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MultiStage Hand Analysis

Why do hand analysis?
− Gain insight into the circuit operation
− If specs not met (gain, freq response, distortion, noise, power

supply rejection, etc), what changes will improve circuit

Good designers will make approximations since simulations give
accurate results while hand analysis is used for insight.

A common approx for hand analysis is to let λ = 0 when doing dc
bias analysis or let the simulation determine the dc bias point.
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Small Signal Gain Analysis
Good method to find small signal voltage gain
− Model circuit as Norton equivalent
− Find output impedance, Ro, at output node
− Find short circuit current, isc at output node as function of vi

− vo = iscRo; isc = Gmvi

− vo = GmRovi

vi voVDD vi vo

isc

isc = Gmvi

Ro
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Small Signal Gain Analysis
How to deal with larger multiple transistor circuits?
− Using small-signal models is often complicated for hand analysis
− Would like to do our analysis directly on the transistor level circuit

Pre-calculate isc and Ro for 3 main 1 transistor amps
(1) Common-source amp
(2) Common-drain amp
(3) Common-gate amp

We will use Rx instead of Ro
− Ro is for node output impedance while Rx is for looking into

transistor terminal

Don’t memorize formula... use a 1 page summary

All transistors are assumed to be in the active region

Both isc and voc are shown but ONLY 1 should be used (other set
to zero)
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Transistor Replacements

vi

vx

Rx

RS

vi

vi

isc Rx

voc

vx

⇔

Common-source Amp
isc = −gmro

ro+(1+gmro)RS
vi Rx = ro + (1 + gmro)RS

voc = −gmrovi

If gmro � 1, isc ≈ −1
(1/gm)+RS

vi ; Rx ≈ (1 + gmRS)ro
voc = −gmrovi
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Transistor Replacements

vi

Rx

RD

vi

vi

isc Rx

voc

vx

⇔
vx

Common-drain Amp
isc = gmro

ro+RD
vi Rx = ro+RD

(1+gmro)

voc = gmro
(1+gmro)vi

If gmro � 1, voc ≈ vi ; Rx ≈ 1
gm

+ RD
gmro

isc = gmro
ro+RD

vi
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Transistor Replacements

Rin

RD

vi

vi

isc Rx

voc

vx

⇔

vi

Rx

vx

Rin

(ideal voltage source)

Common-gate Amp
isc = (1+gmro)

ro
vi Rx = ro

voc = (1 + gmro)vi Rin = ro+RD
(1+gmro)

If gmro � 1, isc ≈ gmvi ; Rin ≈ 1
gm

+ RD
gmro

; voc ≈ gmrovi ; Rx = ro
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Transistor Replacements - summary

common-source common-drain common-gate

vi

vx

Rx

RS

vi

Rx

RD

vx

Rin

RD

vi

Rx

vx

isc = −gmro
ro+(1+gmro)RS

vi isc = gmro
ro+RD

vi isc = (1+gmro)
ro

vi

voc = −gmrovi voc = gmro
(1+gmro)vi voc = (1 + gmro)vi

Rx = ro + (1 + gmro)RS Rx = ro+RD
(1+gmro) Rx = ro

Rin = ro+RD
(1+gmro)

8/33



Transistor Replacements - summary - gmro � 1

common-source common-drain common-gate

vi

vx

Rx

RS

vi

Rx

RD

vx

Rin

RD

vi

Rx

vx

isc ≈ −1
(1/gm)+RS

vi isc = gmro
ro+RD

vi isc ≈ gmvi

voc = −gmrovi voc ≈ vi voc ≈ gmrovi

Rx ≈ (1 + gmRS)ro Rx ≈ 1
gm

+ RD
gmro

Rx = ro

Rin ≈ 1
gm

+ RD
gmro
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Example 1

Common-source (exact solution)

vi

vo

M2

M1

VB

VDD gm1 = 1mA/V
ro1 = 20kΩ
gm2 = 2mA/V
ro2 = 10kΩ

Define RD1/RD2 to be the impedance looking into drain of M1/M2

RD1 = ro1 + (1 + gm1ro1)RS and RS = 0

RD1 = ro1

Similarly RD2 = ro2 10/33



Example 1

Ro = RD1||RD2 = ro1||ro2 = 6.67kΩ

M1 is a common-source amp so

isc = −gm1ro1
ro1+(1+gm1ro1)RS

= −gm1vi since RS = 0

vo = iscRo = −gm1Rovi

vo/vi = −gm1Ro = −6.67V/V

Rout = Ro = 6.67kΩ

Common-source (approx solution)
− For this example, we obtain the same answer if we make

approximations assuming gmro � 1
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Example 2

Dual Common-source (exact solution)

vi vo

M2

M1

VDD gm1 = 1mA/V
ro1 = 20kΩ
gm2 = 2mA/V
ro2 = 10kΩ

Here, the dc value is adjusted such that both M1 and M2 are
active.

Ro = 6.67kΩ is the same as the previous example

For isc , we combine each of the isc currents for M1/M2
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Example 2

Recall, the small-signal models are the same for PMOS and
NMOS and as a result each isc is the current that comes OUT of
the drains of each transistor

isc = isc1 + isc2 = −gm1vi − gm2vi

vo/vi = −(gm1 + gm2)× Ro = −20V/V

13/33



Example 3

Common-drain (exact solution)

vi M1

VDD gm1 = 1mA/V
ro1 = 20kΩ
gm2 = 2mA/V
ro2 = 10kΩ

vo

M2
RL

Rout

RD

VB 5kΩ

100Ω

Rout = RS1||RD2

Ro = Rout ||RL

RD2 = ro2 = 10kΩ; RS1 = ro1+RD
(1+gm1ro1) = 957Ω
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Example 3

Note when RD = 0
− RS1 = 952Ω which is only an increase of 5Ω even though a 100Ω

resistor put in series with M1.

Rout = RS1||RD2 = 874Ω

Ro = Rout ||RL = 744Ω

For isc we have isc = Gmvi where

Gm = (gm1ro1)/(ro1 + RD) = 995µA/V

vo/vi = Gm × Ro = 0.74V/V

Although this voltage gain is less than one, the purpose of this
amplifier is to have a low output impedance so it can drive more
current into a load resistance
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Example 3 - Approx Solution

RS1 = (1/gm1) + RD/(gm1ro1) = 1005Ω

RD2 = ro2 = 10kΩ

voc = vi

vo node is a resistor divider node

vo = (RD2||RL)
(RD2||RL)+RS1

voc = 3.33k
3.33k+1.005k vi

vo/vi = 0.768V/V

which is only a 4% difference (of course, this depends on how
large gmro is greater than 1.
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Cascade of Circuits

Need a method to deal with a cascade of circuits

vi VDD VDD vo

v1
circuit 2circuit 1

Rout1 Rin2

Direct Approach

Cascade Approach
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Direct Approach

Find isc and Ro at vo

vo = iscRo = GmRovi

Can be difficult to directly find isc
− One way is to short vo AND then find v ′

1
then USE IDEAL v ′

1 and find isc

− v ′
1 is voltage at v1 with vo shorted to ground

Ro is not too difficult using the transistor replacement formulae

Main disadvantage
− Gives no info about v1

− v ′
1 is not the same as v1

18/33



Cascade Approach

First find v1 = isc1Ro1 = Gm1Ro1vi
− isc1 is the short circuit current seen at v1 due to vi

− Ro1 is the impedance to ground seen at v1
Ro1 = Rout1||Rin2

Next USE IDEAL v1 source and
− Find vo = isc2Ro2 = Gm2Ro2v1

isc2 is the short circuit current at vo for IDEAL v1
Ro2 is the impedance to ground at vo for v1 = 0
(in other words for an ideal v1)

Combine the above 2 results
vo/vi = (v1/vi)× (vo/v1)

This approach gives you the intermediate gain as well as the
overall gain
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Cascade Example 1

vi vo

v1
R1 R3

R2 R4

1Ω2Ω

1Ω1Ω

This example is best solved using resistor divider approach
− Used it here to demonstrate the direct and cascade approaches
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Cascade Example 1 - Direct Approach

vi

v ′
1

R1 R3

R2 R4

1Ω2Ω

1Ω1Ω

isc

i ′sc1 = vi/R1 = vi ; R′o1 = R1||R2||R3 = (2/5)Ω

v ′1 = i ′sc1R′o1 = (2/5)vi

isc = v ′1/R3 = (2/5)vi

Ro = R4||(R3 + (R1||R2)) = (5/8)Ω

vo = iscRo = (2/5)(5/8)vi = (1/4)vi
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Cascade Example 1 - Cascade Approach

vi vo

v1
R1 R3

R2 R4

1Ω2Ω

1Ω1Ω

isc1 = vi/R1 = vi

Ro1 = R1||(R2||(R3 + R4)) = (1/2)Ω

v1 = isc1Ro1 = (1/2)vi
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Cascade Example 1 - Cascade Approach

vo

R3

R2 R4

1Ω2Ω

1Ω

v1

i ′sc = v1/R3 = v1

R′o1 = R3||R4 = (1/2)Ω

vo = i ′sc1R′o1 = (1/2)v1

vo/vi = (v1/vi)× (vo/v1) = (1/4)vi

This approach gave us the intermediate gain v1/vi
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Cascade Example 2 - Common-Gate Amp

M1

VDD

gm1 = 1mA/V
ro1 = 20kΩ

RD

5kΩ

vo
Rout

vi

R1 Rin

1kΩ

Find vo/vi , Rin, Rout
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Cascade Example 2 - Common-Gate Amp

Rin = (ro1 + RD)/(1 + gm1ro1) = 1.19kΩ

Let RD1 be the impedance seen looking into the drain of M1
RD1 = ro1 + (1 + gm1ro1)R1 = 41kΩ

Rout = RD1||RD = 41k||5k = 4.46kΩ

Let v1 be the voltage at the source of M1

v1/vi = Rin/(Rin + R1) = 0.5435V/V

i ′sc = G′m1v1 where G′m1 = (1 + gm1ro1)/ro1 = 1.05mA/V

R′o = RD||ro1 = 4kΩ

vo/v1 = G′m1R′o = 4.2V/V

vo/vi = v1/vi × vo/v1 = 2.283V/V
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Cascade Example 3 - MultiStage

All gm = 1mA/V
All ro = 20kΩ

VDD

R1

18kΩ

VDD

vi

VDD

VB

2kΩ

R2

vo

v3
v2

v1

I1 I2

I3

M3M2M1

All ROI = 20kΩ

Rout

Find vo/vi , Rout

ROI is the impedance of a current source
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Cascade Example 3 - MultiStage

v1/vi = −gm1(ro1||ROI1) = −10V/V

voc2 = K2v1 where K2 = gm2ro2/(1 + gm2ro2) = 0.9524V/V

Rx2 = (1/gm2)||ro2 = 0.9524kΩ

Define Rs3 looking into source of M3 and R1L looking into left side
of R1

Rs3 = (ro3 + ROI3)/(1 + gm3ro3) = 1.905kΩ

R1L = R1 + (R2||Rs3) = 18.98kΩ

We now have a resistive divider at node v2

v2/v1 = K2(R1L||ROI2)/(R1L||ROI2 + Rx2) = 0.8675V/V

v3/v2 = (Rs3||R2)/((Rs3||R2) + R1) = 51.41mV/V
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Cascade Example 3 - MultiStage

i ′sco = G′mov3 where G′mo = (1 + gm3ro3)/ro3 = 1.05mA/V

R′o = ROI3||ro3 = 10kΩ

vo/v3 = G′moR′o = 10.5V/V

vo/vi = (v1/vi)(v2/v1)(v3/v2)(vo/v3) = −4.683V/V

For Rout define R1R looking into right side of R1

R1R = R1 + (ROI2||Rx2) = 18.91kΩ

Define Rd3 looking into the drain of M3

Rd3 = ro3 + (1 + gm3ro3)(R2||R1R) = 57.98kΩ

Rout = ROI3||Rd3 = 14.87kΩ
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Cascade Example 4 - Cascode Amp

All gm = 1mA/V
All ro = 20kΩ

vi

VB2

VB3

VB4

VDD

vo

RoutRop

Ron

M1

M2

M3

M4

v1
Ro1

Find vo/vi , Rout , v1/vi , Ro1
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Cascade Example 4 - Cascode Amp

First we can Rout and Ro1

Rop = ro4 + (1 + gm3ro3)ro4 = 440kΩ

Ron = ro1 + (1 + gm2ro2)ro1 = 440kΩ

Rout = Rop||Ron = 220kΩ

Define Rs2 looking into source of M2

Rs2 = (ro2 + Rop)/(1 + gm2ro2) = 21.9kΩ

Ro1 = Rs2||ro1 = 10.45kΩ
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Cascade Example 4 - Cascode Amp

Find v1/vi

isc1 = Gm1vi where Gm1 = −gm1 = −1mA/V

v1/vi = Gm1Ro1 = −10.45V/V

Find vo/v1

R′o = Rop||ro3 = 19.13kΩ (v1 set to ground)

i ′sco = G′mov1 where G′mo = (1 + gm3ro3)/ro3 = 1.05mA/V

vo/v1 = G′moR′o = 20.09V/V

Combine the above 2 results for vo/vi

vo/vi = (v1/vi)(vo/v1) = −210V/V
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Cascade Example 4 - Cascode Amp

We can do rapid approx analysis assuming gmro � 1

Rop ≈ gm3ro3ro4 = 400kΩ

Ron ≈ gm2ro2ro1 = 400kΩ

Rout = Rop||Ron ≈ 200kΩ

Rs2 ≈ (1/gm2) + Rop/(gm2ro2) = 21kΩ

Ro1 = Rs2||ro1 = 10.2kΩ

v1/vi = −gm1Ro1 = 10.2V/V

For isco we assume all ro →∞ so isco = −gm1vi

vo/vi = −gm1Rout = 210V/V

This approach is typically ”good enough” for hand analysis
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Topics Covered

Benefits of hand analysis
− Gain insight
− Understand what changes will improve circuit
− Only rough approximations needed
− Often let λ = 0 for dc bias analysis or rely on simulation

Small signal gain analysis

Pre-calculate isc and Ro for 3 main amps

Transistor replacements

How to deal with cascade of circuits
− Direct approach
− Cascade approach

Multi-transistor circuit examples
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Common-Source Rx Equivalent

Rx Rx

rogmvgsvgs

vx

ix

RSix iro

RS
v1

vgs = 0− ixRS; iro = (vx − ixRS)/ro

ix = iro + gmvgs = (vx − ixRS)/ro + gm(−ixRS)

ix (1 + gmro + RS/ro) = vx/ro Rx ≡ vx/ix

Rx = ro + (1 + gmro)RS
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Common-Source isc and voc Equivalent

rogmvgsvgs

RS0 iro
RS

v1

voc

voc

vi

vi

Since voc node is open, IRS = 0A; v1 = 0V; vgs = vi

iro = −gmvi ; voc = iroro = −gmrovi

isc = voc/Rx = (−gmrovi)/(ro + (1 + gmro)RS)
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Common-Drain Rx Equivalent

Rx

rogmvgsvgs

vx

ix iro

RD

RDix

vgs = −vx ; ix = −gmvgs + (vx − ixRD)/ro

ix ro = gmrovx + vx − ixRD; ix (ro + RD) = vx (1 + gmro)

Rx ≡ vx/ix = (ro + RD)/(1 + gmro)
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Common-Drain isc and voc Equivalent

rogmvgsvgs

isc

RD

RDisc

vi

isc

vi

vgs = vi ; isc = gmvgs + (−iscRD − 0)/ro

isc(ro + RD) = gmrovi isc = ((gmro)/(ro + RD))vi

voc = isc × Rx = ((gmro)/(1 + gmro))vi
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Common-Gate Rx and Rin Equivalent

Rin

RD

Rx

vo

Rin same as looking into the source of a common-drain amp
Rin = (ro + RD)/(1 + gmro)

Rx same as single transistor current mirror
Rx = ro
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Common-Gate isc and voc Equivalent

rogmvgsvgs

RD

RD

vi

isc

isc

vi

isc

vgs = −vi isc = −gmvgs + vi/ro

isc = (gm + 1/ro)vi = ((1 + gmro)/ro)vi

voc = isc × Rx = (1 + gmro)vi
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