
1999 APS105S Lectures 37/38: Binary Trees
Last Day — queues!
Today — doubly-linked lists,  binary trees

Projects
• GREAT JOB!  I was really impressed with the effort and

results!

Quick Review: Stacks and Queues
Stacks

• LIFO
• push(), pop(), peek(), isEmpty()
• can use linked list OR arrays to implement

• showed you a version using arrays
• limitation of array:  fixed size

Queues

• FIFO
• enqueue(), dequeue(), peek()?, isEmpty()
• can use linked list OR arrays to implement

• showed you using a simple “extension” to linked lists
• limitation of array:  fixed size

Comparison

• similar methods, different policies
• can use arrays or linked lists
• similar limitations
• both are ADTs

Impr oving Linked Lists:  Doubly-Linked
Deleting an Element

Given
• a reference to an object in a linked list to delete
Problem
• to delete, must change the pointer of the objectbefore it

Solution 1
• go to head.   is this the object?
• no, go to next.  is this the object? ....
• stop one link before finding the object-to-be-deleted
Time Complexity?
• doing a search in the linked list, O(n)

Solution 2
• we always know the “next” object
• why not know the “previous” object too?
• called a doubly-linked list
Time Complexity?
• no more searching, just do it!, O(1)

Advantages?
• fast delete
• important for LARGE lists
• can now walk backwards through the list!

• start with a ‘tail’, to ‘prev’ until you find ‘null’ (at head)
• going backwards is sometimes very useful

Disadvantages?
• difficult to program (you thought linked lists were hard!)
• uses extra memory for all the ‘prev’ references
• worth getting it right?

Impr oving Linked Lists:  Binary Search?
Finding an Element

• recall the telephone book
• it’s like an “array” of names with phone #
• we can do a binary search to find a name, lookup phone #

• suppose we wish to insert a new name in the book
• all other names must move down one

• very time-consuming operation, even on a computer
• use a linked list instead

can we still do a binary search?
• we must split the list in half
• step to find the middle element is still O(n)

what about a doubly-linked list?
• still O(n)

we cannot binary search on a linked list!
give up, try something different

Binary Trees
can we organize things better?
• have a pointer to the “middle” instead of “next” and “prev”?

• reorganize phone book
• no longer has a first page and a last page

• now it only has a “middle page”
• each middle page must refer to the “left half” and “right half”
• the “left half” is really the “middle of the left half”

Example

• given names that begin with:   b d g k p t y

• -b- =d= -g- >k< -p- =t= -y-
•        ^-------/ \-------^

• called a tree, specifically binary tree (why?  hint: binary = 2)
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• first node is called the root
• it contains

• 1/ some data value (eg, k)
• 2/ reference to a “left half” ... (eg, new object containing d)
• 3/ reference to a “right half” ... (eg, new object containing t)

class BinTreeElem
{

String      name;
BinTreeElem left;
BinTreeElem right;

}

• the “left half” is really another “subtree” where
• the value is the middle of the subtree
• it contains a reference to a “left half”
• and a “right half” .......... a naturally recursive structure ;)

• what about when we reach the “ends” of the tree?
• no more left/right halves...  call these “leaves”
• use “null” to say “no more subtrees” or branches

• “middle nodes” — sometimes called branches

Kind of Binary T ree:  “binary search tree”

“binary search tree” is a very clever way to organize your data
we can use it to do a binary search:

binSearch( node, searchKey )
if( node == null ) return null;
else if( node.value < searchKey )

return binSearch( node.right, searchKey )
else

return binSearch( node.left, searchKey )

binary search trees:  recursive!  always cutting our work in half!

• doubly-linked list contains same amount of info for each
object (left obj, right obj), but we can’t binary search it!

• binary search treesmust have the followingorder properties:
• left child <= ‘self’ < right child
• all left children <= ‘self’ < all right children

• as well, they must be organized as a tree for efficient searching
• eg: a tree has degenerated to a list if all its “left” references

are null

• ideally, binary search trees should be:
• minimum depth has minimum number of levels
• balanced similar size on left and right halves

• if these aren’t true, the tree will be less efficient
• extra levels means “one extra search step”
• unbalanced means we aren’t cutting our work in half

(remember when quicksort was not balanced?  O(N^2))

• if the binary search tree is “ideal”, searches are O(log N)
• like array binary search, each step halves the candidates
• else, searches may be O( N ) (in worst case)

• the example above, the binary tree is alsofull
• adding one extra element to the tree forces us to use one

more level
• for n levels, there are 2n-1 elements in a full tree

• if we insert or delete a new item in the tree
• if binary search tree, must preserveordering property
• try to preserve the “balance” and “minimum depth”
• there are fancy insert, delete tricks to do this
• think about how you might do this...

Another Binary Tree:  “expression tree”
• given an equation, eg:  1 + ( 2 - 3 ) * 4 ^ 5
• how do you read this into a program?
• how do you store it?  evaluate it?

Example

• ( 8 - 3 ) * ( 3 ^ 2 / 2 ) = (5)*(9/2) = 5*4.5 = 22.5

Notice

• not necessarily minimum, full, or balanced!
• the “leaf nodes” are always numbers
• the “branch nodes” are always operators
• each subtree evaluates to a value before it is included in parent

*

- /

^ 28 3

3 2

Building a Calculator
Construct a program to read an expression like this:

( 8 - 3 ) * ( 3 ^ 2 / 2 )
and compute the answer.

Reading the Equation

• want to read in the equation, build the expression tree
• read one “element” at a time:  (  then 8  then - then 3 ...
• respect order-of-operations
• as we scan the equation, we will place “seen items” on a stack
• use 2 stacks:  one for “numbers” one for “operators”

Example 1

1 + 2 - 3
• see 1, push 1 on number stack
• see +, push + on operator stack
• see 2, push 2 on operator stack
• see -, same precedence as +, we can now legally do 1 + 2

• pop 2, 1 from number stack
• pop + from operator stack
• combine, or “bind” them to a small tree
• push the “tree” as a single “number” on the number stack
• push the - on the operator stack

• see 3, push 3 on number stack
• no more input, “bind” - on opr stack to values in num stack

+
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Example 2

1 + 2 * 3
• see 1, push 1 on number stack
• see +, push + on operator stack
• see 2, push 2 on operator stack
• see *, higher precedence than +, cannot add yet!
• see 3, push 3 on number stack
• no more input

• “bind” operators on operator stack to values in num stack
• pop 3 and 2 off number stack
• pop * off operator stack
• “bind” 2 * 3 to result in a small tree

• push the small tree 2 * 3 on number stack
• pop 2*3 and 1 off number stack
• pop + off operator stack
• bind 1 + 2*3 to result in a bigger tree

*

32

*

32

+
1

General Case:  Shunting Yard Algorithm

1 + 2 * 3 - ( 4 - 5 ^ ( 6 ) )
Scan the equation left-to-right, for each element:
• if a number, push it on number stack
• if an operator, compare priority with one on top of stack

• WHILE the top-of-stack operator is same or higher priority
• stack operator should be done first
• “bind” top 2 values in number stack to operator on stack
• push the tree back on number stack
• go to top of while, repeat as necessary

• now stack operator is lower priority than new operator
• push new operator on the operator stack

• if no more input
• operators and numbers remain on stacks
• top of operator stack has highest priority, bottom operator

has lowest priority
• while operator stack is not empty

• bind top operator to top 2 numbers
• replace top 2 numbers with one resulting tree

• what about parentheses ?
• relatively easy to handle...

• ( has lowest priority, put on stack as a marker
• ) has highest priority

• when seen, bind everything on stack up to matching (
• this replaces entire ( ... ) expression with a tree (treated as a

single number on the number stack)

• easy way to handle “no more input” case
• place ( ... )  around entire equation
• when last ) is seen, everything up to opening ( is bound, i.e.

the whole equation

Algorithm and Pr ogram Notes

• need to know if one operator has higher priority than another
• write your own “priority” method

• cannot handle leading “-” sign for unary minus
• pretend the “-” is part of the number, e.g.  “-1”
• use spaces to separate all numbers and operators

• store numbers and operators as a string
• convert to actual values at “last minute” as needed

• must put elements in
• linked list (for a stack)
• a binary tree (for expression tree)
• need:  next, left, right references

• stack uses next reference
• binary expression tree uses left, right references

Traversing a Tree

• 1 way to “walk” or traverse a linked list (visit all elements)
• follow next!

• 3 ways to “walk a tree”
• in order, preorder, postorder!

• in order
• self is in middle
• visit left, then self, then right
• seetoInf ixString()  method in code
• this is the approach taken to print an expression tree as

a “normal” equation (must add parentheses to enforce
proper ordering)

• preorder
• self is first
• visit self, then left, then right
• seetoPref ixString()  method in code
• this is the order taken during a binary search (though

you usually take only the left or the right branch, not
both)

• postorder
• self is last
• visit left, then right, then self
• seetoPostf ixString()  method in code
• this is the approach taken to evaluate an expression

tree (you must evaluate the left and right sides before
combining them)

• left and right visits are actually recursive calls

SeeCalc.java  source code!
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 e
va

l(
)

  
  
{

  
  
  
  
d

o
u

b
le

 a
n

sw
e

r;
  
  
  
  
if(

 le
ft
 =

=
 n

u
ll 

&
&

 r
ig

h
t 
=

=
 n

u
ll 

) 
{

  
  
  
  
  
  
//
 n

o
 c

h
ild

re
n

, 
m

u
st

 b
e

 a
 n

u
m

b
e

r
  
  
  
  
  
  
//
 c

o
n

ve
rt

 ’v
a

l’ 
to

 a
 d

o
u

b
le

  
  
  
  
  
  
tr

y 
{

  
  
  
  
  
  
  
  
a

n
sw

e
r 

=
 D

o
u

b
le

.v
a

lu
e

O
f(

va
l)
.d

o
u

b
le

V
a

lu
e

()
;

  
  
  
  
  
  
} 

ca
tc

h
( 

N
u

m
b

e
rF

o
rm

a
tE

xc
e

p
tio

n
 e

 )
 {

  
  
  
  
  
  
  
  
a

n
sw

e
r 

=
 0

.0
;

  
  
  
  
  
  
}

  
  
  
  
  
  
re

tu
rn

 a
n

sw
e

r;
  
  
  
  
} 

e
ls

e
 {

  
  
  
  
  
  
//
 h

a
s 

ch
ild

re
n

, 
m

u
st

 b
e

 a
n

 o
p

e
ra

to
r

  
  
  
  
  
  
d

o
u

b
le

 le
ft
V

a
lu

e
  
=

 le
ft
.e

va
l(
);

  
  
  
  
  
  
d

o
u

b
le

 r
ig

h
tV

a
lu

e
 =

 r
ig

h
t.
e

va
l(
);

  
  
  
  
  
  
a

n
sw

e
r 

=
 o

p
e

ra
te

( 
le

ft
V

a
lu

e
, 
ri
g

h
tV

a
lu

e
 )

;
  
  
  
  
  
  
re

tu
rn

 a
n

sw
e

r;
  
  
  
  
}

  
  
}

} 
//
 E

n
d

 o
f 
"c

la
ss

 E
le

m
"
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//
 Y

o
u

’v
e

 a
ll 

se
e

n
 s

ta
ck

 c
o

d
e

 b
e

fo
re

 r
ig

h
t?

//
 T

h
is

 im
p

le
m

e
n

ta
tio

n
 is

 b
a

se
d

 o
n

 li
n

ke
d

 li
st

s.
//
 W

e
ll 

ke
e

p
 t
ra

ck
 o

f 
th

e
 t
o

p
 o

f 
th

e
 s

ta
ck

 w
ith

 a
//
 t
o

p
P

tr
 r

e
fe

re
n

ce
.

cl
a

ss
 S

ta
ck

{   
  
E

le
m

 t
o

p
P

tr
;

  
  
p

u
b

lic
 S

ta
ck

()
  
  
{

  
  
  
  
to

p
P

tr
 =

 n
u

ll;
  
  
}

  
  
p

u
b

lic
 v

o
id

 p
u

sh
( 

E
le

m
 e

 )
  
  
{

  
  
  
  
e

.n
e

xt
 =

 t
o

p
P

tr
;

  
  
  
  
to

p
P

tr
 =

 e
;

  
  
}

  
  
p

u
b

lic
 E

le
m

 p
o

p
()

  
  
{

  
  
  
  
E

le
m

 e
 =

 t
o

p
P

tr
;

  
  
  
  
if(

 t
o

p
P

tr
 !
=

 n
u

ll 
)

  
  
  
  
  
  
to

p
P

tr
 =

 t
o

p
P

tr
.n

e
xt

;
  
  
  
  
re

tu
rn

 e
;

  
  
}

  
  
p

u
b

lic
 E

le
m

 p
e

e
k(

)
  
  
{

  
  
  
  
re

tu
rn

 t
o

p
P

tr
;

  
  
}

  
  
p

u
b

lic
 b

o
o

le
a

n
 is

E
m

p
ty

()
 {

  
  
  
  
re

tu
rn

 t
o

p
P

tr
 =

=
 n

u
ll;

  
  
}

} 
//
 E

n
d

 o
f 
"c

la
ss

 S
ta

ck
"

p
u

b
lic

 c
la

ss
 C

a
lc

{   
  
p

u
b

lic
 s

ta
tic

 S
ta

ck
 o

p
rS

ta
ck

;
  
  
p

u
b

lic
 s

ta
tic

 S
ta

ck
 n

u
m

S
ta

ck
;

  
  
//
 g

iv
e

 t
h

e
 p

ri
o

ri
ty

 o
f 
th

e
 o

p
e

ra
to

r.
  
h

ig
h

e
r 

n
u

m
b

e
r 

=
 h

ig
h

e
r 

p
ri
o

ri
ty

,
  
  
//
 w

h
ic

h
 is

 m
o

re
 t
ig

h
tly

 b
in

d
in

g
.

  
  
p

u
b

lic
 s

ta
tic

 in
t 
p

ri
o

ri
ty

( 
S

tr
in

g
 o

p
r 

) 
{

  
  
  
  
if(

 o
p

r.
e

q
u

a
ls

("
^"

) 
)

  
  
  
  
  
  
re

tu
rn

 3
;

  
  
  
  
e

ls
e

 if
( 

o
p

r.
e

q
u

a
ls

("
*"

) 
|| 

o
p

r.
e

q
u

a
ls

("
/"

) 
)

  
  
  
  
  
  
re

tu
rn

 2
;

  
  
  
  
e

ls
e

 if
( 

o
p

r.
e

q
u

a
ls

("
+

")
 |
| 
o

p
r.

e
q

u
a

ls
("

−
")

 )
  
  
  
  
  
  
re

tu
rn

 1
;

  
  
  
  
e

ls
e

 /
/ 
d

o
n

’t 
kn

o
w

 w
h

a
t 
it 

is
, 
lo

w
e

st
 b

in
d

in
g

 p
ri
o

ri
ty

  
  
  
  
  
  
re

tu
rn

 0
;

  
  
}

  
  
//
 b

re
a

k 
u

p
 t
h

e
 e

q
u

a
tio

n
 in

to
 t
w

o
 p

ie
ce

s:
  
th

e
 f
ir
st

 e
le

m
e

n
t 
(w

o
rd

)
  
  
//
 a

n
d

 t
h

e
 "

re
st

" 
o

f 
th

e
 e

q
u

a
tio

n
 a

ft
e

r 
th

e
 f
ir
st

 w
o

rd
 is

 r
e

m
o

ve
d

.
  
  
//
 w

e
’ll

 a
ss

u
m

e
 s

p
a

ce
s 

se
p

a
ra

te
 *

a
ll*

 o
f 
th

e
 t
e

rm
s 

a
n

d
 o

p
e

ra
to

rs
 in

  
  
//
 a

n
 e

q
u

a
tio

n

  
  
p

u
b

lic
 s

ta
tic

 E
le

m
 g

e
tF

ir
st

E
le

m
( 

S
tr

in
g

 e
q

u
a

tio
n

 )
  
  
{

  
  
  
  
in

t 
i =

 e
q

u
a

tio
n

.in
d

e
xO

f(
" 

")
;

  
  
  
  
S

tr
in

g
 f
ir
st

P
a

rt
;

  
  
  
  
if(

 i 
>

 0
 )

  
  
  
  
  
  
fir

st
P

a
rt

 =
 e

q
u

a
tio

n
.s

u
b

st
ri
n

g
(0

,i+
1

).
tr

im
()

;
  
  
  
  
e

ls
e

  
  
  
  
  
  
fir

st
P

a
rt

 =
 e

q
u

a
tio

n
;

  
  
  
  
re

tu
rn

 n
e

w
 E

le
m

( 
fir

st
P

a
rt

 )
;

  
  
}

  
  
p

u
b

lic
 s

ta
tic

 S
tr

in
g

 r
e

m
o

ve
F

ir
st

W
o

rd
( 

S
tr

in
g

 e
q

u
a

tio
n

 )
  
  
{

  
  
  
  
in

t 
i =

 e
q

u
a

tio
n

.in
d

e
xO

f(
" 

")
;

  
  
  
  
if(

 i 
>

 0
 )

  
  
  
  
  
  
re

tu
rn

 e
q

u
a

tio
n

.s
u

b
st

ri
n

g
(i
+

1
).

tr
im

()
;

  
  
  
  
e

ls
e

  
  
  
  
  
  
re

tu
rn

 "
";

  
  
}

  
  
//
 t
a

ke
 t
h

e
 t
o

p
 o

p
e

ra
to

r 
o

ff
 t
h

e
 o

p
r 

st
a

ck
  
  
//
 t
a

ke
 it

s 
tw

o
 a

rg
u

m
e

n
ts

 o
ff
 t
h

e
 n

u
m

b
e

r 
st

a
ck

  
  
//
 b

in
d

 t
h

e
m

 t
o

g
e

th
e

r 
in

to
 a

 t
re

e
  
  
//
 s

a
ve

 t
h

e
 t
re

e
 b

a
ck

 o
n

 t
h

e
 n

u
m

b
e

r 
st

a
ck

  
  
p

u
b

lic
 s

ta
tic

 v
o

id
 b

in
d

T
o

p
O

p
r(

)
  
  
{

  
  
  
  
if(

 !
o

p
rS

ta
ck

.is
E

m
p

ty
()

 )
 {

  
  
  
  
  
  
E

le
m

 s
u

b
E

xp
r 

 =
 o

p
rS

ta
ck

.p
o

p
()

;
  
  
  
  
  
  
su

b
E

xp
r.

ri
g

h
t 
=

 n
u

m
S

ta
ck

.p
o

p
()

;
  
  
  
  
  
  
su

b
E

xp
r.

le
ft
  
=

 n
u

m
S

ta
ck

.p
o

p
()

;
  
  
  
  
  
  
n

u
m

S
ta

ck
.p

u
sh

( 
su

b
E

xp
r 

);
  
  
  
  
}

  
  
}

  
  
//
 w

e
 p

re
vi

o
u

sl
y 

st
a

ck
e

d
 a

 "
("

 o
n

 o
p

rS
ta

ck
, 
a

n
d

  
  
//
 w

e
 ju

st
 s

a
w

 a
 "

)"
 in

 t
h

e
 e

q
u

a
tio

n
 in

p
u

t.
  
  
//
 b

in
d

 e
ve

ry
th

in
g

 f
ro

m
 o

p
e

n
in

g
 "

("
 t
o

 m
a

tc
h

in
g

 "
)"

 in
 a

 t
re

e
,

  
  
//
 a

n
d

 t
h

e
n

 p
u

t 
th

is
 t
re

e
 b

a
ck

 o
n

 t
h

e
 n

u
m

S
ta

ck
  
  
//
 r

e
tu

rn
 e

a
rl
y 

if 
th

e
re

 is
 a

n
 e

rr
o

r.
  
  
p

u
b

lic
 s

ta
tic

 v
o

id
 d

o
B

ra
ck

e
ts

()
  
  
{

  
  
  
  
w

h
ile

( 
tr

u
e

 )
 {

  
  
  
  
  
  
E

le
m

 o
p

r 
=

 o
p

rS
ta

ck
.p

e
e

k(
);
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if(

 o
p

r 
=

=
 n

u
ll 

) 
{

  
  
  
  
  
  
  
  
//
 o

o
p

s,
 w

e
 r

a
n

 o
u

t 
o

f 
e

q
u

a
tio

n
 t
e

rm
s 

a
n

d
 d

id
n

’t 
fin

d
 m

a
tc

h
in

g
 "

("
  
  
  
  
  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"E
rr

o
r,

 m
is

si
n

g
 (

")
;

  
  
  
  
  
  
  
  
re

tu
rn

; 
 /
/ 
th

e
re

 w
a

s 
a

n
 e

rr
o

r,
 q

u
it 

e
a

rl
y

  
  
  
  
  
  
} 

e
ls

e
 if

( 
o

p
r.

va
l.e

q
u

a
ls

("
("

) 
) 

{
  
  
  
  
  
  
  
  
//
 r

e
m

o
ve

 "
("

 f
ro

m
 o

p
rS

ta
ck

, 
its

 n
o

 lo
n

g
e

r 
n

e
e

d
e

d
  
  
  
  
  
  
  
  
o

p
rS

ta
ck

.p
o

p
()

;
  
  
  
  
  
  
  
  
re

tu
rn

; 
 /
/ 
th

e
re

 w
a

s 
n

o
 e

rr
o

r,
 n

o
rm

a
l q

u
it

  
  
  
  
  
  
} 

e
ls

e
 {

  
  
  
  
  
  
  
  
//
 c

o
lla

p
se

 t
o

p
 2

 s
u

b
tr

e
e

s 
o

n
 n

u
m

S
ta

ck
 a

n
d

 t
o

p
 o

p
e

ra
to

r
  
  
  
  
  
  
  
  
//
 p

la
ce

s 
re

su
lti

n
g

 t
re

e
 b

a
ck

 o
n

 n
u

m
S

ta
ck

  
  
  
  
  
  
  
  
b

in
d

T
o

p
O

p
r(

);
  
  
  
  
  
  
}

  
  
  
  
}

  
  
}

  
  
//
 s

to
re

 t
h

e
 n

e
w

 o
p

e
ra

to
r 

’o
p

r’
 o

n
 t
h

e
 s

ta
ck

 b
e

ca
u

se
 w

e
 h

a
ve

n
’t 

se
e

n
 it

s
  
  
//
 r

ig
h

t−
h

a
n

d
 a

rg
u

m
e

n
t 
ye

t.
  
b

e
fo

re
 w

e
 d

o
 t
h

a
t 
h

o
w

e
ve

r,
 w

e
 m

u
st

 c
h

e
ck

 if
  
  
//
 t
h

e
 p

re
vi

o
u

s 
o

p
e

ra
to

r 
w

a
s 

h
ig

h
e

r 
p

ri
o

ri
ty

; 
if 

so
, 
it 

m
u

st
 b

in
d

 t
o

 it
s

  
  
//
 t
w

o
 a

rg
u

m
e

n
ts

 n
o

w
.

  
  
p

u
b

lic
 s

ta
tic

 v
o

id
 p

u
sh

N
e

w
O

p
r(

 E
le

m
 o

p
r 

)
  
  
{

  
  
  
  
E

le
m

 p
re

vO
p

r 
=

 o
p

rS
ta

ck
.p

e
e

k(
);

  
  
  
  
w

h
ile

( 
p

re
vO

p
r 

!=
 n

u
ll

  
  
  
  
  
  
  
 &

&
 p

ri
o

ri
ty

(p
re

vO
p

r.
va

l)
 >

=
 p

ri
o

ri
ty

(o
p

r.
va

l)
 )

  
  
  
  
{

  
  
  
  
  
  
//
 if

 p
re

v 
o

p
r 

w
a

s 
h

ig
h

e
r 

p
ri
o

ri
ty

 t
h

a
n

 t
h

is
 o

n
e

,
  
  
  
  
  
  
//
 c

o
lla

p
se

 t
h

e
 p

re
vi

o
u

s 
e

xp
re

ss
io

n
 in

to
 a

 t
re

e
  
  
  
  
  
  
b

in
d

T
o

p
O

p
r(

);
  
  
  
  
  
  
p

re
vO

p
r 

=
 o

p
rS

ta
ck

.p
e

e
k(

);
  
  
  
  
}

  
  
  
  
//
 n

o
w

 p
u

sh
 o

u
r 

cu
rr

e
n

t 
o

p
e

ra
to

r 
o

n
 t
h

e
 o

p
rS

ta
ck

  
  
  
  
o

p
rS

ta
ck

.p
u

sh
( 

o
p

r 
);

  
  
}

  
  
//
 p

a
rs

e
 e

q
u

a
tio

n
, 
o

n
e

 t
e

rm
 a

t 
a

 t
im

e
. 
 (

re
a

d
 c

o
m

m
e

n
t 
a

t 
th

e
 t
o

p
 o

f 
th

is
  
  
//
 f
ile

 t
o

 s
e

e
 w

h
a

t 
th

e
 in

p
u

t 
lo

o
ks

 li
ke

).
  
th

e
 t
e

rm
s 

g
e

t 
p

u
sh

e
d

 o
n

 s
ta

ck
s

  
  
//
 a

n
d

 "
b

in
d

in
g

" 
is

 d
o

n
e

 w
h

e
n

 w
e

 c
a

n
 c

o
lla

p
se

 a
 s

u
b

e
xp

re
ss

io
n

 d
o

w
n

 in
to

 a
  
  
//
 t
re

e
.

  
  
p

u
b

lic
 s

ta
tic

 v
o

id
 p

a
rs

e
E

q
u

a
tio

n
( 

S
tr

in
g

 e
q

u
a

tio
n

 )
  
  
{

  
  
  
  
//
 s

ta
rt

 e
q

u
a

tio
n

 w
ith

 a
n

 e
xt

ra
 "

("
  
  
  
  
o

p
rS

ta
ck

.p
u

sh
( 

n
e

w
 E

le
m

("
("

) 
);

  
  
  
  
w

h
ile

( 
! 
e

q
u

a
tio

n
.e

q
u

a
ls

( 
""

 )
 )

 {
  
  
  
  
  
  
E

le
m

 f
ir
st

P
a

rt
 =

 g
e

tF
ir
st

E
le

m
( 

e
q

u
a

tio
n

 )
;

  
  
  
  
  
  
e

q
u

a
tio

n
 =

 r
e

m
o

ve
F

ir
st

W
o

rd
( 

e
q

u
a

tio
n

 )
;

  
  
  
  
  
  
if(

 f
ir
st

P
a

rt
.v

a
l.e

q
u

a
ls

("
)"

) 
) 

{
  
  
  
  
  
  
  
  
//
 p

o
p

 e
ve

ry
in

g
 u

n
til

 t
h

e
 p

re
vi

o
u

s 
( 

o
n

 t
h

e
 s

ta
ck

  
  
  
  
  
  
  
  
d

o
B

ra
ck

e
ts

()
;

  
  
  
  
  
  
} 

e
ls

e
 if

( 
p

ri
o

ri
ty

(f
ir
st

P
a

rt
.v

a
l)
 >

 0
 )

 {
  
  
  
  
  
  
  
  
//
 o

n
e

 o
f:
  
 ^

 *
 /
 +

 −
  
  
  
  
  
  
  
  
p

u
sh

N
e

w
O

p
r(

 f
ir
st

P
a

rt
 )

;
  
  
  
  
  
  
} 

e
ls

e
 if

( 
fir

st
P

a
rt

.v
a

l.e
q

u
a

ls
("

("
) 

) 
{

  
  
  
  
  
  
  
  
//
 d

o
n

’t 
e

va
lu

a
te

 p
re

v 
o

p
r 

ye
t,
 w

a
it 

til
l )

 is
 s

e
e

n
  
  
  
  
  
  
  
  
o

p
rS

ta
ck

.p
u

sh
( 

fir
st

P
a

rt
 )

;
  
  
  
  
  
  
} 

e
ls

e
 {

  
  
  
  
  
  
  
  
/*

 h
a

ve
 a

 n
u

m
b

e
r 

*/
  
  
  
  
  
  
  
  
n

u
m

S
ta

ck
.p

u
sh

( 
fir

st
P

a
rt

 )
;

  
  
  
  
  
  
}

  
  
  
  
}

  
  
  
  
//
 e

n
d

 e
q

u
a

tio
n

 w
ith

 a
n

 e
xt

ra
 "

)"

  
  
  
  
//
 t
h

is
 a

u
to

m
a

tic
a

lly
 d

o
e

s 
fin

a
l c

le
a

n
u

p
 f
o

r 
u

s 
:−

)
  
  
  
  
d

o
B

ra
ck

e
ts

()
;

  
  
}

  
  
//
 p

ri
n

t 
th

e
 e

q
u

a
tio

n
, 
a

s 
st

o
re

d
 in

 t
h

e
 t
re

e
, 
3

 d
iff

e
re

n
t 
w

a
ys

.
  
  
//
 e

va
lu

a
te

 t
h

e
 e

q
u

a
tio

n
 a

n
d

 p
ri
n

t 
th

e
 a

n
sw

e
r.

  
  
p

u
b

lic
 s

ta
tic

 v
o

id
 p

ri
n

tR
e

su
lt(

)
  
  
{

  
  
  
  
E

le
m

 e
q

n
 =

 n
u

m
S

ta
ck

.p
o

p
()

;

  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"P
ri
n

tin
g

 in
fix

 v
e

rs
io

n
:"

  
  
);

  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"\
t"

 +
 e

q
n

.t
o

In
fix

S
tr

in
g

()
  
 )

;

  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"P
ri
n

tin
g

 p
re

fix
 v

e
rs

io
n

:"
  
 )

;
  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"\
t"

 +
 e

q
n

.t
o

P
re

fix
S

tr
in

g
()

  
);

  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"P
ri
n

tin
g

 p
o

st
fix

 v
e

rs
io

n
:"

  
);

  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"\
t"

 +
 e

q
n

.t
o

P
o

st
fix

S
tr

in
g

()
 )

;

  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"E
va

lu
a

tin
g

 e
xp

re
ss

io
n

:"
  
  
 )

;
  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
( 

"\
t"

 +
 e

q
n

.e
va

l(
) 

  
  
  
  
  
 )

;

  
  
  
  
//
 s

o
m

e
tim

e
s 

e
rr

o
rs

 le
a

ve
 t
h

in
g

s 
o

n
 t
h

e
 s

ta
ck

s,
  
  
  
  
//
 s

o
 t
h

is
 f
o

rc
e

s 
th

e
 s

ta
ck

s 
to

 b
e

 e
m

p
tie

d
.

  
  
  
  
w

h
ile

( 
! 
n

u
m

S
ta

ck
.is

E
m

p
ty

()
 )

  
  
  
  
  
  
n

u
m

S
ta

ck
.p

o
p

()
;

  
  
  
  
w

h
ile

( 
! 
o

p
rS

ta
ck

.is
E

m
p

ty
()

 )
  
  
  
  
  
  
o

p
rS

ta
ck

.p
o

p
()

;
  
  
}

  
  
//
 r

e
p

e
a

te
d

ly
 a

sk
 f
o

r 
a

 n
e

w
 e

q
u

a
tio

n
, 
e

va
lu

a
te

 it
, 
p

ri
n

t 
a

n
sw

e
r.

  
  
//
 s

to
p

 w
h

e
n

 t
h

e
 e

q
u

a
tio

n
 in

p
u

t 
is

 e
m

p
ty

.
  
  
p

u
b

lic
 s

ta
tic

 v
o

id
 m

a
in

( 
S

tr
in

g
[]
 a

rg
s 

)
  
  
{

  
  
  
  
S

tr
in

g
 in

p
u

t;
  
  
  
  
S

tr
in

g
 o

u
tp

u
t;

  
  
  
  
n

u
m

S
ta

ck
 =

 n
e

w
 S

ta
ck

()
;

  
  
  
  
o

p
rS

ta
ck

 =
 n

e
w

 S
ta

ck
()

;

  
  
  
  
w

h
ile

( 
tr

u
e

 )
 {

  
  
  
  
  
  
//
 a

sk
 t
h

e
 u

se
r 

fo
r 

a
n

 e
q

u
a

tio
n

  
  
  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

t(
"\

n
E

n
te

r 
e

q
u

a
tio

n
:\
n

\t
")

;
  
  
  
  
  
  
in

p
u

t 
=

 S
td

in
.g

e
tS

tr
in

g
()

;

  
  
  
  
  
  
in

p
u

t 
=

 in
p

u
t.
tr

im
()

; 
  
  
  
 /
/ 
re

m
o

ve
 w

h
ite

sp
a

ce
 b

e
fo

re
 a

n
d

 a
ft
e

r
  
  
  
  
  
  
if(

 in
p

u
t.
e

q
u

a
ls

("
")

 )
  
  
  
  
  
  
  
  
b

re
a

k;

  
  
  
  
  
  
p

a
rs

e
E

q
u

a
tio

n
( 

in
p

u
t 
);

  
  
  
  
  
  
p

ri
n

tR
e

su
lt(

);
  
  
  
  
}

  
  
  
  
S

ys
te

m
.o

u
t.
p

ri
n

tln
("

D
o

n
e

."
);

  
  
}

} 
//
 E

n
d

 o
f 
"c

la
ss

 C
a

lc
"


