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Abstract— The Koetter-Vardy algorithm is an algebraic soft- Koetter-Vardy Algorithm [2, 3], which provides substantial
decision decoder for Reed-Solomon codes. The algorithm is basedcoding gains while maintaining polynomial complexity in the
on an extension to the Guruswami-Sudan list-decoding algorithm length of the code
with variable multiplicities that are assigned proportional to the '
reliabilities of the received symbols. There are three steps: (1) mul-
tiplcijci(ty) cfalgulatic;]n, 2 inter]PorI]ationlof a bi\I/ariatle ponnorIniaI, II. THE KOETTER-VARDY ALGORITHM
and (3) finding the y-roots of this polynomial. A low-complexity
algorithm for calculating the multiplicities is proposed. Simula- A- Reed-Solomon Codes

tion results indicate that the coding gain is dependent on the code  Consider the finite field witl elements, GFD). The mes-

rate and ranges from 0.25 dB to 4.25 dB with a practical upper ; ;
limit of 1— 1.5 dB, assuming binary phase shift keying and addi- sage to be transmitted, consists ok elements of GRY).

tive white Gaussian noise. Higher coding gains of between dB f— (fo f1 f f

and 6.8 dB can be achieved over a Rayleigh fading channel. The = (fo. f1, f2.. fica),
KV algorithm exhibits a performance-complexity tradeoff which . .
is tunable by the choice ofmmax N and k. The code parameters 1he message symbols can be considered to be the coefficients
should be chosen carefully to take advantage of the “sweet spots” of a degre& — 1 message polynomial

in the performance-complexity profile.

fi € GHQ). 1)

f(x) = fo+ fax+ % +...+ X+ + i (2)

I. INTRODUCTION An (n,k) Reed-Solomon (RS) code over G( represents the

Reed-Solomon codes are powerful error-correcting codésymbol transmitted messadeby ann-symbol codeword:
that can be found in a wide variety of digital communicationrmed by evaluating the message polynomiigk) at n el-
systems, from digital media to wireless communications afinents of GRQ). If the set of evaluation elements i3 =
deep-space probes. The ubiquitous nature of these codes dd-X2: - -, Xn} then the code is
tinues to fuel research into decoding algorithms some forty
years after their introduction. A major challenge has been the RS(nk) = {(f(x1), f(x2),...., T(a))}, % €D, (3)
development of soft-decision decoders; that is, decoders t
can utilize the full information available from the channel i
the decoding process.

ﬂ?rtall possible message polynomidiéx). The minimum dis-
Nance of ar(n,k) Reed-Solomon code &in=n—k+ 1.
Usually,n=Q — 1, and the set of evaluation elements is the
Reed-Solomon codes are non-binary linear block codggt of no};-zererlements of GPY If n= Q then we call the
whose symbols are chosen from a finite field, usually the t@bde arextendedReed-Solomon éode aill— GF(Q). We call

nary ex.tension ﬁel.d G2%). Algebraic decoders exploit thethis method of generating a RS code éivaluation mapnethod
underlying algebraic structure of the code to generate a syst ' It is also possible to view Reed-Solomon codes as BCH

of equations that is solved using the arithmetic operations des. Then, the resulting cyclic code consists of codewords

the finite field. This operation does not appear to be compati g ted b ltiplvi b t | ial
with the real-valuedsoftinformation available from the chan-l%J nerated by multiplying (x) by agenerator polynomial g,

nel. Traditional decoders quantize soft information intrd c(x) = F(X)g(x), (4)

decisions which can be utilized directly. It is well known that

a performance penalty of approximately 2-3 dB in asymptotieherec(x) is a degree — 1 codeword polynomial correspond-

coding gain on an additive Gaussian noise channel (AWGM)yg to then-symbol codeword. Other encodings are possible

is paid when using a hard-decision decoder [1]. Even greaterg. systematic encodings).

coding gains can be realized over Rayleigh fading channels. The evaluation map method is useful because it provides in-
In this paper we characterize the performance of a recentljight leading tdnterpolationbased decoding algorithms.

introduced algebraic soft-decision decoding algorithm, the
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Let P(x,y) = 57 7o P;Xy! be a bivariate polynomial over ,, | [~ [, =TT

GF(@Q) and letwy andwy be nonnegative real numbers. ThéL‘n‘“l‘H Maliplcites ¥ ‘"‘m‘“‘eﬂ Roots }—' Output %mﬁs&&d

(Wx, Wy)-weighted degree d?(x,y), ded™") (P), is defined as | i :

the maximum over all the numbeingy + jwy such thatp; j # 0. e roncEnd " 1 Modiied Guruswami-Sudan Algorithm

The (1,1)-weighted degree of a bivariate polynomial is the

usual notion of degree. F
A bivariate polynomialP(x,y) is said to pass through a

point (x;,Yi) if P(xi,yi) = 0. Consider the received wosd= ) ) ) _

(Y1,Y2,...,yn) Wherey = c+e. An element of GRQ), x, can d_ec_;o_d_mg, the Guru;waml-_Sudan algorithm assigns equal mul-

be uniquely associated with eagtto form the list of points in UPlicities to the received points.

GF(Q) x GF(Q),

Lo = 104,y2), (%2,¥2), -, (¥, Yn) - ®) Guruswami and Sudan hint at a possible soft-decision exten-
If there is no noised = 0), theny; = f(x;) and the bivariate sion to their algorithm in [6] by allowing each point on the in-
polynomial P(x,y) =y — f(x) passes through all of the pointsterpolated curve to have its own multiplicity. Koetter and Vardy
in L,. To account for the effect of noise, introduce emor- proposed a method to translate soft-information into multiplic-
locator polynomialof the form A(x,y) so thatA(x,y;) = 0 ities [2,3]. The Koetter-Vardy (KV) algorithm performs soft-
wheneverg # 0. The decoding problem can be posed as tltecision decoding by assigning unequal multiplicities to points

ig. 1. The Koetter-Vardy algorithm.

C. Soft-Decision Decoding

following interpolation problem [8]: according to their relative reliabilities. We note that all possi-
Given a set ofn received pointsL,, find the bi- ble Q x n transmitted/received symbol pairs are considered and
variate polynomial with minima(1,k — 1)-weighted not just the ones corresponding to the hard decisions. Once
degree of the fornP(x,y) = A(x,y)(y — f(x)) with multiplicities have been assigned, the rest of the decoding pro-

degf (x) < k such thatP(x,y) passes though all the ceeds according to the Guruswami-Sudan algorithm. A block

received points angl— f(x) passes though as many  diagram of the KV algorithm is given in Figure 1

received points as possible. A precise definition of soft information is needed. The sym-
The bivariate po|ynomieﬂ3(x’ y) can be factored to find tHest bols are drawn from a finite field GQQ and transmitted across
of factors of the forny — f(x),degf (x) < k. The decoded code- @ memoryle_ss channel. The channel input and output are the
word can be found by re-encoding the decoded messages Eaftflom variableX andY. The optimum value of the soft in-
then choosing the codeword with the minimum distance to tfgrmation for symboly; given that symbok; was sent is the
received word. However, there is no need to perform a compl@eosteriori probability(APP):
factorization since we are just looking for the lingaroots of
P(x,y). Roth and Ruckenstein give an appropriate root-finding
algorithm for this problem [9]. This algorithm is laounded- . .
distanceor list decoderfor Reed-Solomon codes. The list deyvhere 1<i< Q anq 1= S n. .

i i i : A (Q x n) reliability matrix M whose columns sum to unity
coding problem is to find the set of codewords at a distance of : i . the inf S
from the received word whereQ 1 < n. Traditional decoders can be C(_)nstructed rom ;. Ultimately, t em ormatlpn In

et : this matrix has to be translated to a set of weighted points.
can only correct up to= |dmin/2] errors. If we consider > t,

there may not be a unique codeword at a distandgin/2 from n T:f" ;v ?ilg?ts’mz;rir;ullzlpllc_;};](aess%i?e%? ;eccoorgg?vo'rnc(f i
the received word. Therefore bounded-distance decoders w&h plicity ) N

Tt return a list of candidate codewords (cl., €2, cn) over GFQ) with respect to a multiplicity matrix
An important concept for polynomials over a finite field OM Is defined as

characteristic two is thélasse Derivativg10]. The (a,)’th Q n

Hasse derivative of a bivariate polynomi(,y) is defined for Su(c) = Z > mj[ci (8)

integersa, 3 > 0 as: =1j=1

_ a b b where thec]; ; are elements of th@ x n) matrix [c|] formed by
PP (xy) = N /\b>[3( ) < B ) Papx® P (6) setting[c]ij = 1 if ¢j = % and 0 otherwise. The decoder does
a>aAb>

not know the codeword, but can only infer information about
We say that a polynomial passes through a point wittitiplic- it from the received soft information. Therefore, the codeword
ity my if the polynomial and its Hasse derivativggii-,ﬁih(]i + appears as a random vector to the decoder and the Sgécg
Bi < m, all pass through the point. We can improve the errols @ random variable. The goal is to find a multiplicity matvix
correcting capability of the decoding algorithm by introducinghat maximizes the expected valueSf(c). The problem re-
singularitiesat each of the received points [6], forcing the polyduces to finding the matridl which maximizes the inner prod-
nomial to intersect itself multiple times at a point. The interpdict of M andn where(M, M) = 52, > M TG
lation polynomial can be found by solving the system of equa- Algorithm 1 [3] is an optimal algorithm for generating a ma-
tions implied byP i:Bil(x,y;) = 0 for all points(x;,yi) € Ly, trix M which maximizes(M, ) subject to the constraint that
a;,Bi > 0, such thaty 4B < m. The Guruswami-Sudan algo-zinlzT:lmJ <s. If we lets— o, (M, ) is maximized. The
rithm can correct up ta(1— /k/n) errors. For hard-decision cost Cy of M is the number of linear equations that need to be

T j = P(X=x[Y =yj) (7)



solved for the interpolation. If an entry M is increased from I1l. SIMULATION RESULTS
mj tomj +1, this introducesn j + 1 additional linear con- A - goftware Implementation
straints on the interpolation problem. Therefore, we would like

to keeps as small as possible. We will also see that error-rate V& Nave implemented the KV algorithm in software. Soft
performance in general improves wiBy and hences. This !nformathn is conv_erted to mult|pI|C|fues by Algorlthm 2._ The
gives the KV algorithm a tunable parameter to tradeoff perfofdt€rPolation step finds a Gbner basis for the ideal of bivari-
mance with decoding complexity. ate polyppmlals which vanish gt a set of points W!th prescribed

multiplicities. FastO(n?) algorithms for interpolation are de-
Algorithm 1 Algorithm for calculatingM from N subject to SCribed in [7,9,11-14]. We use the algorithm from [7] for the
complexity constrain (from [3]). GS gl_gonthm WhICh.IS gasny qulfled to han.dle unequal mul-
tiplicities. The root-finding algorithm from [9] is used.

The software implementation of the algorithm runs very
slowly, especially for large field sizes. Fortunately, an upper-
bound on the frame-error rate (FER) can be easily obtained
through the following theorem which is proved in [3]:

Choose a desired value fer= ZiQ=1 S mi ]
MN*—MM<0
while s> 0do

Find the positior(i, j) of the largest entryt; in M*

TG — % Theorem 1—Let P(x,y) be an interpolation polynomial

mj—m;+1 obtained from multiplicity matrixM corresponding to the

s«—s—1 transmitted codewordc: with cost Cy. Then the factor-
end while ization of P(x,y) contains a factory — f(x) such thatc =

(f(x1), f(X2),..., F(xq)) if:
Algorithm 1 has high complexity as it has to search through
a (Qx n) matrix s times. This could require a maximum ofg, (c) > min{ée 7 {64— 1} (6— k—1 { o J +1> >CM}-
(Q x nx s) memory accesses. If we are to have at least the per- k-1 2 k-1
formance of a hard-decision decoder we ngedn. Therefore (10)
the complexity of Algorithm 1 isO((n+ 1)(n)(n)) = O(n%). . o o
If Q is large, say 256, then® = 224, We propose a low- If this threshold condition is satisfied then we are guaran-

complexity algorithm as an alternative to Algorithm (M, I1) teed that the decoding will be successful. Since the decod-

is maximized if [3]: ing cou_ld still b(_a successful_ot_hervx{ise, these simulation re-
sults might be slightly pessimistic. Simulations foe 15 and
M=|A] as A — o (9) k=1{5,7,9,11,13} and a maximum multiplicitynmax= {2,4}

If we instead chose a finite value bic R.A > 0. then we can show that the estimated performance matches the actual de-
’ ' coder performance very closely. As an example, see Figure 2.

obtain a f|xed—gost matrif. AIg.or|thm 2. Is a heuristic that Hybrid simulations are possible where the full decoder is only
has been experimentally determined to give comparable perfgrﬁployed on failure of the threshold condition

mance to Algorithm 1. Algorithm 2 only has to make a single
pass througlil and therefore has complexi®(n?). We note
that in practice[1 is quite sparse with most of its entries0. B. Coding Gain

Therefore, storing it explicitly is a waste of memory and com- Of particular interest is the effect of code rate on the cod-
putational resources. At the extreme end of the spectrum is {Ag gain. The Guruswami-Sudan algorithm can correct up to
case of high SNR wher@ has exactly one non-zero entry peq(1— ,/k/n)) errors and therefore improves as the igte de-
column which is equal to.0. This is a hard decision decodingcreases [6]. We would expect that this effect is preserved in
problem and the KV algorithm reduces to the GS algorithm #oft-decision decoding with the KV algorithm. Simulations for
s=n. Then the lower bound on the complexity of Algorithm In = 15 andk = 3,...,13 demonstrate this effect. Figure 3 plots

is nx s=O(n?) and Algorithm 2 isO(n). The complexity of the coding gain in dB at a FER of 18 of the KV algorithm
interpolation is now dependent on the maximum multiplicity igver a conventional hard-decision Reed-Solomon decoder as a
M, Mmax= [A]. function of code rate. The modulation is BPSK and the channel
model is additive white Gaussian noise (AWGN). We see that
Algorlthm 2 for CalCUlating\A from . The tunable CompleXity the Coding gain ranges fromZ® dB at h|gh rates and low com-

parameter i3 and the maximum possible entrylfis [A]. plexity to 425 dB at low rates and high complexity, giving the
fori=1tondo designer two degrees of freedom to obtain a given coding gain.
for j=1toQdo Figure 4 shows the performance of the KV algorithm for a
myj < [ATEG ] very common high-raté255 239) Reed-Solomon code. We see
end for that for very high complexities, a maximum gain o#® dB can
end for be achieved. For reasonable complexities, say mithy= 4, a

gain of 027 dB is achieved.

In practical implementations can be a power of two and the We also investigated the performance of the KV algorithm
multiplication reduces to a shift operation. The floor functionver a Rayleigh fading channel with 16-QAM modulation. Fig-
is naturally implemented by truncating the bits of the result tare 5 shows the performance of£b5,11) Reed Solomon code.
the right of the decimal. Four-bit symbols from GF(16) are mapped directly to 16-QAM



constellation points. The multiplicative fading factors are inket us define the&eomplexity-gain ratios CGRr = Cpar/Brm
dependent, simulating the effect of an ideal interleaver. TR@dCGRser = Cser/Br,m Wherep, , is the coding gain. For the
reliability matrix is calculated directly from the received softeoding gain experiment of Figure 3 (BPSK, AWGN = 15),
information assuming perfect channel state information. Wee plot CGRyarnorm, the CGRyar normalized by its largest
see that much larger gains are realized on a fading channel.vAlue. From Figure 8 we see that for this particular setup, there
a FER of 103, the coding gain for 415,11) code is 5 dB for are “good” (even values d&) and “bad” (oddk) choices of the
Mmax= 4 and 68 dB for myax= 100. rate. The designer should judiciously choose the parameters of
A simulation setup for 4255 191) Reed-Solomon code is the code with this in mind.
shown in Figure 6. Each eight-bit symbol of GF(256) is split
into two four-bit symbols and two 167QAM 'channel uses are IV. CONCLUSIONS
needed to transmit the symbol. The simulation results are plot- . . . .
ted in Figure 7. The coding gain is22dB for Mmax— 4 and Th_e Koetter-Vardy algorithm is a soft-d_eC|S|on decoding
2.9 dB for mmax= 100 at FERx 10-3. We note that the coding algqu_thm _for Reed-SoIomon cod(_es that incorporates soft-
gain on a Rayleigh channel is not constant but increases as$f&iSions into an algebraic decoding framework. The soft-
SNR increases since the two curves diverge. The results gifFision front end can be implemented with a reasonable

here for a high FER will improve as the SNR increases. complexity using the proposed Algorithm 2. We have pre-
sented simulation results to characterize the coding gains pos-
C. Complexity sible from the soft-decision Koetter-Vardy algorithm for Reed-

Above we saw that the achievable coding gain increases2lomon codes. The algorithm can achieve significant gain for
the rate of the code decreases. Unfortunately, so does the c8ft-decision decoding on an AWGN channel but only for low-
putational complexity of the algorithm, which is dominated bjate codes and with very high complexity. For reasonable com-
the complexity of the interpolation algorithm. The aIgoritth'eX't'?Sv the upper limit is 1.5 d_B. ngh rate codes only
maintains a set df polynomials of length. terms, which at the Penefit from 025 to @5 dB of coding gain. Rayleigh fad-
end of each of th€y iterations, satisfy one additional linearNd channels exhibit larger coding gains of about 2 ® @B.
constraint. When the iterations terminate, the polynomial with'€ KV algorithm exhibits a performance-complexity tradeoff
minimal (1,k — 1)-weighted degree is chosen R&X,Y). The which is tunable by the choice ofimax, N andk. The code pa-
number of iteration€y is [3]: rameters should be chosen carefully to take advantage of the
“sweet spots” in the performance-complexity profile.
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Fig. 2. Simulation of a (15,7) Reed-Solomon code with BPSK modulation over
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Fig.5. Simulation of 15,11) Reed-Solomon code with 16-QAM modulation
over a Rayleigh fading channel using the threshold condition in Theorem 1.

an AWGN channel comparing the actual Koetter-Vardy decoder myjiky = 4

and a simulation using the threshold condition in Theorem 1.

Fig. 3.

Fig. 4. Simulation of 4255 239) Reed-Solomon code with BPSK modulation
over an AWGN channel using the threshold condition from Theorem 1.

The effect of code rate on coding gain for(@%,k) Reed-Solomon
code transmitted with BPSK modulation over an AWGN channel. The simula-
tions were performed using the threshold condition in Theorem 1.
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Fig. 6. Simulation setup for decoding the RS(28%1) code over a Rayleigh
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