) whereleaode is a 2-inpuAND
gate and each edge can be inverted.

4.2.2 Budget Management

Following partitioning and AIG construction, each paditimust be annotated with in-

formation to guide the succeeding resynthesis step. Dugsgnthesis the two primary
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optimization metrics are area and depth where we seek tonmzeiboth. However, since
in general area and depth are conflicting optimization patars there exists a trade-off
decision where partitions that are optimized for area uguratrease in depth. Thus, the
guestion that must be answered when resynthesizing eattiguais as follows: what is
the maximum tolerable increase in depth for each partitithout violating a given over-
all circuit depth constraint? We seek to maximize the defteach partition since this
allows for more opportunities in area reduction. The ingeedationship between area and
depth is illustrated in Figure 4.8 where Figure 4.8(a) tllates the circuit implementation
when area, in terms of gate count, is minimized while FiguB£h) illustrates the circuit

implementation when delay, in terms of logic levels, is miraed at the cost of area.

fl g fl g

(a) (b)
Figure 4.8: lllustration of circuit optimization for 4.8(area (gate-count=4, logic-levels=4)

and 4.8(b) depth (gate-count=7, logic-levels=3).

The question raised previously can be rephrased more flyramah budget management

problem stated as follows:

Problem 4.2.1 Delay Budgeting Problem. Given a partitioned circuit anceguired delay
D,., of the circuit measured in terms of circuit depth, allocatelelay budget on each
partition input such that the resulting delay on any givetihpa less than or equal t®, .,

and the estimated total circuit area is minimized.

By solving Problem 4.2.1, a delay budget will be assignedttheoartition input to give
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guidance on resynthesis optimization. For example, liefgto Figure 4.9, a delay budget
assignment is given to each partition input. These assigtsreet as an upper-bound on
depth for the resynthesis engine to follow. This resultsfimal circuit implementation, as
shown previously in Figure 4.3, that has improved depth aveon-budgeted flow, even
though locally the resulting circuit appears to be subvoptin terms of circuit depth. Note
that we use depth as a measure of delay since at the logicesysilevel, accurate delay

information of each edge is not available.

Figure 4.9: Annotated partition inputs after delay buduggti

In order to model Problem 4.2.1, we must first model the del@ga relationship of each
partition. For simplicity, we model the delay-area relathip as a piecewise-linear convex
function with respect to the depth budgkt, Here: is the label assigned to the partition
whose output feeds into the partitign For every partition input, there is a depth budget
variable,b;;. In the convex function, we measure delay in terms of logiel and area
in terms of gate count. Finally, we apply a lower and uppemioon the delay constraint

([L, U)), since for any given partition, there will exist a minimumdemaximum total depth
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achievable by that partition. This relationship is ill@éd in Figure 4.10 which shows
the piecewise-linear convex functidn;(b;;). Here,b;; is the depth budget, measured in
terms of logic levels, and’;(b;;) is the estimate of area along the given path. Later, in

Section 4.2.2 we will illustrate how we derive the area-getdationship,F;;(b;;), in more

detail.

Fi(by)

U

Figure 4.10: Simplified inverse relationship between delaygetp,;, and area estimation,
F;;(b;;), defined over variablg,;.

If we assume that the area and delay values take on integezsvahd that there exists

an area-delay relationship along each input of the pamtitie@ can represent Problem 4.2.1
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as an ILP as shown in Equation 4.1.

v(

i,j)EE
bij = CLj — a;
Li; < bj; < Uy V(i,j) € £

LigaiSUi VieV

In Equation 4.1G(V, E) represents the partitioned graph, where each node in tiph gra
represents a primary input, primary output, or partitiamj @aach edge represents a signal
output from node to nodej. The variablée),; represents the delay budget assigned to each
partition input edgd, j) and F};(b;;) represents the estimated area for a given vajpe
where our goal is to minimize the overall estimated area @tilcuit. In later sections we
will show how we model the area-delay relationship to forawelF;;(b;;) for every edge
(i, 7). For each delay budget there is an upper and lower boundsesmesd with variable
L;; andU;; respectively. The delay budget on each input edgg,, is equivalent to the
arrival time,a;, of partition nodej (sink node) minus the arrival time;, of partition node
(source node). For each arrival timg we ensure that it is bounded by an upper and lower
boundU; and L;. Here, the largest value set fof should be equal to the required circuit
depth,D,.,, andL; should be greater or equal to zero. For illustration, Figufd shows
the relationship between the partition graph and Equatibn 4

One issue with Equation 4.1 is that it assumes that the deleg+elationship for each
partition input are independent from each other. Howewegeneral this is not true. For
example, consider Figure 4.12. Assume that in Figure 4)1#ta leftmost input has a
depth budget ob,, and and its neighbouring input has a depth budgét ofIf we place
Fyo(bye) and F,(b,) into Equation 4.1, assigning values g andb,., occurs indepen-

dently. However, in reality, if we decrease the depth forlgfemost input, the depth of
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F.(b.)=F,(2)=6
JE\" jk Jjk

by =a,-a,=2 0<a,<5

2<b; <5

Fy(b,)~F,(3)=5
b.=a-a.=3

/e
2< bij <5

Figure 4.11: Graph to ILP formulation.

its neighbouring input must also decrease. Thus varidhlesndb,, are related. Adding
this dependency to our problem significantly increaseitspdexity and for simplicity we
ignore this dependency. In later sections we empiricalBleate this simplification and
show in practice that it is not an issue.

f '8 f g
bba bca bba bca

(a) (b)
Figure 4.12: lllustration of dependency of depth betweguis.

Reduction of ILP using Duality

Once we formulate Equation 4.1, we can use any standard IlMersto derive a depth

budget,;;, for every edg€i, j) in the graph. However, solving our ILP problem directly
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is not scalable to large designs. To avoid solving our objedtinction directly, we should
attempt to reduce the complexity of our problem. Previougk&/BGTS04, LXZ07] have
shown that in certain cases, an ILP can be reduced to a forohvlais a much simpler com-
plexity. These techniques are often based around the naitimvexity and duality where
adual functionof the original objective function is used as the primaryeahiye function.
If it turns out that the original objective function is comydinding the optimal solution
to the dual function yields a result which is equivalent te tiptimal value of the original
function. Since in Equation 4.1 we assumed thatb;; ) is convex (linear or piecewise lin-
ear convex) for all edges, j), it can be shown thatz F;;(b;;) is also convex [BV0A4].
An example of convex dual problems whose optrr%’glesj,ﬂolutimesquivalent is the min-cut
max-flow problem. The min-cut problem finds the capacity gltre minimum cut within
a network of pipes and is equivalent to the max-flow probleat finds the maximum flow
along the same network of pipes. This min-max relationshi@ common characteristic
of dual functions where a minimization problem for a givendtion f(a) is converted to
a maximization problem for a dual functigri)), andMin f(a) = Maz g(\). Also, in
general there does not exist a functi@rwhere\ = G(a) which implies that a solution
in a generally does not have an relationship to a solutiok jBV04]. It should be noted
that in general, the dual function of a given function may lbetsimpler to solve, but we
will show in this section that for our specific problem, usthg dual function proves to be

significantly more scalable than solving the problem in @sve ILP form.

To solve a problem using duality, several steps must be tdkiest, the original convex
function must be converted to its dual function. When cotingra convex function to its
dual, the original optimization variables are “removed’emt a new set of optimization
variables are introduced. These new variables are knowagsngian multipliers Once
the dual function is derived, the optimal values of the Lagran multipliers are found.

Finally, the dual solution must be mapped back to the origimablem space to derive
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the optimal values on the original optimization variabl&®r example, referring back to
the min-cut max-flow problem, optimizing for the max-flow ptem results in a solution
A*, which can be mapped to a solutiah in the min-cut solution space. The remainder
of this section will describe these steps in detail, thoughreader may skip directly to
Section 4.2.3 if not interested in the mathematical deiovatFor those not familiar with
the concept of duality in the context of convex optimizasipihis recommended to review

duality in [BV04, ch.5].

When converting Equation 4.1 to its dual, we can assume thatirgproblem variables

and constraints are integers as shown in Equation 4.2.

bij, Uij, Lij ez \V/<Z,]> ek (42)

a;, Ui, Lj €Z vieV

Also, to simplify the derivation, we will assume that eacimdtion £;;(b;;) is a linear
function;;b;; as shown in Equation 4.3. Later on, we will show how we willdicehis

assumption to accommodate more general formgdb;; ).

Min Y~ Wby (4.3)
Y(i,j)eE

bij =a; — a;

Li; < bi; < U V(i,j) € E
LigaiSUi VieV
VVijEZ \V/<Z,]>€E

In order to formulate the dual of Equation 4.3, we must firébmaulate the function

to remove thez; constraints on the second last line and represent the olgdanction
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Z W;;b;; in terms of node variables (currently it is a summation ofetge variables
ZZ;EVIer can remove the constraibt < a; < U, by creating a dummy node 0 and attaching
each node to this dummy node. Next, we will map everyvariable to &, variable. Thus,
the resulting formulation remains the same, whiéfg = 0 for all i € V. Following this,
we will remove all variables;; and replace them with their equality constraint= a; —a;.

This leads to Equation 4.4.

Y(i,j)eE
a; —a; < Uy V(i,j) € B
a; — a; 2 Lz’j V<Z,j> ek

Following the removal of thé,; variables, Z W;;b;; can be reexpressed in terms of
V{i,j)eE
node variables only as shown in Equation 4.5 [LS91].

> Wiy —a)=>_ [ (D W= > Wia (4.5)

Y(i,j)EE vieV V(k,i)eE Y(i,j)EE
= E 0 (4.6)
vVieV
0; = g Wi — E Wi;
V(k,i)eE Y(i,j)eE

Substituting Equation 4.5 into Equation 4.4 leads to Equedi.7. Simplifying the con-
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straints to a standardized form is shown in Equation 4.8

Min Z 0;a; 4.7)
vieV
a; — a; < Uij v<l,j> ek
a; — a; 2 Lij v<l,j> ek
Min Z 0,0 (4.8)
vieV
CLj—CLZ'—UZ'jSO V(z,g)EE
CLZ'—CLJ‘—FLUSO V(z,g)EE

Once Equation 4.8 is formed, we are ready to find its dual fanctFirst, we remove
the constraints on; by using Lagrangian multipliers. Lagrangian multiplieesnove con-
straints on an objective function by introducing new valeabknown as Lagrangian mul-
tipliers, and multiplying these variables by the constiginn our case, our Lagrangian
multipliers are);; and p;; which creates a new objective functidria;, \;;, pi;). Assum-
ing that the Lagrangian multipliers are positive integéngy can be thought as a penalty
factor which penalizes the objective functidfu;, \;;, p;;) whenever the constraints on the
original objective function are not met. As a result, findmgalid a;, \;;, p;; assignment
that minimizesL(a;, \i;, pi;) is equivalent to finding a valid, that minimizes the original

objective function.

L CLZ, zg;ﬂzg Z o;Q; -+ Z )\U a; — UZJ) -+ Z pl-j(ai — CLj + Ll]) (49)

VieV V{(i,j)EE V(i,j)eE

Although minimizingL(a;, Ai;, p;;) Will find us a valida; assignment, this is not use-

ful since the complexity of minimizind.(a;, Ai;, p;;) is equally as difficult as solving the
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original objective function. Instead, we withfimizeout thea, variables inL(a;, \;;, pi;).
This significantly reduces the complexity of our problemcsithe resulting function will
be dependent only on variablgs andp;; and we no longer have to search for a solution
in the domain ofs;.

To imfimizea; from L(a;, A;;, pi;), we will take theinfimumof L(a;, A;;, pi;) with respect
to variablea;. The infimum of a function with respect to a variahlds defined as the
greatest lower bound over the function over the domain ¢for example, Table 4.1 shows
the infimum of several well known functions. Note that thenmfim of the third and fourth

function is also another function dependent on the remginamiables.

f(z) inf f(z)
e’ 0
22 +2 2
? +y y
Yy Yy
mz +0b, {m,b} € constant, m # 0 —00
Zmixi +b;, Vi{m;, b} € constant, m; # 0 —00
i=0

Table 4.1: Infimum of several functions

To derive the infimum of.(a;, A;;, p;j) With respect taz;, we first separate out parts of
L(ai, \ij, pij) that are not dependent anpas shown in Equation 4.10. In Equation 4.11, we
only show the terms dependent@n These form a summation of linear functions; + b,
wherem is equivalent tg; or \;;, andb = 0. From Table 4.1, the infimum of a summation
of linear functions is—cc . However, as indicated in Table 4.1, there is one condition

where the infimum is well defined (i.e. nebo). This occurs ifz o;a; + Z Nij(a; —
vieV V(i,j)EE
a;)+ Y pij(a; —a;) is constant zero (this is equivalent to the condititm; = 0 in

Y{(i,j)EE
the last entry in Table 4.1), which in turn implies that Eqolat4.11 evaluates to constant

1The sum of a set of linear functions is known asaéfinefunction
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zero. Thus the infimum ak(a;, Ai;, pi;) is defined on two cases as shown in Equation 4.12.

9(Nij» pij) = aiIé%L(au Aijs Pij) (4.10)

i

:aifelg) Zgzaz_l' Z Nij(a; —a; — Uy) + Z pij(a; — a; + Lij)

VieV V(i,j)EE V(i,j)€E
= E , pijLij — E : AijUsj
V(i,j)eEE V(i,j)EE

vieV V(i,j)EE Y(i,j)eE
alrelfD Z oa; + Z Aij(a; — a;) + pij(a; — aj) (4.11)
vieV V(ij)eE V(i j)eE

Z pzyLm - Z )\iija
V(i,j)EE Y(i,j)EE
g()‘ij7pij) = if Z Pki — Z Pij + Z )\ZJ Z A =0, YieV
V{k,i)eE V(i,j)eE V(i,j)eE V{k,i)eE
—00, otherwise

(4.12)

The result of the infimum of (a;, A;;, p;;) is the dual functiory(\;;, p;;), which has two

conditions. Since we are only interested in the well defin@addion, we can form our
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dual problem of the original ILP in Equation 4.1 as follows:

Maz Z piiLij— Y AUy (4.13)
Y(i,j)eE V(i,j)EE
Yoo D pt D, Ay Y =0 VieV
V{k,i)eE V(i,j)eEE V(i,j)eEE V{k,i)eE

If we negate the objective function in Equation 4.13, thebpgm becomes a cost mini-
mization network flow algorithm where the dual variablgsandp;; are equivalent to the
flow along each edgé€, j), U;; and—L;; represents the cost per unit flow on each edge,
ando; represents the flow demand on each nodéis is shown in 4.14 and whose optimal

solution can be found in polynomial time [GT86, Gol97].

Min Y NUy— > piLy (4.14)
V(i,j)EE V(i,j)EE
Z Pki — Z Pij + Z )\m Z )\kzz = 0; Vi eV
V{k,i)eE V(i,j)eE V(i,j)eE V(k,i)eE

An illustration of the mathematical transformation delsed previously is shown in Fig-
ure 4.13. Figure 4.13(a) shows the original partition greyolere each node represents a
partition and each edge represents connections betwegtiopar Figure 4.13(b) illus-
trates the converted graph with upper and lower bound ainsit Also, we show the
addition of the dummy node, which is necessary to handle the< U; constraints. For

clarity, we have shown this for only the top node.

Mapping dual variables to  a; solution

Solving Equation 4.14 finds an optimal assignments to vesah; andp;;. However, our
original objective function seeks an optimal assignmerattables:;. Thus, we must map

the optimal solution\}; andpj; in the dual solution space to the optimal solutigrof the

99



4 Budget Management for Partitioning

(a) (b)

Figure 4.13: Graphical illustration of transforming thedget management problem into its
dual network flow problem. (a) Partitioned graph. (b) Upp&tt bower bound
added as edges to create network flow graph.

original objective function. In order to do this, we leveedfe concept of complementary

slackness. This is stated in Proposition 4.2.2.

Proposition 4.2.2 Complementary slackness implies that for an optimal assegt to);;

andp;; Equation 4.15 must hold.

Ni(ah —a; —Uy) =0, V(i,j)€E (4.15)

pis(a; = aj + Lig) =0, (i, j) € E

Proof: Equation 4.15 is proven in Equation 4.16 [BV04, ch.5]. Thstfine states that
the optimal value of the original objective function is ebigethe optimal value of its dual.
This is already assumed to be true from understanding gufalitconvex functions. The
second line is simply the definition of the dual function iparded form, which is defined
as the infimum of the Lagrangian function with respect.{o The next inequality states

that the infimum will always be less than or equal to any valiuhe Lagrangian. This is
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true since the infimum by definition is always less than it<fiom (i.e. the greatest lower
bound). Finally, the last line states that the Lagrangiamsewill always be less than or
equal to zero, and as a result, the Lagrangian will always$sethan or equal to the original
objective function. Since the last line is equivalent to diginal objective function, this

implies that\};(a} — a; — Uy;) = 0 andpj;(a; — a} + Li;) = 0 for all (i, j) € E.

Z Uza =4 )‘zyvpzy) (416)
vieV
=jnf | Dot D Ayl —ai=Uy)+ Y, phla—a;+Ly)
vieV V(i,j)EE V(i,j)EE

<Zaza+2)\ +ZP (a; — aj + Lyj)
VieV V(i,j)EE V(i,j)EE

S
vieV

|

The complementary slackness condition in Equation 4.15euli since it gives a rela-

tionship of eachu; variable as shown in Equation 4.17.

U, ifN5 >0
V(i,j) €EE a; —a; = (4.17)
Lij, ifpj; >0

A problem with Equation 4.17 is that j#;; > 0 and \}; > 0, a} — a; is undefined.

However, we can prove that such a condition is impossibleerfallowing:

Proposition 4.2.3 If \}; and pj; is the minimum cost solution to Equation 4.14, thenx

p?j = 07 \V/<Z,]> € E.

Proof: We know that assignments; andp;; provide the solution to objective function in

Equation 4.14 with a minimum cost value df. Now assume that for a given edge;),

101



4 Budget Management for Partitioning

A5 x pi; # 0. This implies that there exists another feasible flow whefe= A}, — 1
andp;; = p;; — 1 (this new flow will not violate flow conservation). This resiin a
new flow cost of M’ = M + (=U,; + L;;). However, sincel;; > L;;, this implies
that M’ < M. Thus, M is not the minimum cost flow, and we have a contradiction and

A X pi; =0, V(i,j) € E. Thisis llustrated in Figure 4.1

Ly Py LX)
G G
U, X ,lz_j U,X (/II.J.— 1)

(@) (b)

Figure 4.14: lllustration of proof for Proposition 4.2.3) (Total costV = —L;; x p;; +
Ui; x \ij. (b) Alternate feasible flow that does not violate the flowsemation
of nodei or j. Total costM’ = —L;; x (pi; — 1) + Uy x (A\; — 1) =
M + L;; — U;j, sinceL;; < U;; thenM' < M.

Equation 4.17 only gives a relationship between the salutjoand its upper and lower
bound values. To find the exact assignment to egclwe will formulate a relationship
between each; variable and the shortest path between each na@ie a primary input
found in the network flow residual graph. A residual graph n&awork flow graph can be
thought as the “residual” flow capacity that exists for a ilglasflow solution in the graph.
It is created by adding a reverse edge for every edge thatdwsafbng it and adding an
edge for any edge that has any remaining flow capacity withifror our problem, the
residual graph is constructed by adding an additional bacttwdge for every edge which
has flow through it. That is, for every;; > 0 andp;; > 0, add an edggj, i). The cost of
the backward edge is the negative cost of the forward édge Once constructed, we can
find the shortest path between a primary input to every riotté¢urns out that the shortest
path valued;, found for every nodeis equivalentto-1 x . This is stated more formally

in the following:

Proposition 4.2.4 The shortest path valué from a primary input to a nodein the resid-
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ual graph is equivalent te-1 x a; wherea; is the optimal value of the original objective

function.

Proof: We will prove the case whep; > 0 where proving the case foi;; > 0 is similar.
After solving the shortest path algorithm there exists a@a)] for every node in the graph.
If pj; > 0, this implies that there exists a forward ed@ej) and backward edggj, i)
with costs—L;; andL;; respectively. Due to the shortest path definition, this iegpthat
d;j—d; < —L;jandd; —d; < L;;. To satisfy both of these condition§,— d; = L;;, which
is equivalent to the relationship in Equation 4.17 whére- —1 x a7 andd; = —1 x a}. B
After calculating then; values, we can derive the budget for each edgg;as a; —
al. An illustration of the mathematical transformation désed previously is shown in

Figure 4.15.

(b) (c)

Figure 4.15: Graphical illustration of finding' values from the residual network flow
graph. (a) Dual network flow graph. (b) Residual graph forratdr solv-
ing dual problem. (c); values found for each nodealong with resulting,;
values for each input edge.
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Modelling area-delay relationship

In the previous sections, we introduced the area-delayioakhip used for each partition
as a piecewise-linear convex function. This allows us tongeahe delay-area relationship
with respect to the delay, which often occurs when varyirgdépth of a given input path.
For example, in Figure 4.16, reducing the depth of inplty 1 has no impact on area;

however, reducing the depth of inpuby 2 has an area penalty of 2 extra gates.

(@) (b) ()

Figure 4.16: lllustration of area penalty with depth redutind inverted edges.

To model the delay-area relationship, we leverage thenmédion provided by the AIG,
where we count the number inverted edges along the longdsbpaveen the input and
the partition output. The key insight is that for a given ibpath, the depth of the path
can be reduced with no area penalty until the depth is redbegdnd an inverted edge
along the path. This phenomenon is shown in the previous pbeaim Figure 4.16 where
inputa caused an area penalty only when its path depth was reducedtathan 1. Thus,
to reduce the depth of a path 1d,;, has no area penalty. However, modelling the delay-
area relationship as a constant does not model the fachitraising the depth of an input

gives more slack to other paths, which in turn may be optithipe area. For example,
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Figure 4.17 illustrates two partitions. If the path deptbng inputa of the top partition is
reduced, this forces the path depth of inpin increase as shown in Figure 4.17(b). This
could be harmful since the bottom partition may now need dice its depth since input

pathb is now longer, which in turn could lead to an area increase.

(@) (b)

Figure 4.17: lllustration of how reducing the depth of a patpacts decisions along other
paths and partitions.

To take into account the issue highlighted in the Figure 4x& model the area-delay
relationship ofF};(b;;) in the intervab;; € [M,;, U;;] as a line with a slope of -1. Her#;
is an upper bound assigneditg, which basically states that patjicannot expand beyond
the depth;;. For the intervab;; € [L;;, M,;], F;;(b;;) is modelled as a line with a slope of
-2. This states that attempting to reduce the depth of thé@iparinput beyond the number
of inverted edges along the longest path has a strongertpeHake,L;; is a lower bound
assignment to,; which states that the depth of the input patltannot be reduced beyond

Lz’j-
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Fib;)

ij

Figure 4.18: lllustration of area-depth relationship fanétion F'(b;;).

Assigning Upper and Lower Bound

For eachp,; variable, we have an upper and lower bodngdandL;;. To assign the upper
bound, we use the work presented in [BD97]. Here, the auttevelop a disjoint de-
composition algorithm based on the BDD data structure. ¢)aiBDD representation of a
function, [BD97] show how to decompose a BDD directly intsicagates and multiplex-
ers. The authors show how to efficiently find a decompositi@ minimizes area using
the BDD data structure where most of the time a 2-input baate gould be derived from
each node in the BDD. Knowing that the maximum depth of a gBBID is N where N

is the number of variables in the BDD and drawing from the wiarjBD97] which shows
how we can map a BDD node directly to a 2-input gate in the nitgjof cases, we set the
upper bound for each edge 2. To set the lower bound, we take a look at two conditions.
If there are no inverted edges along a input to the root nodleeopartition, the path must
go through at least one AND gate, implying that the lower lubigriL. If there are inverted

edges along this path, it must go through at least one additioverted edge, thus in this
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case we set the lower bound to 2.

4.2.3 Resynthesis with Delay Budgets

Once we have a delay budget assigned to each incoming edgediteon, we can resyn-
thesize the partition. To guide the resynthesis processidtay budgets are used to alter
the input depth of each partition input. Doing so penalizgsit paths which should be
optimized for depth, while giving freedom to input pathsttban be optimized for area.
We alter the depth of each partition input, such that nodéis avsmall delay budget are
assigned a higher depth value. The depth assignmienfor a partition: is defined as the
maximum budget assigned to its partition inputs minus thedgbtiassigned to edde, ;)
(Equation 4.18).

0ij = Max{b;; | j € fanin(i)} — b;; (4.18)

An example of this assignment is shown in Figure 4.19. In Fegu19(a), each number
assigned to the inputs represents the depth budget fouadsafiving the dual problem
described previously. After this, we derive depth assigms\é,;, for each input, where

in this caseMaz{b;; | j € fanin(i)} equals 5. Looking at the depth assignments in
Figure 4.19(b), the inputs with an assignment greater tlean are penalized to alter the
input depth. This alters resynthesis decisions to atteonduce the path along penalized

input paths more than the depth along non-penalized inghspa

4.3 Results

We empirically validate our analysis in the previous sewibere. First, we do a com-
parison between solving the budget management problem $arersus using the dual
problem that was derived in Section 4.2.2 . When solving btidzanagement as an ILP,

we use the commercial MOSEK ILP solver [MOS08]. For the duabfem, we create our
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Figure 4.19: Depth assignments to inputs after delay bualsggnments. (a) Delay bud-
gets assigned to each partition input. (b) Depth adjusthoemd from Equa-
tion 4.18. Assignments to each partition input are usedit@dhe resynthesis
engine.

dual solver with the assistance of Andrew Goldberg’s netvilmw solver [Gol97]. Fol-
lowing this, we evaluate our budget management framewotkarcontext of a partition

based logic synthesis flow.

4.3.1 Dual Problem Performance

Table 4.2 illustrates our performance results between ¢ineneercial ILP solver and our
dual formulation where on average, the dual problem is twie@ of magnitude faster than
solving the budget management problem in its native ILP fo8imce we use the notion
of duality to achieve this speedup, optimality is preseraed the same result is found in
both the ILP formulation and dual problem. We ran our probmover 100 different
IWLS circuits, where we show only the largest circuits inallet In Table 4.2, the first
column lists the circuit name, followed by its size in ternianput AND gates. The last
two columns lists the runtime in seconds of the MOSEK ILP splollowed by the dual
problem runtime using Goldberg’s network flow solver. Theextup experienced by the

dual solver is a necessary condition in order to apply ougbtichanagement problem in
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Circuit nNodes| Time;;p (sec)| Timeyr (sec)
bl4 1 7196 27.72 0.40
b14 8248 105.31 0.32
bl5 1 12874 91.52 1.18
b15 14008 60.56 1.66
b20 1 14124 128.11 0.96
b21 1 14672 128.14 1.23
b20 16452 154.31 1.02
b21 17560 158.61 1.50
b22 1 21764 107.14 1.58
b22 25144 217.34 2.06
b17 1 36692 1185.28 6.16
b17 39956 3185.96 6.96
des_perf | 88586 3185.96 6.96
vga lcd | 152594 8530.26 17.27
ILP/NF,. 101x

Table 4.2: Runtime comparison of ILP and NF formulation, ro¥@0 circuits ran, only
largest circuits shown. Run on a Pentium 4, 2.80GHz with 2GRAM

the context of logic synthesis.

4.3.2 Budget Management for Partitioned Logic Synthesis

After verifying that our dual formulation is indeed scalabd large designs, we applied our
budget management framework to logic synthesis. We cordpgare flows: a partitioned
based flow without budget management, and a partitioned flidwbudget management.
To synthesize and technology map each partition, we usefiBi=logic synthesis engine
running the scriptesyn2.rc . After applying each logic synthesis flow, we measured
the area and depth of the resulting circuits in terms of 4dnfJTs.

Table 4.3 highlights our results when applied to the IWLSdbenark set (only larger
circuits shown in detail). In Table 4.3, the first columndige circuit name, the next two
columns show the area results, and the final two columns sheweépth results. For the

area results, we record the number of 4-input LUTs and shawctumns of data listing
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Area (4-LUTs) Depth
Circuit NoBudget | Budget | NoBudget | Budget
bl4 1 1799 1791 21 19
b14 2062 2068 22 20
bl5 1 3005 3112 18 16
b15 3189 3360 25 23
b20 1 3531 3546 26 22
b21 1 3668 3670 26 21
b20 4113 4135 27 23
b21 4390 4359 27 23
b22 1 5441 5441 26 22
b22 6286 6278 26 23
bl7 1 9173 9181 18 16
b17 9989 10230 38 32
des_perf 31977 31759 6 6
vg_lcd 33165 34739 8 8
Ratio Geomean,;r, 1.00 0.95
Ratio Geomean srar 1.01 0.89

Table 4.3: Impact of budget management framework on arealepth for the IWLS set,
only larger circuits shown in detail.

the non-budgeted results followed by the budgeted res@8imilarly, the depth results
record the number of logic levels and show two columns ligthre non-budgeted results
followed by the budgeted results. The second last line ineTdB shows the average
comparison of the entire benchmark set. This shows thatdiugoverall only improves
the circuit depth by 5%. However, after examining many dts;ut turned out that if a
partition could capture most of the critical paths in theit, budgeting was not necessary.
Budgeting is not necessary in such cases since a singlégrahtas the true critical path of
the entire circuit does not need external information tamally reduce the critical path of
the circuit. This phenomenon generally occurred in smatiuis with a very low number
of logic levels. Ignoring these circuits, our improvememntircuit depth increases to 11%
with little impact to the final area. The improvements we aghiin Table 4.3 almost comes

for free as the overhead to run the budget management flowgigitbe where it takes less
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than 2 minutes for the larger IWLS circuits.

4.4 Summary

We have described a budget management framework which igieatly shown to be
scalable and applicable to improve a partitioned based Bgithesis flow. By converting
our budget management problem to its dual form, we show hoean@nprove the runtime
of the application by two orders of magnitude. Furthermattgen applied in the context of
a logic synthesis flow, we improve the logic depth by 11% wikligible impact to area.
As partitioning becomes more common in existing CAD flowsjdeet management is
a necessary condition to ensure that QoR is maintained whpeoving the scalability of

the FPGA CAD flow.
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As FPGA design complexity increases, achieving tight togramd area constraints is be-
coming very challenging and often requires several desggations as shown at the top of
Figure 5.1. Here, a design described in a Hardware Desmniptinguage (HDL) is passed
to an FPGA CAD flow such as Quartus Il. If design constrainésrent met after the CAD
flow finishes, the designer must modify their existing HDL eahd rerun the CAD flow.
To complicate things, even if performance constraints at bug fixes or feature changes
may still be required. Applying these changes directly & DL and using a “from
scratch” FPGA recompile is often not an option since thissdoet guarantee that circuit
performance will be maintained. To avoid this problem, desrs typically handle late-
stage changes through a process known as engineering chategs (ECOs). ECOs are
small functional changes applied directly to a place-anded netlist such as the rewiring
of LUTs or changing LUT implementations. As a result, ECOseha very predictable
impact on the final performance of the circuit and preservehmaf the engineering effort
previously invested in the design.

In a design flow where almost all tasks are automated, ECQOainegrprimarily manual
process. As a result, applying ECOs is very error-prone andequire several iterations
to correctly modify a design. This makes FPGA very difficaltuse as a digital design
medium. The ECO process is illustrated in Figure 5.1 thrabgtpath labelled aSriginal
Flow. The feedback process shownOmiginal Flow can often tie up a designer for several

months [Mor06a, Gol04, Goe07, Pla05] which leads to missepkpt deadlines. To make
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things worse, this methodology will not scale since FPGAglesdouble in size with each
generation. With very short design cycles demanded toteywill be very detrimental to

a product’s success.

module foo (...)
always @ (...)
begin

Placed & Routed

end

Figure 5.1: Generalized flow using ECOs.

To avoid the expensive and error-prone nature of ECOs, wedunte a resynthesis ap-
proach that is able to automatically update the behavioarifcuit by using existing logic
within the design. This is beneficial since it requires no oanntervention. This can
potentially reduce the time spent on ECOs from weeks to a faws

The proposed flow is shown at the bottom of Figure 5.1 labelkldew Flow Unlike
theOriginal Flow, theNew Flowdoes not require an iterative approach. Dufey Flow
the circuit behaviour is updated using two steps. First,pitoposed algorithm applies a
localization step which isolates nodes within the netliick need to be changed. For

example, during bug-fixes, the localization step will iselaodes which are the source of
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the erroneous behaviour of the circuit. Following this, ffteposed algorithm applies a
resynthesis step to alter the circuit. The resynthesisfsplefines the function that will
replace the existing nodes found in the localization stepxtNthe proposed algorithm
uses a SAT-based decomposition to break our necessaryeshemg a set of subfunctions.
During decomposition, subfunctions must exist within th&cp-and-routed netlist. This
ensures that the proposed algorithm has a predictable tropate final performance of
the circuit. By using a SAT-based approach, we will show thike previous approaches,
we can handle multiple changes and do not require a formdioation step to ensure that
our modifications are correct.

The ultimate goal of this work is to create an ECO flow which aatomatically update
the behaviour of a circuit in a manner which preserves as magtossible the placement
and routing of the circuit while maintaining timing. Thisrche achieved by satisfying the

following three criteria:

¢ be minimally disruptive to an existing place-and-routedwit.
¢ have little or no impact to the performance of a circuit.
e be robust enough to handle a wide range of changes.

In later sections, we will show that our approach does inda¢idfy the previous three cri-
teria. In particular, when applied to Altera’s Stratix atebture using several benchmarks
from the Altera QUIP [Alt08] and the ITC benchmark suites wd show our technique
on average leaves over 90% of a place-and-routed circutanged; has a marginal impact
to circuit performance where we reduce the frequency bytlems 3% on average; and is
robust enough to handle over 80% of the changes presental dases, we require no
manual intervention by the user.

The rest of the chapter is organized as follows: Section Bdudses the background

and related work; Section 5.2 describes the proposed #igoin detail; Section 5.3 shows
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experimental results; and Section 5.4 concludes the chapte

5.1 Background and Related Work

5.1.1 Terminology

The combinational portion of a LUT network can be represgtatea directed acyclic graph
(DAG). A node in the graph represents a LUT, primary inpu},(Bt primary output (PO).
An edgein the graph with head, and tailu, represents a signal in the logic circuit that is
an output of node: and an input of node. Primary inputs (PIs) are nodes with no inputs,
and primary outputs (POs) are nodes with no outputs.

A nodeu is atransitive fanou{fanin) of v if there exists a path between an input (output)
of v and an output (input) af. In this chapter, we will often use the term transitive fanou
or transitive fanin of a node to refer to all nodes which are a transitive fanout or trawesit
fanin to nodev.

When defining a function at a nodeit is termed alobal functionf the function support
set consist of only Pls. Converselylogal functionis a function whose support set consists
of variables which may not be Pls. support setof a function is the set of variables
that directly determine the output value of a function arelgize of the support set is the

number of variables in the set.

5.1.2 Related Work

ECOs covers a wide range of work which is either used to inergally improve the per-
formance of a design [CS00] or help modify the behaviour oksigh such that circuit

performance is maintained [MCB89, CMB08, YSVB07, HCC99,n@s, Xil08]. Our
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work falls in the latter category where we focus on late-st&Os which are applied
directly to a place-and-routed netlist. Late-stage fural changes often occur due to
last minute feature changes or due to bugs which have beesednis previous verifi-
cation phases. The most recent steps toward the automdtitbe @ CO experience in-
clude [CMBO08] and [YSVBO07]. Here, using formal methods aaddom simulation, the
authors in [CMBO08, YSVB07] show how netlist modificationsdze automated. To apply
modifications, the authors use random simulation vectostitoulate the circuit. Using
the resulting vectors at each circuit node, they are ablatbsfiggested alterations to their
design to match a specified behaviour. Following their modiifons, they require a formal
verification step to ensure that their modification is carrethe results of their work is
promising where they can automatically apply ECOs in moas tf0% of the cases they
present.

The technique in [YSVBO07, CMBO08] requires an explicit reggetation of any modifi-
cation, which does not scale to large changes. This is nattzlgm in ASICs since ECOs
requiring major changes are not desired since they are uiffic implement; however
in FPGAs, where we can reprogram logic cells without disngpthe placement, large
changes can be implemented while maintaining circuit perémce. Our approach im-
proves on this where we can handle much larger changes by assiAT-based approach

shown in the following sections.

5.1.3 Boolean Satisfiability (SAT)

For completeness, this section gives a brief overview oSAE problem. A more detailed
description of the SAT problem is found in Chapter 2, Sec#idn Given a Boolean expres-
sionF'(zy, xs, ..., x, ), Boolean satisfiability (SAT) seeks an assignment to thialobes x4,
T, ..., T, SUCh thatF’ evaluates to true. If this is possiblg,is said to besatisfiablg oth-

erwise, it isunsatisfiable SAT solvers are tools that serve to find if a Boolean formsla i

116



5 Automation of ECOs

satisfiable or not. For practical reasons, modern day SAleselvork on Boolean expres-
sions in Conjunctive Normal Form (CNF). An example of a Baolexpression is shown
in equationfynp in Figure 5.2

Recent advancement in SAT solvers [MNZL] have improved their runtime perfor-
mance by an order of magnitude, thus several problems in Eip#be practically solved
using SAT. In order to solve circuit problems with SAT, oftidme circuit needs to be con-
verted into a Boolean expression which is then input intoSA& solver. This Boolean
expression [Lar92] is known ascharacteristic functiorfor the circuit. The characteris-
tic function of a circuit evaluates to true if all variablesaghnments of the wires, inputs,
and outputs of the circuit have a feasible assignment. Famele, consider thANDgate
shown in Figure 5.2. The table to the left gives the truthedbl theANDgate character-
istic function which can be converted to CNF using any steshda@inimization technique.
Figure 5.3 shows how to derive the characteristic functiblamger circuits by conjoining

the characteristic functions of individual gates withie ttircuit.

A B Z | Faxp
0O 0 O 1
A 5 0 0 1| O
B 0 1 O 1
— 0 1 1 0
1 0 O 1
1 0 1 0
1 1 O 0
1 1 1 1

Faxp=(A+Z2) - (B+2Z)-(A+ B_+Z)

~—— ~~

clause literal

Figure 5.2: Characteristic function derivation for 2-inpUIND gate.

After deriving the characteristic function of a circuit, wan use it in conjunction with
SAT solvers to examine logical properties of the circuit various CAD problems. For

example, in Section 5.2.1, we will show a SAT-based techmigsing the characteristic
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A
— z
B Y
— C
F=(A+2Z) (B+Z)- (A+B+2)
(Z+Y)-(C+Y)-(Z+C+Y)

Figure 5.3: Cascaded gate characteristic function: topselsa fromAND gate; bottom
clauses fronDRgate.

function to isolate errors within a design.

In this chapter, we will often refer to a circuit as beisgtisfiablewithout explicitly
showing its characteristic function. We define a circuit agb satisfiable if there is a
satisfying assignment to the characteristic function efdhicuit. The circuit is unsatisfi-
able if no such assignment exists. Furthermorsatisfying assignmerno a circuit is an
assignment which is consistent with the circuit’s chanastie function. For example, one

possible satisfying assignment to the circuit in Figureis.3BCZY = 01101.

5.2 Automated ECOs: General Technique

From a manual perspective, ECOs are applied by first isgjdkia logic that needs to be
changed. Following this, the designer must determine whatdp the existing logic to,
that is, what new logic functions are required to correctigrmge the circuit. Finally, the
designer must determine how to implement these new logictifums within the context
of the existing place-and-routed circuit. In this work, wepose a method to automate
all of these steps using Boolean satisfiability. We do so l®aking our problem up into
two steps: netlist localization, followed by netlist modé#tion. This flow is highlighted in
Figure 5.4.

Before netlist localization or netlist modification can ogahe desired behaviour of the
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Figure 5.4: Automated ECO flow: a MAX-SAT based netlist lazation step followed by
a SAT based Netlist Modification step.

circuit must be well defined. This is the behaviour that weémately want our circuit to
implement. To model this desired behaviour, we will useadel netlist This model netlist
is a logic netlist which defines the new input and output bahaof the circuit. Once we

have the model netlist, netlist localization and modifi@attan occur.

Netlist localizationfinds a set of locations which we will refer to fixal points These
focal points help isolate regions that need to be modifiedhiswwork, we propose using
a MAX-SAT formulation first introduced in [SMYO07] to find our focal points. Following
netlist localization, thenetlist modificationoccurs. During this step, the proposed algo-
rithm will leverage existing logic found in the design to pekwire the nodes at each
focal point such that the resulting circuit will match thehbeiour of the model netlist.
This starts by first deriving the proper global functibnto replace the logic at each focal
point. After a new global function is found, a search of thdistis conducted to find a

proper set of subfunctiongg,, go, ..., g }, to implement the new global functiafi. such
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that 7. = h(g1, 92, .--, gr). Since these subfunctions, which we will refer tobasis func-
tions already exist in the place-and-routed netlist, the ontpuneed changes to the netlist
revolves around the implementation of tdependency functioh. As we will show in
Section 5.2.2, implementinfy requires much fewer changes than implementtpdrom
scratch and in this work, we will show how we both select owidaunctionsy; and derive
the dependency functiol using SAT. This makes the proposed algorithm well suited for

ECOs which must preserve the existing place-and-routeditis much as possible.

5.2.1 Netlist Localization

Netlist localization is the process of identifying whichdes must be changed in order to
change the behaviour of the circuit such that it matches ¢heMadour of the model netlist.
The approach we use to find these nodes is based upon the vesgnped in [SMV07].

Here the authors introduce a localization technique baged Maximum Boolean Satisfiability
(MAX-SAT). Like SAT, MAX-SAT seeks a satisfiable variablessgnment to a CNF. How-
ever, in the case of unsatisfiability, MAX-SAT seeks an assignt which maximizes the
number of satisfying clauses. Using the set of unsatisficbleses, we can isolate discrep-

ancies between two netlists.

Figure 5.5: Maximum satisfiability solution to localizatio

This process is illustrated in the Figure 5.5. Considerwwedircuits in Figure 5.5. The
top circuit is the model netlist while the bottom circuit etimplementation of the original
circuit. Under the input stimulusa = 0,b = 1,d = 1} the original circuit has a response

of {e = 0} which conflicts with the model responsefef = 1}. The corresponding CNF
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for the original circuit and the input/output vectors arewh below.

(@)-(b)-(d)-(e)-
(a+2)-(b+7)-@+b+c)- (5.1)

(c+e)-(d+e)-(c+d+e)

The above equation is unsatisfiable; however, the MAX-SAGbfam will attempt to
maximize the number of satisfied clauses. One possibleigoltd this is satisfying all
clauses except for clause + ¢). Since clauséa + ¢) is derived from theANDgate, this
indicates that the function output from this gate (i.e. tiort on wire¢) is the source
of the discrepancy. Clauge) could have also been identified in the MAX-SAT solution
which does not help identify the discrepancy in our circlid.avoid fruitless clauses from
being identified, such clauses can be forced a satisfyingrasgnt prior to solving the
MAX-SAT problem.

This type of localization is known as trace-based localiratvhere a vector set is used
to help identify discrepancies between two netlists. Thariaitation with this approach
is that if only a small set of vectors or traces are availdilege locations will be identified.
However, assuming that a large enough set of vectors arkablagian iterative approach
can be applied to the localization process where the nunfigestential locations are re-
duced.

In our case, we will often refer to discrepancy points iseddby the localization point
asfocal points Also, in many examples, we will assume there only existsfonal point,
which we will refer to assinglelocation modifications

In the example shown in Figure 5.5, the original circuit anobiel netlist exist as a gate-
level netlist. This is not necessary, since we are only @sted in the characteristic function
of the current circuit and 10 response of the model netlist;their implementation. This

is important in our case where our circuit exists as a natfidtUTs on Altera’s Stratix
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architecture and our model netlist consists of a netlist NDAand inverter gates (AIG)

synthesized from an RTL netlist.

5.2.2 Netlist Modification

After netlist localization occurs, the netlist can be maatlfi Modifications are centered
around thefocal pointsthat were identified during the localization phase. Refgrbhack
to Figure 5.4, the process of netlist modification requiregr@es of steps. First, we must
define a global functioi#’. to replace the existing global function at each focal pdat-
lowing this, we must decompose the replacement fundijosuch that it leverages existing
logic within the place-and-routed netlist. We will showdabn that we use a special-
ized circuit construct to define an implicit representatidthe on and offset of,.. This
significantly enhances the scalability of our approach. dme have found a suitable rep-
resentation forr,., we will then decomposeg, into a set of basis functions. Since our basis
functions already exist within the place-and-routed sttlive have significant control in
how we decompose our function, which is a requirement if watwa minimally disrupt
the existing plate-and-routed circuit.

To understand why we need to find a suitable global functiaeptace the function at
each focal point, consider the circuit illustrated in Figgd.6. Assume nodgis identified
during the localization step. The transitive fanin and fatrfor nodeg are labelled a8 F'1
andTFO . The inputs to the circuit are labeled as the variableXseind the outputs of
the circuit are labeled as the variable ¥etAlso, note that we illustrate some of the input
branches to the transitive fanout with dotted lines which e important later on in the
following figure (Figure 5.7). Assuming we can change thégldunctionH (X,) to any
arbitrary functionF..(X,) whereX, C X andX; C X, we can alter the circuit behaviour to
match our model netlist. Thus, the ECO problem becomes ofiedifig a suitable global

function F.(X;) to replace the existing/ (X,). This leads to the following definition and
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lemma.

Definition 5.2.1 Suitable Global Function: In the case of a single focal ppiphidentified
during the localization step, a suitable global functibnis defined as a function which can
be used to replace an existing global functiinfound até such that the resulting circuit

matches the input-output behaviour of a model netlist.

Lemma 5.2.2 For a single-location modification, such as the one showniguie 5.6, the
circuit behaviour of the original circuit can be altered taatch a model netlist if and only if

the global function located at focal poifiis replaced with another suitable global function

F.(Xy).
Y
TFO(¢) g g g
(Transitive
Fanout Cone)
'
TFI(¢) HX,)
(Transitive
Fanin Cone) 6 5 5 5 E
X

Figure 5.6: lllustration of localized nod¢ Modification can be applied by replacing
H(X,) with some arbitrary functiot,(X;).

Our work follows Lemma 5.2.2 where given a set of focal ponetsirned by the local-
ization step, we attempt to replace the global function ehdacation with another global
function. This requires us to first find a suitable global tim, which we label ag..

We do so by deriving an implicit representationfofusing a specialized circuit construct.

123



5 Automation of ECOs

Following this, we search for a set of basis functi¢ns g.,...,gx } from the existing netlist
and see if they can be used to implement the new functjorThis requires a SAT-based
functional dependency check described later on in this@eclf the basis functions pass
the SAT test, we can generate the decomposition i (g1, go, .., gx) Whereh is known as
the dependency function betweénand the basis function;;,gs,...,gx }. To understand
this in detail, we will first consider the simple case of a camakional circuit containing a

single focal point returned from the localization step.

Deriving a suitable global functiotf;., can be done through brute force means where we
explicitly createF,.. However, an explicit representation&f, such as a truth table or BDD,
will not scale sinceF. may depend on several variables. To avoid this problem weands
choose to construct an implicit representatiorfafWe start off with a construction of the
circuit shown in Figure 5.7. On the left side of Figure 5.%@&)show a circuit we intend to
modify, which looks similar to Figure 5.6. However, in Figus.7(a), we replace the focal
point £ with an input pine. Doing so gives us the freedom to search for a suitéble
replace pire. Next, we have to constrain the input-output behaviour efdincuit to match
the model netlist. We do this by attaching the model nettisiur circuit as shown on the
left side of Figure 5.7(a). Here, we tie the circuit inputgdther and connect the outputs
with an XORgate along with at©ORgate at the top. Following this, we force thdRgate
output to O ¢ = 0). This equivalence construction is also known as a MitenuifBry86]
and as a result of these constraints, any satisfying assigirimthe circuit in Figure 5.7(a)

will be consistent with the input-output behaviour of thedabnetlist.

After constraining the circuit to the model netlist behawiave seek to remove the “don’t
care” space of the suitable functidp. This gives us greater flexibility in choosing a proper
F.. We do this by restricting the input spac€,to values where pin is observable at the
outputs. Informallye, is observable at a PQ, if for a given assignment, the value of

impacts the value af. Otherwiseg is not observable at nodge This is appropriate since
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X
(a) Attaching circuit to model netlist
o=1 q=0
Y

% / T \ Model
h Netlist

/ 1o

X

(b) Attaching observability constraints fatircuitConstrain

Figure 5.7: Circuit to be modified
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pin e will ultimately be replaced witlF,.. This is shown in Figure 5.7(b) which we will refer

to asCircuitConstrain. In CircuitConstrain, we duplicate the transitive fanout of pin

e. When connecting the duplicated transitive fanout to thgial circuit, we complement
input pine, while all other input branches to the transitive fanoutlapt the same. Also,
for each output pair of the duplicated transitive fanout angdinal circuit, we add aixOR
gate followed by arDRgate and set the output of ti#ERgate to 1 ¢ = 1). The circuitry
added at the outputs along with the duplicated transitimedi& checks to see if the input
pin e is observable at the outputs. For example, if the output@@Rgate is 0 ¢=0), this
implies that the value on pinndoes not matter and will not affect the outputs. Based on the
previous description of'ircuitConstrain, we find the following lemma and proposition

to be true.

Lemma 5.2.3 CircuitConstrain is satisfiable if and only if the output of the current cir-

cuit matches the output of the model netlist and ifgis observable at the outputs.

Proposition 5.2.4 CircuitConstrain is satisfiable if and only if the assignmente@and
the assignment to the input vecfdiis consistent with a suitablg.. In other words, for all

satisfying assignments @ircuitConstrain, F.(X) = e.

Proof: Assume that if we have a satisfying assignment to
CircuitConstrain then the values onandX do not match any suitablg.. In other words,
assume that for a given satisfiable assignmentaad X thene # F.(X). Thus, this im-
plies that the output of the current circuit does not mateimtiodel netlist by Lemma 5.2.2.
However, this is not possible since any satisfying assigrrweC'ircuitConstrain must
match the input-output behaviour of the model netlist by bearb.2.3. Thus, by contra-
diction any satisfying assignment éand X implies a match to a suitablg.. Now let us
assume that if the values erand X match a suitablé’. then we do not have a satisfying

assignment t@'ircuitConstrain. In this case, it = F.(X), then the output response of
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our circuit will match the model netlist. Alse, must be observable since we can restrict
the inputs space of to the observable space 6f. However, these two conditions must
imply that we must have a satisfying assignmentt@cuitConstrain by Lemma 5.2.3.
Thus, by contradiction, if the values erandX match a suitablé,. then we have a satis-
fying assignment t@'ircuit-Constrain. Hence we have proved th@tircuitConstrain

is satisfiable if and only if the assignmentd@nd the assignment to the input veckors

consistent with a suitablg.. B

By proposition 5.2.4, we can use the circuit in Figure 5.%{bjind a suitablef,. by
exploring all satisfying assignmentsdé@ndX. Doing so will effectively create the entire
truth table for functior¥,. For example, we would start by settiXgo 000...00. We would
then find a satisfying value far. This value found fore would represent.(000...00).

Next, we would continue foX = 000...01 and so on.

The problem with the previously described approach is thiatrequires an exhaustive
traversal of the input spac€ which does not scale. Furthermore, implemenfipdirectly
is not desirable since this may require significant changdiset existing place-and-routed
netlist. A more practical approach for ECOs would be to defoca set of basis functions,
{91, 92, ---, g }, found from the existing netlist and check if this set of Bdsinctions can
be used to implemeri, such thatF, = h(g1, g2, ..., gx). Informally, this will be possible
if and only if there does not exist a situation where the otplues of the basis functions
{91, 92, ---, g } @re equivalent for a given pair of input vectors afids not equivalent for
the same pair of input vectors. For example, consider FiguBe Here we show four
functions,gi, g2, g3, andF.. In this example, all functions are dependent on three bkasa
x1, T9, andxzs. Looking at functiong; and g,, we see that there exists a given input pair
{000,001} whereg; andg, are equivalent, buk’ is not equivalent. Thus, it is impossible
to find a function: such thatt, = h(g, g2). In contrast, if we select functiorgs andgs, it

is impossible to find an input pair whegg andg; are equivalent and. is not equivalent.
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Thus, in this case, there exists a dependency funétisach thatF,. = h(gi, g3) (in this
caseh = ¢g1-g3 + g1 -g3). This process is beneficial since only the dependency ifumct
h needs to be derived, which in general should have a smalgrostiset than the global
function F,.. This is ideal for ECOs since implementing the dependenggtfan 4 within
the existing circuit has a much smaller and predictable otien implementing the entire

global functionF,. from scratch.

T1T2%3 | 9192 93 | Fe
000 000 1
001 001 0
010 000 1
011 011 0
100 001 0
101 001 0
110 101 1
111 111 1

Figure 5.8: Functional dependency example

To formally check the condition described previously welw$e a SAT-based ap-
proach [LJHMO7]. This requires constructing a characteriinction that checks for
the following condition: for a given set of basis functiofw, go, ..., gx }, does there ex-
ist a minterm pair where the basis functions are equivaledt/a is not equivalent. To
create this characteristic function, we construct theudirshown in Figure 5.9. In Fig-
ure 5.9, we have duplicatedircuit-Constrain and labeled them aSircuitConstraing
andCircuitConstrain,. In each duplicated copy, we have simplifi€d-cuitConstrain
and have only shown their duplicated input and output pins.

To check if there exists a minterm pair where a set of basistioms output values are
equivalent, we can extract a basis function set from eachiaded circuit and connect
them together with alORORgate network and set tH@Rgate output to 0d = 0) as
shown in Figure 5.9. Here, we have selected two wjteendg, as the basis functions. The

support set of the basis functiopsandg, in ClircuitConstraing (CircuitConstraing)
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gl({(so) gl({(sl)

Figure 5.9: Deriving global functiod’ = h(g1, g») using dependency check construct.

are labeled a¥X,, (X,1) which is a subset of the variable s¢f (X;). Due to these con-
straints, a satisfying assignment to Figure 5.9 will find anterm pair assignment to vari-
ablesX, andX; where the basis functions are equivalent.

To check if there exists a minterm pair whergis not equivalent, we can also use the
circuit construct in Figure 5.9. Here, we will constrain leatuplicated pire. Since in
CircuitConstrain, only satisfiable assignmentsdé@andX are consistent with a suitable
global functionF,.(X) by proposition 5.2.4, constrainingto O or 1 provides a means to
constrain the inpuX to the offset and onset fdr.(X). This is stated more formally in the

following lemma.

Lemma5.2.5 In CircuitConstrain of Figure 5.7(b), if pine is assigned a value 0,
CircuitConstrain is satisfiable if and only if the input vect®ris assigned a value found
in the offset of the functioh,(X). Conversely, if pire is assigned a value 1, the circuit
is satisfiable if and only if the input vectdt is assigned a value found in the onset of the

function F.(X).

Following from Lemma 5.2.5, the circuit in Figure 5.9 comastise, to 0 ande; to 1 to
restrict the possible assignmentsdg andX;. Specifically, setting, to 0 constrains all

possible assignments &f, to the offset ofF,., while settinge; to 1 constrains all possible
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assignments of; to the onset of.. Thus, due to these constraints, a satisfying assignment

to Figure 5.9 will find a minterm pair assignment to variabtgsandX; that respectively

map to the offset and onset of functiép Thus, for this minterm paif’. is not equivalent.
Using the previous circuit constraints in Figure 5.9, we caate the characteristic func-

tion shown in Equation 5.2.

IXo3X; (CircuitConstraing cnr) -
(CircuitConstraing onr) -
(0 =0)-(e1 =1)(g1(Xe0) = 31(Xa1)) -

(92(Xs0) = g2(Xs1)) - (Xo # X1)

(5.2)

In Equation 5.2, assume th&tircuitConstraing cnr (CircuitConstrain, cyr) repre-

sents the clauses derived from the characteristic funofi6fircuitConstraing (CircuitConstraing).
Equation 5.2 asks if there exists a minterm assignment @aig eaindX; which map to the

off and onset off. respectively (i.e.eo = 0 ande; = 1), while the basis functions are

equivalent. This leads to the following proposition.

Proposition 5.2.6 If Equation 5.2 is satisfiable the basis functions,cannot be used to
implement a suitable global functiafi.. If Equation 5.2 is unsatisfiable, the basis func-

tions, g;, can implement a suitable global functiéh.

Proof: Assume if Equation 5.2 is satisfiable thenhas a decompositiola(g;, g, ..., gk )-

If Equation 5.2 is satisfiable, this implies that there is aetgeassignment’, to X, which
maps to the offset of. and there exists a vector assignméhtto X; which maps to
the onset ofF,, which follows from Lemma 5.2.5. This also implies that \&dE, and
vectorC; map to the same output vectdt, = k,k-...k;, in the output space of the basis
set{g1, 92, .-, gr} due to they, equality constraints in Equation 5.2. However, since we

have assumedl. = h(g1, g2, --., gx) in the first statement, this impligs.(Cy) = h(K) =0

130



5 Automation of ECOs

andF.(Cy) = h(K) = 1, thus we have a contradiction. Thus if Equation 5.2 is satii
then F,. cannot be decomposed intdg;, g2, ..., gx). To prove the second statement in
proposition 5.2.6, we can use a similar argument and wilhotv it in detail herell

If Equation 5.2 is unsatisfiable, we can derive the correpeddency functior from
the proof of unsatisfiability. This requires backtracingotigh the set of clauses that are
the source of the unsatisfiable condition and creating aifumbased on these clauses. In
our case, if the function is small enough (its support set size is less than 20), weeceea
BDD representation of. We limit the variable size to 20 since this minimizes thé& 0§
BDD explosion [BS02]. In the cases where the BDD does get lagge, we fail to create
a proper implementation @f. Derivingh based on the proof of unsatisfiability is based on
the theorem of Craig interpolation and will not be discudse@. For a detailed description
on derivingh please refer to [McMO03] and [LJHMO7].

If the support size oh is less than the number of inputs to a LUT, we can implenient
in a single LUT and the modification process is complete. H@areaf the support size of
h is larger than the number of inputs to a LUT, we must decomposktechnology map
h to the circuit architecture. In our case, we decompogeo a network of LUTSs for the
Stratix architecture. However, one can modify their decosiijpon algorithm to mag into
any technology. During the decomposition, since timinginfation is available, we skew
the decomposition such that critical wires are placed rresatdp of the decomposition tree.
This is similar to the work presented in [MSBO05] and redudesriumber of logic levels

the critical wires have to go through in order to preservertgn

Searching for Basis Functions

In the previous description, we assumed that the set of li@sctions necessary in our
functional dependency check were available. In practieemust search the circuit netlist

for an appropriate set of basis functions. This flow is itastd in Figure 5.10. First the
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Figure 5.10: Searching for basis functions flow.

fanins to the focal point{, are chosen as the basis functions. Next, we use a random
simulation based check to see if this set can potentially sl \as a dependency set to
implement the corrective functiof.. If the check fails, we search for additional functions
which exist within the circuit to add to the set of basis fumes. Additional functions are
added until our random simulation based check passes. \Wdaeachsng for additional ba-
sis functions, we first select functions within the trangitianin of the focal poin{. If this
fails, we collect the primary outputs found within the trdive fanout of the focal point

¢ and select functions found within the transitive faninshaige primary outputs. Once a
set of basis functions pass the random simulation check pwly @ur SAT-based decom-
position technique. This process continues until we finditable set of basis functions
to implementF, such thatF, = h(g1, g, ..., gx). Although not shown in Figure 5.10, if
the number of basis functions required grows to more tharu@6tions or if the number

random simulation calls is more than 10, the search will ieate.

T1T2x3 € | g1 g2 g3
100 0| 001
001 0| 001
010 1| 00O
011 0| 011
110 1 101
101 0| 001

Figure 5.11Random simulation example.
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The random simulation check shown in Figure 5.10 is used asci gheck to see if the
current basis function set can be used to implenféntithout going through the more ex-
pensive SAT-based check described in the previous sectionHere, using
CircuitConstrain in Figure 5.7(b), we randomly simulate the P{sand pine. Vec-
tors which violate the observability (= 1) and equality { = 0) constraint are discarded.
Following this, we search through the circuit netlist andi fanset of nodes whose vectors
do not satisfy Equation 5.2. For example, consider Figut&.5Assume that the circuit Pls
are variables:;, x5, andzs and functiong); are chosen from the existing circuit. Here we
show the value of the functiong;, with respect to a random input vector assignment to the
Pls and pire. Using this sample set, we can see that the getg» } cannot be used as our
basis set since there exists a primary input gaio,1, 010}, which satisfies Equation 5.2. In
contrast, basis sély;, g3} is a possible set since there does not exist any input pagtwhi
satisfies Equation 5.2. Since our random simulation setti€xiwaustive, we must apply
the SAT-based check described in the previous section teraw input vectors missed

during the random simulation.

If the current basis set fails the random simulation testywst add additional functions
to build a proper set of basis functions. To help guide theécteave use a SAT based
vector generation to create input patterns that can findiaddl vector pairs that need to
be differentiated The SAT based vector generation works by duplicating theuttiand
“locking” each pair of duplicated basis functions to eqlevd values and setting the pair
of duplicated input ping to complemented values. Following this, a SAT solver is run
32 times to find a set of 32 different satisfying values on ttiepowire which generates a
new vector set. Using these new vector sets, we search fotidms that camlifferentiate
minterms currently differentiated by pin but not differentiated by the current basis func-
tion set. Informally, a function set catifferentiatea pair of minterms if their outputs are

different for that minterm pair. For example, in Figure 5.14,, ¢o} cannot differentiate
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minterms001 and010 sinceg; (001) = ¢;(010) andg2(001) = g»(010). Since pire differ-
entiates this pair, to create a valid basis set figm g- } for pin e, we would need to pick

an additional functiory; that can differentiate vecto®1 and010 (differentiating pairs
{100,010} and/or{101,010} are also possible). Wires whose functions cover the most
vectors not differentiated by the current basis set arearhfisst. This greedy algorithm
helps to minimize the size of the basis function set. The rsg¢a@viteria when choosing
basis functions is their timing criticality: basis funat®with non-critical wires are chosen

over basis functions with critical wires.

Partitioning of Circuit and Treatment of Registers

In order to help reduce the size of Equation 5.2, we can renpovigons of the circuit
which do not impact the behaviour of the current node beindifieal. This is illustrated

in Figure 5.12. Here, we are assuming that ngdeas localized in our netlist localiza-

Y Y

() (b) (c)

Figure 5.12: Circuit reduction.

tion step. Using nodg¢, we collect the set of outputs within the transitive fanolt pas
shown in Figure 5.12(a). Following this, we collect the sitime fanin of each output, as

shown in Figure 5.12(b). Since the POs of the implementeishetay require that their
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transitive fanin Pls be changed during the modification, tthasitive fanin collected in
Figure 5.12(b) is defined by the model netlist. Thus, thisires that our model netlist
be a white-box implementation, such as an gate-level hd#isved from an RTL descrip-
tion. Any node which is not part of a transitive fanin of a giveutput can be removed,
as shown in Figure 5.12(c). In conditions that the transitanout is excessively large and
contains several hundred POs, we limit the number of POs tkephder 50. Thus, we
are able to remove a significant portion of the circuit to si@ethe SAT-based functional
dependency check. This can potentially create an incomptattion since this heuristics
removes some information that may be needed to derive aotiveéunctionF,. However,
empirically we rarely found this to be a problem where for ocuit set, 50 outputs were
sufficient to find a valid correction.

In the case of sequential circuits, we treat registers asgryi inputs and outputs where
the input of a register becomes a primary output and the owatpa register becomes a
primary input. This reduces the complexity of our problemyever, limits the application

of our algorithm to circuits which have not been retimed.

Multiple Focal Points

In the previous sections, we described the situation whéy asingle focal point is re-
turned by the localization step. In the case of multiple fpaants, where we need to find
multiple suitable global functions, we apply a step-bypsipproach where we modify each
focal point one at a time. While modifying a given focal poifitadditional focal points
are “locked down” such that they are set to fixed values. Famgpte, one overly simplistic
heuristic would be to set all focal points other th@ato value 0 (in general, this would not
work since this could make the focal pofhtinobservable at the outputs, such as in a case
where¢ and another focal point enter into a singiblDgate). This ensures that changes

seen at the output are due to the focal pgirdnd not due to the other focal points found
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within the netlist. The locking down of focal points has tresgibility of not converging,
particularly for complex changes requiring several modtfans. However, in practice the
step-by-step heuristic works in the majority of cases asvehempirically in Section 5.3

where we have at most four focal points into the design.

5.3 Results

To ensure that the resynthesis technique described in¢vépis sections can be applied to
late-stage ECOs, we must ensure that our technique can atitatty update the behaviour
of a circuit while minimally disrupting the existing pla@ad-routed netlist and preserve
timing. Thus, we evaluate our work based on three criteriav disruptive our technique
is on a place-and-routed netlist, how much impact our teghlehas on performance, and
how robust our technique is in handling changes. Two expgarimwill be run to quantify
these three criteria. The first experiment models a laigesspecification change at the
RTL, while the second experiment models a late-stage bugi¥.run our algorithm on
circuits from Altera’s QUIP [Alt08] and the ITC benchmarkitgu
All experiments are run on a PentiumD 3.2 GHz processor wiB 2f RAM. Circuits

are synthesized using Quartus 1l 7.1 and for Altera’s Stratchitecture. To communicate

with Quartus I, we use Altera’s QUIP TCL interface [Alt08].

5.3.1 Specification Changes

In our first set of experiments, we seek to see how disruptivepproach is on an existing
place-and-routed circuit and its impact on performanceis Timportant for late-stage
ECOs since we want to preserve as much as possible the eniggetort invested previ-

ously when applying our changes. During this experimentapy a late-stage specifica-
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tion change both using a full recompile of the design andgisia proposed ECO approach.
During the experiment, we first implement a circuit desatire Verilog or VHDL using
Altera’s Quartus Il CAD flow. In the initial compile, we usetara’s design space explorer
to achieve the best possible timing performance. Next, wditypthe original HDL code
and use this modified code as our new specification (this wbealthemodel netlistas
described in Section 5.2). Modifications are primarily dogised to control-path code or
modifications tacase andif-else  statements where we change less than three lines of
code. An example of such changes is shown in Figure 5.13.r Afiecode is modified,
we perform a full recompile of the modified HDL code and rediw& performance impact.
For comparison, we also apply the required HDL changesttiirexthe optimized circuit
using our ECO approach and record its performance impacirezasure the disruption to

the place-and-routed netlist.

/[Original //Modification
i f (busreg[j-1] == 1) i f(busreg[j-1] == 1)
begi n grant = j-1;
grant = j-1; el se
lock = hlock[j-1]; grant = interl;
end i f (busreg[j-1] == 0)
el se lock = hlock][j-1];
begi n el se
grant = interl,; lock = interz;
lock = inter2;
end

Figure 5.13: Example changes in HDL code.

To quantify the disruption to the existing netlist due to lhrfecompile and from the ECO
compile, we measure the percent change in timing and thepege of LUTs and wires
disrupted in the original place-and-routed circuit. Thesailts are shownin Table 5.1. The
first column shows the circuit name€jrcuit, followed by three major column groups. The

first group,Before reports the circuit size in terms of LUTs and timing numhskreng the
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Before Afterey Aftergco

Circuit LUTs CLK(nS) LUTs CLK%A LUTs CLK%A Ap Apg
aes_core 5359| 7.96 5359 | -0.25% || 5359| 2.26% | 0.08% | 0.16%
huffman_enc 633 5.12 634 | -0.39% | 640 | 4.10% | 7.36%| 9.32%
usb_phy 177 3.2 180 | -0.62% || 179 | 0.31% | 9.25% | 10.35%
fip_cordic_rca 467 21.6 467 | 6.39% || 470 | 4.86% | 3.54%| 5.32%
mux64_16bit 1277 5.86 1277 4.10% | 1277| 1.37% | 2.23%| 3.52%
ahb_arbiter 862 9.45 862 | 9.95% || 864 | 1.16% | 2.34%| 3.54%
barrel64 1043| 8.59 1042 | -0.23% || 1043| 0.81% | 1.30%| 2.50%
Average 2.70% 2.13% | 3.73%| 4.95%

Table 5.1: Impact of modifications on circuit performanceaddtratix chip.

initial compile of the design (i.e. before applying any chas). Timing humbers report

the minimum clock period in terms of nanoseconds. The nextigof columns headed

by Afterr; 1, shows the number of LUTs and percent change in timing witpeeisto

Beforeas a result of a full compile of the modified HDL code. The finedyp headed

by Afterzco shows the impact of the proposed approach on circuit pedoo®. Again,

we show the number of LUTs and percent change in timing wisipeet toBeforeafter

modifying the design using the proposed ECO approach. Twditiadal columns,Ap

and Ag, are shown which respectively show the percent disrupbaine placement and

routing after our changes are applied. This is not shownergtioupAfterr; ., since in

the full recompile of the circuit, all LUTs and wires will beadified. The last row shows

the average ratio of the percentages shown.

As our results show, the results of a “from scratch” recomgiiown in columnafterg . ;.,

are fairly acceptable on average where performance deségs2.70%. However, when

examining the individual performance impact of each ciroue see that the results varies

by a large amount from -0.62% to 9.95%. This illustrates thpradictable nature of a

full recompile on circuit performance. Furthermore, dgria full recompile, the entire

netlist is disrupted, thus all of the placement and routiffigreinvested previously is lost.

In contrast, the proposed ECO approach has a much more fat@diémpact to perfor-
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mance where the performance change varies between 0.3186%4Also, the average
disruption of our approach is relatively low where we keepra®5% of the placement
and routing unchanged. Based on what is reported in ind{igtwy06a], we feel that this
number is acceptable to most designers, which is a necessadjtion for the practical
use of our approach. In terms of runtime, the proposed EC@aph is approximately 2x
faster than performing a full compile. However, this digamecy in runtime has more to
do with the internal algorithms of Quartus Il than our workddhus, detailed numbers are
not shown. Furthermore, runtime comparisons would notaefitee reduction in time from
going from a manual process, which often takes several daytbe proposed automatic

ECO approach, which takes a few hours to complete.

During our experiments, we found that the class of changeappéed did not create
drastic changes to the netlist. Specifically, during theliaation process, all of our HDL
changes would result in less than five focal points beingrmett In cases where five
or more focal points were returned, we found that our apgrded difficulty finding a

non-disruptive modification to the place-and-routed setli

We should note that we used Quartus II's TCL ECO interfacdhtmge and legalize the
circuit. Unfortunately, the TCL ECO interface does not pdavan incremental placement
flow. Instead, Quartus Il will apply a limited placement aigfom to new or modified
nodes. Here, the ECO placer will only move nodes to existieg focations within the
FPGA and will not displace pre-existing nodes within thdigetAs a result, this may hurt
timing significantly since circuitous routes can be credtgdew nodes. To overcome this
limitation, we manually unplace a small region surroundéagh new node. This gives
the placer much more flexibility in where to place nodes amlices the impact of newly
introduced nodes. However, if given access to a full incretadgolacement algorithm, we

feel that our timing and disruptive impact would be less thvuat is shown in Table 5.1.
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5.3.2 Error Correction

In our second set of experiments, we apply the proposed EChitgue to fix errors in-
serted into a design. Errors include rewiring of LUTs or djiag the LUT functions of
various nodes. To stress the approach, multiple errorsxaesgted into the design such that
the errors interact with each other. Errors interact whey #re inserted at nodes whose
transitive fanouts overlap with each other. This is neagsgeensure that the complexity
of the correction increases as more errors are added to gigndeAfter errors are in-
serted into the design, Quartus II's place-and-route isrr@m the circuit to achieve the
best performance possible.

Table 5.2 shows our results for various circuits when fiversriare inserted into the
design. The first columgircuit lists the circuit name. This is followed by two column
groups:BeforeandAfterzco. Beforelists the number of LUTs and timing numbers before
the application of the ECO fix. Timing numbers report the minim clock period in terms
of nanosecondsAftergqo lists the total number of LUTs after the ECO fix and the rela-
tive change in timing with respect to the the timing repoiitethe Beforecolumn. Also,
additional columng\ » and Ay are shown which respectively show the percent disruption
of the placement and wires after the ECO fix is applied. Thd fma& shows the average
of the percentages. Unlike the previous results shown ineTald, comparisons with a
full recompile is not done in this case since a designer wbeldequired to fix the error
manually by hand, which in many of the cases could not be jpadlst solved by hand in
an efficient manner. The proposed technique, however, cdrafitx automatically.

Table 5.2 shows that the proposed ECO technique has a miargpect to timing where
we reduce timing on average by 0.18%. This is potentiallyleaing since for some
circuits, such ap04 andb10, we improve timing by a large amount. This can occur in
some rare cases since the decomposition of the dependeratiofu’ is timing driven and

has the potential to shorten the critical path. After remguvihese outliers, the average
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Before Aftergco

Circuit LUTs CLK(nS) LUTs CLK%A Ap Apg
aes_core 5359| 7.95 5359 | 0.00% | 1.12% | 1.28%
huffman_enc 633 5.08 633 0.20% | 3.16% | 3.61%
usb_phy 177 3.13 177 0.00% | 13.56%| 10.33%
fip_cordic_rca 467 21.6 471 | 2.31% | 12.85%| 14.68%
mux64_16bit 1277 5.86 1277 | 0.51% | 4.70% | 5.37%
ahb_arbiter 865 8.97 972 | 16.83% | 6.94% | 7.93%
barrel64 1041| 8.58 1041 | -4.66% | 5.76% | 6.59%
b03 59 3.37 59 0.89% | 16.95%| 19.37%
b04 184 6.56 184 | -9.60% | 32.61%| 37.27%
b08 58 3.68 58 5.71% | 8.62% | 9.85%
b09 50 3.97 50 -3.02% | 16.00%| 11.43%
b10 78 3.79 79 | -17.41%| 10.26%| 11.72%
b1l 167 6.68 187 4.64% | 9.58% | 10.95%
b12 378 6.17 381 3.40% | 4.23% | 4.84%
b14 3014| 8.17 3015 | 2.57% | 1.99% | 2.28%
b15 6012| 9.17 6023 | 6.98% | 1.00% | 1.14%
Average 0.18% | 9.33% | 9.91%

Table 5.2: Automated correction results on a Stratix chip.

impact to timing is 1.72%. Another outlieahb_arbiter , proved difficult to correct
where we found that in this circuit, the proper alteratioaguired more than 15 basis
functions to correct it, which ultimately disrupted its tmg significantly. Considering
that the proposed technique applies ECO changes in an atgtfaghion within minutes,
we feel that 1.72% is an acceptable tradeoff of timing forrowed designer productivity
where the designer would manually fix these problems in a spaeveral days. Also,
we found that many of the fixes occurred on paths that wenealritr near critical. Thus,
without a timing driven decomposition @fand a timing driven search for basis functions,
circuit performance would not be maintained.

In terms of average disruption to the existing netlist, wawb approximately 10% of
the place-and-routed netlist during our correction. Weusthoote that this disruption is
skewed by the fact that for smaller circuits, a large re@tiisruption cannot be avoided.

For example, in the extreme case where a circuit containsfimel LUTS, fixing five errors
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5 Automation of ECOs

in the circuit would disrupt 100% of the netlist. If circuigth less than 200 LUTs are
removed from Table 5.2, the average disruption to the placérand routing drops to
approximately 5%.

When inserting less than five errors into the design, we fomadvere able to correct
over 80% of the circuits. However, as the number of errorseimsed, the circuit correction
problem became significantly difficult. This was primarilyedto the localization step.
For complex fixes, the localization step often returns seviacal points, which can be
much more numerous than the number of errors injected imtdéisign. This significantly
complicates the correction process both in terms of degiaisuitable global functios’,.
and minimizing the disruption to the existing netlist. korately, the likelihood that large
errors are not detected early in the design flow is low andresut, applying large changes

with late-stage ECOs is not a likely occurrence.
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Figure 5.14: Impact of output removal on SAT solver runtimedircuitbl5.

As a final experiment, we examined the impact of the the pgroatput removal heuris-

tic described in Section 5.2.2. This is shown in Figure 5.hr& we show the percentage
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of outputs removed versus the runtime of the SAT solver wioerecting circuito15. Dur-
ing this experiment, we inserted bugs into nodes whoseitiafanouts contained more
than 300 primary outputs and registers. Following this,&eaved a percentage of outputs
or registers and attempted to rectify the circuit. Aftettife@ation, we recorded the runtime
of the SAT solver. As Figure 5.14 shows, we are able to redneguntime of the SAT
solver by more than 10x in some cases. Also, removing outgsitally did not prevent a
valid correction from being found. Only until more than 95%lte outputs were removed
from the circuit did the correction fail our verification atle This was due to a lack of

information provided by the model netlist after pruning rinaisthe outputs.

5.3.3 Generation of Model Netlist

In both experiments shown previously, we need to generatedehmetlist to tie our input-
output pins to the existing circuit. As stated at the begigref Section 5.2, this model
netlist is a logic netlist which defines the desired behavaduhe circuit. In the context of
this work, this netlist is generated by using the Quartusdid synthesis and technology
mapping flow. Here, the model netlist is described using Hbdecand compiled into a
LUT netlist using Quartus Il. Using this resulting LUT nstliwe tied the input and outputs

into the equivalence relationship shown previously in FegbL7.

5.4 Summary

Improving the ECO experience through automation is necgssaeduce the complexity
of using FPGAs. In this work, we have shown an approach tonaate the ECO experi-
ence. We have shown that our technique is robust and aplditalcommercial FPGAs
where we apply our work to Altera’s Stratix architecture. Weve also shown how we

can integrate our flow with Altera’s commercial CAD suite @ua Il. All of these factors
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provide a promising foundation toward the full automatiéfE€Os.
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6 Conclusion and Future Work

6.1 Summary of Contributions

In this dissertation we improved the overall user expeearfd-PGA design tools through
two means. First, we enhanced the scalability and runtinegisting logic synthesis flows.
Secondly, we provided a solid foundation to automate the p€0ess.

In Chapter 3, we focus on improvements to BDD-based logi¢h®sis. Since BDDs
are a powerful means to manipulate and optimize circuitg Hre widely used in logic
synthesis flows. Unfortunately, current BDD-based logictkgsis face scalability issues,
particularly during its elimination step. As a solution, demonstrated how we can solve
elimination as a covering problem. In doing so, we applied &&y innovations to the
covering problem. First, we developed a scalable cut géperatep based on BDD com-
pression. Second, we developed a cost function termed enlgedihelp isolate redun-
dancies in the circuit. Our BDD-based compression teclenfqucut generation was able
to reduce its memory and computation requirements by arr ofdeagnitude. The edge
flow heuristic leads to a 7% decrease in routing wires or edgt® final covered netlist,
with no impact to area or delay of the circuit. Combining bibtbse improvements to elim-
ination yielded a 6x speedup in our BDD-based synthesis flatv avnegligible impact to
area.

We continue to improve the logic synthesis flow in Chapter £mhwve looked at im-

proving partitioning based logic synthesis. Partitionis@ necessary step in many CAD
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flows to improve scalability, however, the problem with garhing is that optimizing each
partition in isolation leads to suboptimal results. As aiioh to this, we derived partition
constraints to help during resynthesis through an Integezar Program (ILP) formula-

tion. By following these constraints, the localized optieri will produce a solution with

superior quality to that of one with only a localized view betpartition. Unfortunately,

our ILP formulation is NP-complete and does not scale todanigcuits. To avoid this is-

sue, we showed how we can reduce our ILP to polynomial corntplby leveraging the

concept of duality. Doing so improved the problem runtimeolgr 100x. When run on
the IWLS benchmark set, we showed that our ILP formulatiamiogprove circuit depth

by 12% on average when compared against partitioning-bié®ed that do not use our
technique. Furthermore, our reduction in depth came wigsa than 1% penalty to circuit
area.

Finally, in Chapter 5, we improved the FPGA ECO flow. In a dedigw where al-
most all tasks are automated, ECOs remain a primarily mamdéexpensive process. As
a solution, we introduced an automated method to tackle @@ Broblem. Specifically,
we introduced a resynthesis technique using Boolean Sdtiltfy (SAT) which can auto-
matically update the functionality of a circuit by leveragithe existing logic within the
design; thereby removing the inefficient manual effort respiby a designer. By using
this technique, we showed how we can automatically updatecaitcimplemented on an

FPGA while keeping over 90% of the placement unchanged.

6.2 Future Work

Although we have significantly improved the scalability adisting BDD-based synthe-
sis flows in Chapter 3, there still remains possibilitiesrtgprove the QoR. In particular,

SAT based logic synthesis [LSB05b, MBJJ09] has been prosenszalable and effective
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means to significantly reduce circuit area. Since BDDs havgshrelationship with SAT,
where BDDs solve problems in space, whereas SAT solve prsbie time (Chapter 2,
Section 2.7), there are further possibilities to map theagtion and decomposition algo-
rithms in our BDD-based synthesis flows to SAT. Doing so majdybetter results since

using SAT could potentially expand the search window tomésgsize logic functions.

The budgeting work presented in Chapter 4 can also be exddndseveral other appli-
cation domains. In particular, power budgeting is a veryangnt problem for FPGAs,
such as the Stratix Il [LACQ9]. In the Stratix Ill, LABs can be configured to a low power
mode, the drawback to this is that the performance of the LAdpsl Thus, only non-
critical portions of the circuit can be set to low power. Thignificantly drops the overall
power use of the FPGA with little or no impact to performan@ée method they use to
reduce the power in their circuit is incremental in naturbeve post-placement, individual
LABs are configured to low power in conjunction with timingadysis to ensure that the
performance of the circuit has not degraded. There is patgntimprove this process if
the power configuration occurred in conjunction with plaeetror other steps in the CAD
flow. This could be possible with the assistance of budgetagament. For example, dur-
ing placement, a power budget could be assigned to each LxBIBwing the budget of
each LAB, the cost function of the placement algorithm cdadaltered to account for this

to help increase the number of opportunities to set LABs tmadower configuration.

Finally, the ECO work presented in Chapter 5 can be extermledetate a more robust
ECO flow. In particular, extending the ECO work to handlemétig circuits, or if the
latch behaviour is not well defined would be extremely powler®ince retiming modifies
the behaviour at each latch, our existing ECO approach ismalicable since it requires
that the register behaviour be well defined in the model stetAs a solution, a record of
the steps taken during retiming can be made. This idea wapfasented in [MB08] for

sequential verification. Once a history is created, themietj operations can be “undone”
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during the ECO process, or the history can be encoded int8Atiformulation to obtain
the proper modification for ECOs. The work done in [SKBO01] nadéso be applicable to
our problem. In [SKBO1], the authors introduce the notiorsefjuential SPFDsvhich
can be used to express “flexibility” within a logic networkin& in our ECO work, we
ultimately want to find alternate implementations of a giwolean function, quickly
finding flexibility within the network may increase the numh¥ opportunities to find
valid modifications for our ECOs.

Overall, by improving the design efficiency of the FPGA desilpw, we can signifi-
cantly reduce the barriers of entry in using FPGA technalofyis not only reduces the
end costs of FPGA based products, but leads to wider use aret aacess to this exciting

and powerful technology.
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7 Appendix: ZDD Prune Algorithm

ZDDs can also be used to compress our cut representatiomsybn there are a few draw-
backs when using ZDDs in our case. First, since ZDDs cantoi dbr complemented
edges, a ZDD representations for each cut set is larger ligaBDD representation. Also,
dominator cuts are not removed in the ZDD representatiors ffds strong implications on
the runtime of creating cutsets. When we embed ZDDs into ag@neration algorithm, it
is 2x slower than the BDD based approach. Furthermore, guwmes approximately 10%
more memory. The following lists the algorithms used to gateecuts when using a ZDD.

Figure 7.1 illustrates the ZDD algorithm which prunes thiesai. Note that this is analo-
gous to BBDANDPRUNERECUR Chapter 3, though applied specifically to set manipulation
in ZDDs.

Figure 7.2 illustrates the impact of removing dominator &istf g from cut set in BDD
representation versus ZDD representation. Without the@vairof the dominator cuts, the
ZDD has one extra BDD node. This problem is multiplies fog&arcut sets as shown in

Figure 7.3. In Figure 7.3, the BDD is approximately 30% serathan the ZDD.
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7 Appendix: ZDD Prune Algorithm

< f. > ZddUnateProductPruneRecur(f,, f,, K, n)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

18
19
20

if ISCONSTANT(f,;) AND ISCONSTANT(f,)
return < f,ANDf, >
b «— GETTOPVAR(f;, f,)
fn, — fo(b=0)
fry, — Jy(b=0)
fpy — fy(b=1)
fny, < ZDDUNATEPRODUCTPRUNERECUR(fn,, fn,,, K, n)
if n < K
f1, < ZDDUNATEPRODUCTPRUNERECUR(fp,, fp,, K, n + 1)
f2), < ZDDUNATEPRODUCTPRUNERECUR(fp,,, fn,,, K, n + 1)
f3, «+ ZDDUNATEPRODUCTPRUNERECUR(fn,, fp,, K, n + 1)
f41, < ZDDUNATEPRODUCTPRUNERECUR(fn,, fn,,, K, n)
suml < ZDDUNION(f1,, f2;)
sumf2 «— ZDDUNION (suml, f3,)
SETTOPVAR(f., b)
SETCOFACTORS(f,, sum2, f4,)
else
f- + ZDDUNATEPRODUCTPRUNERECUR(fn,, fn,, K, n)
return < f, >

Figure 7.1: High-level overview of ZDD Unate Product oparatwith pruning fork'.
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7 Appendix: ZDD Prune Algorithm

(a) BDD (b) ZDD

Figure 7.2: lllustration of dominator cut removal in BDD sas ZDD.

(a) BDD (b) ZDD

Figure 7.3: Larger example of illustration of dominator cemnoval in BDD versus ZDD.
Picture taken from the CUDD BDD/ZDD package [Som98].
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