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ABSTRACT 
A new 3D-ob'ect recognition technique under development at the 
Universit of +orinto is based on a pre-marking scheme. One of the 
main proglems to be solved for the im lementation of the proposed 
technique, is the accurate estimation opthe five basic parameters of 
an elli tical sha based on its edge-point data. To achieve the 
desimfdegree o!%ccuracy, a new error function is pro osed in this 

on a comparative study, an og'ective and 
Pngkndent measureror "goodness" of fit is pro sed. Tie  proposed 
new error function and two other previously g e l o p e d  error func- 
tions were a plied to six different situations. The results of the com- 
parative stufy show that when all the edge points are used for the fit. 
the performance of the proposed error function is better than the other 
two. 

1. Introduction 
Flexibility of robotic workcells can be significantly increased 

through the integration of visual sensors, reducing the need for spe- 
cial, and often complex, toolin A research program currently 
underway at the University of joronto focuses on developing an 
efficient and flexible 3D object-recognition method for vision-based 
robotic assembly. The main incentives in pursuing this research are 
the lack of generalized computer-vision theories applicable to robotic 
vision, and the inefficienc and inflexibility of existing 3D object- 
recognition methods for indIustrial environments [l]. 

Object recognition for assembly requires the identification of 
workpieces or sub-assemblies, determination of their locations (posi- 
tion and orientation), and extraction of their salient features for visual 
servoing. Volumetric methods based on the exact specification of an 
object, and, mgti-view feature, representations based either on the 
charactenshc views of an Object or on the discrete view-sphere 
representation have been developed [2]. However, these techniques 
are complex and computational1 expensive due to their need for a 
3D matching process. A new 3D-object recognition techni ue is 
based on a pre-marking scheme, as a consequence of Whig the 
matching process can be performed in 2D space. 

In the proposed 3D-object-reco nition technique, an object is 
modeled using only a small number o82D distinct perspective views, 
standard-views", each with a corres nding standard-view-axis. 

For successful recognition purposes, tc input image of an object 
should be one of its standard perspective views. Thus, a mobile cam- 
era is used, such that the camera's optical axis can be aligned with 
one of the standard-view-axes of the object in order to acquire a 
standard-view. Then, the matching rocess is performed between the 
acquired 2D standard-view of the ol$ect under consideration and the 
library of 2D standard-views of a set of objects. 

To enable the vision system to ac uire standard-views, the 
standard-view-axes must be pre-defined. ?his can be accomplished 
b defining a local surface normal for each distinct view of an object. 
d e s e  local surface normals can be defined by adding non-functional 
features to an ob'ect referably during the manufacturing process. 
This process is red&?to as pre-marking. Thus, in the context of the 
proposed object-recognition method, pre-marking is used for defining 
Ocal surface normals and the corresponding standard-view-axes. 

Several mathematical algorithms for extracting 3D location 
from the marker's image have already been developed based on 
markers having circular eometry [3,4,5]. However, to implement 
these,algorithms, the five tasic arameters of an ellipse, (the perspec- 
tive image of a circular marier), have to be accurately known, 
namely: the center location, length of minor and major radii, and 
orientation. This estimation is also required for the alignment of the 
camera's optical axis with the surface normal [4]. 

a r Also to ca 

In the proposed 3-D object recognition scheme, both accurate 
camera calibration and camera-robot calibration are essential. To 
im lement these calibration procedures [6,7], estimation of the 
cal!bration-point coordinates in the computer-image frame is required 
with a high degree of accuracy. In this. work,.the centers of a, set of 
circles are used define the cahbranon points. Thus, again, the 
problem of estimating two parameters of an elliptical shape, namely 
the ellipse center coordinates, arises. 

In this paper, first, $e main sources of emors that cause distor- 
tion in the shape of an ell1 e are presented and methods for compen- 
sation of these distortion %tors are formulated (section 2). In sec- 
tion 3, a method for estimation of ellipse center coordinates is pro- 
posed; a new method for the determination of an optimal elliptical fit 
to a set of input-edge-points, is presented; a new error function, based 
on a new geometrical interpretation of an existing error function, for 
estimation of all five parameters of an,eLlipse, is defined; and an 
objective and independent measure for oodness" of various fits is 
defined. In section 4. the results of impyementin the o timization 
process using various error functions and anafyses of the data 
obtained, are presented. The conclusion is given in the final section. 

2. Main Factors Leading to Distortion of 2D Shapes 
Given a grey-level image of an elli se, it is required to estimate 

accurately its five basic parameters. '&e typical level of accuracy 
desired is 0.01 mm (in about 30 cm) (1) for esti.mation of $e surface 
normal; (2) for the alignment of the camera o tical axis with the sur- 
face normal; (3) for camera calibration; and ($ for camera-robot cali- 
bration. A better understanding of this level of accuracy can be 
achieved by considering it in terms of pixels. Thus, in our situation 
for a 9.4x12.6 inch field of view, each pixel in a 640x480 computer 
image frame would correspond approximately to 0.5 mm. Thus, 0.01 
mm would correspond approximately to 0.02 pixels. 

In general, the ima e of a nominal elliptical shape acquired by a 
CCD camera is distortefby several factors. Thus, it must go through 
several compensation processes in order to obtain an accurate estima- 
tion of the elli se's parameters. This sequential compensation pro- 
cedure is as folkws: 
(a) Subpixel-ed e detection: From a grey-level image of an elli se 
and all the avaifable information it contains, one must detect its exge 
with subpixel accuracy. Note that in practice one is faced with sha- 
dows around the edge of an ellipse in the image; thus it is impossible 
to identify edge points precisely by mere thresholding. Thus, a new 
sub-pixel edge detector based on the principle of the sample- 
moment-preserving transform (SMFT) was developed for accurate 
edge detection [8]. 
(b) Transformation of computer-image coordinates to real image 
coordinates: Computer-image coordinates are expressed in terms of 
pixel units. Our goal is to define the edge points in terms of absolute 
ength units (in mm), and also to compensate for the timing 

mismatches which occur between image-acquisition hardware and 
camera scanning hardware (or even imprecision in the timing of the 
TV scan itself). For an uncertainty.facjor S,,. used to represent the 
mismatch, the following transformation is applied [6]:  

yd = dy (yf - cy) , 
where, (Xd, Y,) is the (lens-) distorted real ima e coordinate, (X , Y f )  
is the computer-image coordinate with subpixef accuracy, (C,, by) is 
the computer-image coordinate of the center of the computer frame 
memory, Sx is the uncertainty image scale factor, and d is the 
center-to-center distance between adjacent CCD sensor eleAents in 
the Y direction. Furthermore, d i  is defined as, 
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NCX 
d: = d, - 

N h  
where, d, is the centeLio-center distance between ad'acent CCD sen- 
sor elements in the X direction, N,, is the number oflsensor elements 
in the X direction, and N f i  is the number of pixels in a line as sam- 
pled by the computer. S C and C are estimated by accurate cam- 
era calibration, and "he"' value: for the other arameters 
(d d N and N f i )  are supplied by manufacturers of C& cameras 
an i  d&tigr boards. 
(c) Lens radial distortion: The transformation between undistorted 
true-image coordinates (Xu, Yu),  and distorted real-image coordinates 
(&, Yd) C a n  be defined aS [6], 

xu = x d  (1 +K r') 
Yu = Y,  (1 + K r') 

K = radial distortion factor 
r = I/-. 

where, 

The K factor is determined through accurate camera calibration. 
(d) Interpolation: Based on a set of true image coordinates (Xu, Yn) ,  
one must estimate the five parameters of the imaged ellipse. ?e 
main body of this paper addresses this problem. In the next section 
this problem is stated m detail. 

In the following section (section 3). the interpolation issue is 
addressed. Therein, a new error function is formulated for the 
optimal estimation of the five ellipse parameters. Furthermore, based 
on an objective rrformance measure developed here, this error func- 
tion is compare to other error functions previously developed (sec- 
tion 4). 

3. Elliptical-Shape Parameter Estimation 
3.1 Problem Statement 

As noted earlier, the need for the accurate estimation of the 
basic parameters of an elliptical shape arises in various machine- 
vision-related problems. In this section, we briefly review techni ues 
which have been pro sed by various research groups, and formaate 
the problem to be adgssed  in this paper. 

One method for dealing w i p  this estimation problem is based 
on the use of optimization techniques. From a purely mathemancal 
point of view, the problem of fitting a conic or a conic section to a set 
of data has been addressed in various .apers [9,1.0]. The same prob- 
lem is also addressed in the ap lied eterature: in dentistry,,for the 
estimation of dental arch form f i l l ,  in biology, for automanc chro- 
mosome analysis [12], in the quality control of manufactu.red parts, 
for the estimation of an arc center and its radius [13,14]; in vision- 
based assembly, for polygonal and elliptical approximation of 
mechanical parts [15]; in ob ect recognition, for detectin cylindrical 
parts and their orientation (161; in shape recognition, k r  detecting 
elli ses and their orientation as one of selective confirmation items 
[17$ and, in attern recognition and scene analysis, for the recon- 
struction probgm [18,19]. 

Other methods for dealing with the same problem have been 
investigated: using the Hough transformation for detection of curves 
(e.g. circles) [20]; using a modified Hough transformation for detect- 
ing ellipses [21]; by decomposing the five-dimensional Hough 
transformanon space into three sub-spaces based on the edge-vector- 
field properties of ellipses [22]; and estimating the parameters of an 
ellipse by combinin transformation, projection and optimum approx- 
imation techniques 831. 

Most of these papers are concerned more with elli se detection 
while providing only a rough estimation of parameters. go, generally 
speaking, the accuracy is not an important aspect in their 
development. Even those who actually look for accurate estimation of 
elli e parameters, confine themselves to finding the "best" fit to a 
fingset of data points. As we have shown in the last section, for 
accurate estimation of the parameters, one must consider other factors 
as well. 

It is important to emphasize that the quality of in ut data has a 
major impact on the accurate parameter estimation. N% matter how 
good the fit may be, when the accuracy of in ut data is low, accurate 
estimation of parameters is not possible. h e  problem is one of 
quantization error. This im rtant factor has been addressed in a 
number of studies [24,251. gbpixel edge detection is closely related 
to this data-accuracy problem and has been addressed in [8]. 

assufned that the input data has high 
degree of accuracy, as if It is obtamed through subpixel edge detec- 
tion and following the removal of quantization error. This assump- 
tion leads to the following definition of the problem to be solved: 

In this paper, it wi! 

"Given a set of 2D-ima e coordinates of ed e points of an elliptical 
to ietermine the best eiipse fitting those points 

its five basic parameters, namely, location: 
orientation: 0, (the angle between the 
and the X-axis of the computer-image 

frame), and shape: A, B (major and minor radii)." 

3.2 Parameter Estimation 
There are several different methods for the solution of this prob- 

lem, depending on the number of parameters that must be estimated, 
their expected level of accurac and the associated computational 
cost. In this paper, we present &e different methods, the experimen- 
tal data obtained for each, and a discussion on the comparative per- 
formance of each. 
3.2.1 Location estimation of an ellipse 

In camera calibration and camera-robot calibration, only an esti- 
mate of the center of a circular or. elliptical, shape is required. Thus, 
to estimate (XO, Y o )  accurately without estimatin other parameters, 
would be desirable. One sim le and fast metho3 is to use the first 
moments of the elli se area. ?f mk and nk are the X-coordinates of 
edge points in each torizontal line, then the center coordinates can be 
expressed as follows: 

(3) 

ssible method which one can use is an optimal 
fitting%Fa%%% curve to an elliptical sha This method is based 
on the existence of the single parameter h e l g n  common between an 
ellipse and a circle, namely, their center. To implement this method, 
one can use an analytical solution such as recently derived in [14]. 
This analytical solution is based on the optimization of an e p r  func- 
tion, defined as the difference between the constant area XR and the 
area of the circ&,2 centered at (X0,Yo)  with a radius 

3.2.2 Five-Parameter Estimation 
Estimation of the five parameters of an ellipse based on a set of 

2D coordinates, can be achieved by defining an error function and 
then minimizin it However, the accuracy and cost of the estimaIion 
process depenf on the geometrical nature of the error function, 
whether this function is linear or non-linear, as well on its form. 
(1) The Error Function J 1  and its Geometrical Nature 

[(Xi-xo)' + (Yi-Yo) I . 

Let 
Q ( X , Y ) = a X 2  + bXY + c y 2  +dX + eY + f = O  (4) 

(Xi,  Y ; )  i = 1, N (5)  
be the general equation of an ellipse. Let 

be a set of points to be fitted to an elliptical shape. Then, if one con- 
siders the value of Q ( X , Y )  at a given point (Xi, Yi) ,  the quantity 
Q ( X .  Y i )  vanishes if the point is on the ellipse, it is negative if the 
poi; is inside, and it is positive if the point is outside the ellipse. 
Accordingly, one technique to fit an elliptical shape to a given set of 
N points would be to use the least-squares error criterion which 
minimizes the following error function: 

(6) 

the objective is to determine a parameter vector 
(a ,b ,c ,d ,e , f ) .  Althou h, this error function has been used by 

different researchers, each of whom has used different constraints and 
solution methods, most have not discussed the geometrical nature of 
the optimization process based on it. An exception is Cooper and 
Yalabik [19] who discussed this as ct of the roblem while assum- 
ingfis equal to -1. As well, later, gokstein [&] discussed it for the 
general case (eq. 4). With feference to Fis. 1, he proved that 

N 

i=l 
J o  = C [ Q W i ,  Yi)  1'. 

(7) 

where (dl / 6) is the ratik of the distanies point-to-conic (PP') and 
center-to-conic (P'O') boundary along the ray PO'. Since d is a 
maximum in the direction of the ellipse s major axis, and a minimum 
in the direction of the ellipse's minor axis, it can be seen that if two 
data points are equidistant from the ellipse, but one lies along the 
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Figure 1. Distances d and d, of an ellipse. 

ma‘or axis and the other alon the minor axis, then, the contribution 
to (6) of the data point lying Jong the minor axis will be greater. 

In this paper, we analyze a solution method [18] which is based 
on the constram 1 (implying normalization with respect to j), for 
which equation (dkcomes ,  

(8) 
Using the least-squares error criterion, the error function is then 
defined as, 

(9) 

This method leads to a set of linear equations, for which the 
optimization process is non-iterative and therefore computationally 
fast. However, due to the geometrical nature of the error function, 
the contribution of data points is not uniform, a fact which affects the 
accuracy of the parameter estimates. 
(2) A New Geometrical Interpretation for J1 

It is of interest to define an error function such that the contribu- 
tion of the data points to the error function is uniform. In order to 
achieve this, first one must attempt to clarify the geometrical nature 
of the error function J1 defined in (9 and then, to normalize the con- 
tributions of data points to the error Action. 

ints, and let the optimal 
parameters ofJ  the kllipse be (A,B,~,P,  0 YO) .  Furthermore let 
(A’ ,B’ ,B,Xo,Yo)  be the aramete? of the ellipse that passes th&u h 
the data point (X .  Yi). d e  two ellipses are concentric, and have $e 
same orientation ‘(Fig. 2). An error can be now defined as the differ- 
ence between the two ellipses’ areas as, 

(10) 
In order to calculate S;,‘ first consider a line that passes through a data 

int P(Xi ,Y i )  and the center O’(X0 Y o ) ;  the intersection point of this 
c e  with the optimal elli se’ is P ’ ( X ! , q ) .  By defining 
d .  =F’O’ ,  di = P O  , and 6;  = 8 - di, the follAwlng relation can be 
obtruned, based on the similarity of two ellipses, 

e; = K (AB)  (1 - - ). (11) 

Using the definition of 6 ; ,  (11) can be re-written in the following 
form: 

Q ( X , Y )  = aX2 + bXY + c y 2  + dX + eY + 1. 

J I  = C [Q ( X i ,  Yi)  1’. 
N 

i =1 

Let (Xi ,Y.)  (i=l N )  be a set of data 

e .  - s - S! 
I -  

d f  

d f  

Comparison of the twoLrelationsl (7) h d  (12), shows that they both 
represent the same geometrical quantity,,To further clarify this issue, 

d ;  

d; 
an explicit expression for the term (1- - ) in (1 1) can be derived as 

follows, 

Y t  

0 c 
X 

Figure 2. The area difference of two concentric ellipses. 

df2 
1 - - - 1 - = 1 -  

d f  A2 
[(xi - x 0 )  cos e+ (Y: - Y O )  sin @I’ 

[- (x; - X , )  sin 0 + (Yi - Y0)cos 0 1 2  
(13) 

BZ 
where (X! Y! )  are the coordinates of point I“. The expression on the 
right hand &de of (13) is the equation of an ellipse when written 
explicitly in terms of its five parameters. This expression can be writ- 
ten in the form that was given in (1) as follows: 

b X i Y i + c Y f + d X i + e Y i + f )  (14) 1 - - = - ( a X .  + d f  
d; 

a=(A2sin20+B2cos20) /A2B2 
b=2(B2-A2)s inOcosO/A22B22  

b 
2 

where, 

c = ( A ~  cos2 O + B ~  sin2 @)/A B 
d = - 2 ( ~  Xo + - Y o )  
e = - 2(- b Xo + c Y O )  

f = ( a X o + b X o Y o + c Y ; - l ) .  2 
Thus, one can conclude that if the constant term in the e uation of an 
ellipse is normalized such that it would be equal to F, degned as 

(15) 
the expression for the error defined by (1 1) can be written as, 

e i = - n ( A B ) [ Q  ( X i ,  Yi1lf.F (16) 
where Q(X, ,Yi )  is the equation of an ellipse, in which the constant 
term is normalized with respect to F. 

F e (ax; + bXOY0 + CY; - 1) 

Based on (16), one can define an error function as, 

1=1 

which is just a constant multiplication factor. Thus, one can conclude 
that the two error functions are equivalent. However, in the process 
of deriving an expression for J 2 .  a new and clearer geometrical 
interpretation of the error function Jlis  obtained. In fact, it has been 
shown that the optimization of this error function minimizes the error 
generated due to the difference in area as defined in (8). Based on 
this new interpretation of the error function, we can define a new 
error function with an improved performance. 
(3) An Improved Error Function, J 3  

In order to improve the performance of the optimization based 
on the error function J the contribution of each data point to the 
error function should be normalized. This can be achieved by 
defining a weighting factor which is a function of the position of .an 
individual data point. Let 6;  be the distance of a particular data point 
to the o timal ellipse (PP’ in Fig. 2). Then the amount of error due 
to this &a point is, 

L --’ J 
If this point, with the same 6i, was on the major axis of the optimal 
ellipse, the error would be: 

Using (18) and (19), th2following aeighting factor can be defined for 
a data point (Xi.Yi) 

Based on the wei hting factor defined above, the proposed new 
error function is definefas follows. 
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In order to avoid an iterative process, the coefficient w; must be first 
estimated for each data point. To achieve this, one must have an ini- 
tial "optimal" ellipse from which 6i and d -  can be estimated for each 
data point. Thereafter, the optimization (minimization) of the error 
function J3 would proceed by takin the first derivatives with respect 
to the five unknowns (a ,b ,c ,d ,  and e),  to yield a set of five linear 
e anons with five unknowns the solution of whch IS the vector 3' = ( a , b , c , d , e ) .  p e  five armeters of the final optimal ellipse can 
then be estimated using the Following equabons, - .  

x o  - 2cd-- be 2ae - bd 
b 2  - 4ac ' b 2 - 4 a c  ' y o = p  

h 
0, = atan[ (c - a )  + d(c-a)* + b 2  

U ' I  (23)  
L 

A'=[=] 2(1-Fs) [ ( c + a ) + d ( c - u ) ' + b '  , 

B 2  = [E] [(c+a) - d (c-a)' + b 2  1 , 
Fs = bde - .e2 - cd2  

where, 

b 2 - 4 a c  ' 

(4) Error Function J5 
Another existing error function, based on distance measure- 

ments, which, has been claimed to have a better perform.ance than J 1 ,  
is briefly reviewed in this section for its comparison with the newly 

int to an ellipse 
$ig. 3) be estimated using the following kquation [E. roposed J3 function. Let the distance H .  of a data 

Then, the error functidn can be defined as, 
N 

J ~ = ~ H ?  
i=l 

However, since the expression for distance H ;  s very involved, an 
altemative, but less involved, distance measure proposed in [15] is 
considered in this paper, namely 

N 

i=l 
J 5 = x d i  (26)  

where di is the distance Pi Pi as defined in Fig. 4 ,  for the data point 

As can be derived, the error function is nonlinear; thus the 
optimization process must be iterative. Moreover, the form of the 
error function J5 is such that, in each iteration for its estimation, the 
contribution of each individual data point must be evaluated 
separately. As a result, the optimization process based on the J 5  error 
function can be very costly. 

( X i J i ) .  

Y t  

01 x 
Figure 3. Definition of the HI distance for an ellipse. 

Y 4  0 Po: ___---- 
____--- 1 

I 

01 
c 
X 

Figure 4. Definition of the di distance for an ellipse. 

A final point that should be mentioned here is concemed with 
the idea of defining an error function based on the normal distance of 
a data point to an ellipse. Though, as defined, it would yield a best 
fit, this error function is highl involved, complex and computation- 
ally expensive. The reason is h e  to the nonlinearit of its error func- 
tion requiring an iterative process of optimization. Lore importantly, 
in each iteration for every single point, a fourth-order equanon has to 
be solved in order to find the normal distance. 

3 3  An Objective Measure for "Goodness" of Fit 
In order to carry out a comparative study of the three error func- 

tions J i ,  J 3 .  and J 5 .  ,an objective and independent measure should be 
formulated to determine the level of "goodness" of fit. In this section 
such an objective measuFe is defined as "the total normal distance of 
all data points to the optimal ellipse", and a procedure for its evalua- 
tion is presented. 

This measure can be obtained following the optimization pro- 
cess of each error function. However, the coordinates of the intersec- 
tion point of a normal line which passes through a par~icular data 
point and the optimal ellipse must be first determined. 

Thus the initial roblem can be defined as follows: Given a 
point ( X .  t i )  and an ,$se with parameters (A,B,Q,X,,Y ), find the 
normal fne  to the ellipse which passes through point (Xi ,YJ.  In order 
to simplify the estimation process, and obtain more manageable equa- 
tions, a transformation consisting of a translation .and then a rotanon, 
will be applied to all the data points and the optimal ellipse, as fol- 
lows: 

x , l  =x; -xo 
Xis = Xi cos@ + Y,  sin@ 
Y s = - X i i  sinO+Yil cos0 . 

x2 Y 2  

Yil  = Y; - Yo (27)  

Following this, the transformed equation of the optimal ellipse can be 
written in the following form: 

(28) 

Let P a data point, and PP" be the normal tp the ellipse (Fig. 5). 
Thus if ml is the s l o g  of the tangent line at pomt P",  and m2 is the 
slope'of line PP" , en one of the constraints on the coordinates of 
point P" is: 

Let the coordinates of P" be (XI', Y?).  Then 

- 
A' + 8 2 = l .  

mi m2 =-1. (29) 

YI' - Y ;  
m 2 = - .  x: -x: - - L  --, 

It can be shown that the equation of a tangent line to an ellipse at 
point (XI' , Y?) is given by: 

Xi x:' y .  y!' 
-+2- - 1. 

A 2  B 2  
Then 

Thus, the first constrain:oi h i n t  P" can be expressed as follows 
(using (29 ) ) .  

. , \  - 2  

The second cbnstraint on point P" is that it must satisfy the equation 
of the optimal ellipse, i.e., 

x;2 yI'2 
- + - = I .  A 2  B 2  (34)  

From (33) ,  an ex ression for Y ;  can be determined. Substituting this 
expression into (%) and simplifying it, a quartic equation is obtained: 

, I "-, 
' P\ 

\ m 
0 X 

Figure 5.  Normal and "central" lines to an ellipse. 
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The iterative optimization method used in this study is the sim- 
X : , 4 + a l X : , 3 + a 2 X ~ 2 + a 3 X ; + a 4 = 0  (35) plex method developed in [27]. 

where, 
4.3 Case 1: Simulated Ellipse - No Noise 

rfect" ellipse is generated usin# di.gitizer-board graphic 
c o m m a n x  the boundary of which is igitized according to a 
mathematical procedure that minimizes the di itization error of a 
continuous boundary of an ellipse (Image 1) [2$5. The results of the 
optimization processes are shown in Tables 1 to 3. 

In order to better appreciate the significance of the results, the 
followinpgremises must @ emphasized: (1) There is no noise in the 
image 0 e generated ellipse; the coordinates of the edge points are 
exact in the context of the digitized boundary; thus, all the edge 
points are s mmetric with res ct to the center of the ellipse. This 
implies Xat the coorKate of the elli se center 
(XO = 150.0,Yo = 329.0) and its orientation (@ = -9O.i) are exact, 
and thus, can be used as a reference for comparison. (2) Due to digit- 

always be a minimum amount of error referred to as the dc error. 
This error reflects itself in the values of A and B .  Thus A= 60.0 and 
B= 30.0 can-not be used as reference for comparison purposes. (3) 
Based on the size of the generated ellipse, the image-scaling ratio in 
(pixel / mm) is about (0.023 / 0.01); that is, if an accuracy, in length 
measurement, better than 0.01 mm is required, the accuracy, in pixel 
Units, must be better than 0.023 pixel. 
Review of results (Table 1) for Image 1, N=242 

Based on the above premises, and the fact that the ed e point 
coordinates of the simulated ellipse are very close to ki true 
coordinates, the differences between the results of the various error- 
function o timizations are very small. As expected though in Table 
1 some digerences are still visible. Nevertheless, h e  centkr coordi- 
nates of the ellipse are estimated accurately by the first two methods, 

F e  other three methods,.which are based on the optimization 
of vanous error functions, provide all five ellipse parameters. Ji and 
J 2  both estimate ellipse-center coordinates accurately, but Js has an 
error of - 0.027 pixel which is slightly more than desired. Note that 
one can get more accurate results with ~5 if the number of iterations 
is increased. With respect to angle @ (ellipse orientation), J , J 3  and 
J have equal e m r  (considering only the first three decimal pomts). 
&fortunately, for parameters A and B, there does not exist an exact 
reference, and thus one cannot com are the results directly. How- 
ever, using G, one can construct a reEability measure to compare the 
"totality" of the performance of various error functions, one, that is, 
where all five parameters are optimized at the same time. Thus, 
because we have an exact reference for Xo,Y0 and 0, the measure G 
indirectly shows the degree of reliability of the estimated values for A 
and B ,  corresponding to each error function. 

Comparison of G-values shows the following: (1) The G-value 
for the generated ellipse is much higher than the correspondin values 
for the three optimization methods ( - 59 com ared to - 5 8 .  This 

than the 
other sets of values. (2) The results for the three optimizations are very close, thou h the G-value for the error function J3 is less than 
the other two. & the whole, we conclude that under the given 
condition, J 3  performs better than either J 1  and J5. 
Review Of (TABLE 2, for Image 2, N=50 

In this case, to evaluate the sensitivity of the process to the 
number of edge points used, we sample edge points in 5-pixel steps 
along the Y-axis. Furthermore, the sam led points are all s metnc 
with respect to the ellipse center Xo = &0.0 and Yo = 329;hninUnder 
the given conditions we see a similar performance to that in the ear- 
liercase = 242) by all five methods with res ct to Xo,Yo, and @; 
though. error A,!, and error @ for J s  is less than gfore. 

TABLE 1. Experimental results for a simulated ellipse (N=242) 

A 

solutions, 
corresponding to which there would be at most four points satisfying 
the two constraints. Correspondingly, it can be shown.that a data 
point (Xi,Yi) can have either two or four normals to an ellipse. ~ ~ r t h -  
emore, it can be shown that one of the normals yields the minimum 
distance to an ellipse, and this normal is the one that we to 
determine. To solve equation (35) the method of solution of a uaaic 
equation based on the resolvent cubic equation can be employe1 [26]. 

Once the coordinates of point P" have been estimated for all 
data p in ts ,  Si,= PP" can be calculated for each point. The "good- 
ness' measure is then defined as: 

(36) 

where an error &;ition that yields a smaller value for G ,  is a better 
fit. under the given conditions. 
4. Experimental Data Analysis 
4.1 Standardization of input data 

In order to reduce the influence Of numerical errors, the coordi- 
nates of the input data Tin ts  obtained from the boundary of an 

first calculatm the approximate Center 
of ellipse (x0,yo). and then c a q i n g  out the following translation and 
scahng: 

ization, no matter how accurate the fitting technique is, there will 

N 
G = C S i ,  

can be 

xi = xi - xo 
Yi = Y i  - Y O  

Ysi = Y ilR 

R = - [x! +y?Iin. 

(37) 
~ , i  = x;/R 

where, 

(38) 

the numerical calculation; thus, reducing the computation time. It 
should be noted, however, that the corresponding optimal values 
obtained for the center Coordinates (xo,yo), ma,or radius (A),  and 
minor radius ( B )  ofthe ellipse must be scaled and translated as well. 

4.2 Initial Values for Nonlinear Optimization 
As was indicated before, if an error function is nonlinear, the 

optimization process is generally an iterative one. For such a process 
a "good" initial set of unknown parameter values can reduce the 
number of iterations substantially, and reduce the chances of reaching 
a local minimum due to the nonlinearity of the optimization process. 

ne use of the J~ error function is proposed for establishing the 
initial values, since Ji is linear, and the estimation process ofthe five 
ellipse parameters based on it, is non-iterative. Using the results of 
the optimization of J i ,  as a set of initial values, the other two error 
functions, J3 and J5, can be optimized. 

l N  

mS process generally i=l reduces the size of the numbers involved in 
N 

that the values A= 60.0 and B= 30.0 ,,yess 

Imagel. A simulated ellipse - no noise. 

Notes: All edge points are used (N=242). 
Lengths in pixels, angles in degrees. 

G= Z 6'1 , 6'i :The normal distance from a data point to the optimal ellipse. 
AL= [ (XO -150.0)z +(YO - 329.0)2]'/2. 

Notes: All edge points are used (N=242). 
Lengths in pixels, angles in degrees. 

G= Z 6'1 , 6'i :The normal distance from a data point to the optimal ellipse. 
AL= [ (XO -150.0)z +(YO - 329.0)2]'/2. 
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As a whole, J s  performs better than the other two, though J is 
very close to Js. Thus, it can be concluded that using a subset of data 
points reduces the "goodness" of the overall performance of J 3 .  The 
only reason for this behavior is, that reducing the number of p in ts  
reduces the effect of the weighhng factors and thus relahvely 
increases the G-value forJ3 compared to the one for J s .  
Review of results (Table 3) for Image 3, N=20 

In this case, only a segment of the ellipse boundary is used. A s  
a result, the input data has symmetry with res ct to the Y-axis but !t 
does not have symmetry with respect to the F a i s .  The objective is 
to evaluate the error-function performance when one has data points 
from a partial ellipse. 

metry with respect to the Y-axis, the first two 
methods estimate pexac t ly ,  but both fail to estimate, Y o  accuptely. 
Thus, it can be concfuded that both methods are effechve only if data 
that represents the whole ellipse boundary is avalable and, moreover, 
symmetricity with respect to ellipse center is maintained. In other 
words, the level of accuracy obtained depends on the degree of sym- 
metry of the input data with respect to the ellipse center. 

The three error functions, though based on 20 data points that 
cover only a segment of the ellipse boundary, estmated the five 
ellipse parameters with relatively small errors. J 3  estimated Yo more 
accurately than J5 or J1. On the other hand J 3  and J provides more 
accurate values for 8 than J5. 

As a whole, J5 rforms better than the other two, though J 3  
performs better than Here again, the same effect of reducing the 

Due to the s 

TABLE 2 .  Experimental results for a simulated ellipse (N=50) 

number of data points on the total performance of J 3  is observed. 

4.4 Case 2: An Imaged Ellipse 
In this case, an "imperfect" ellipse ima e was used to simulate 

possible external distortions, such as the 4resholding effect on. a 
grey-level image ( h a  e 4) The shape of thn ellipse IS further dis- 
torted by its pasiage &ugh the image-ac uisition system (that is, 
the camera and the di itizer, for which all $e distortion factors that 
were earbermentione8 a ply) The results of the analyses are given 
in Tables 4 to 6 (Images fto 6j. 

In this case, the ellipse arameters are not known exactly in 
advance as in the simulated ehpse case. Thus, the only ob'ective 
measure of comparison is the G value. J results in the least dvalue, 
and J1 results in the greatest G value when all data points are used. 
On the other hand, when the number of input data points is reduced, 
$e relative G-value of J3  increases.compared to the one for J5. That 
is, here again, reduction of data points reduces the level of total per- 
formance of J 3 .  

The first two methods, for only elli se center-coordinate esti- 
mation, show the same behavior, that is, if one uses all edge points, 
they give more accurate estimates. On the other hand, if a set of edge 
points from a segment of an ellipse boundary is used, there exists a 
arge amount of error in the estimated values, especially for the first 

method (see Table 6). As a whole, circular-approximation method 
results in a more accurate estimation of ellipse center coordinates, 
under varying conditions, than the first-moment method. 

Imaae2. 
Note: Sampled edge points are used (N=50). 

TABLE 3. Experimental results for a simulated ellipse (N=20) 

Sampled edge points of a simulated ellipse. 
lines are used to indicate the sampled edge 

White 
points. 

Note: Sampled edge points of a segment of an ellipse are used (N=20). Image 3. Sampled edge points of a segment of an ellipse. White 
lines are used to indicate the sampled edge points. 

TABLE 4. Experimental results for an imaged ellipse (N=160) 

Image 
Note: All edge points are used (N=160). 

TABLE 5. Experimental results for an imaged ellipse (N=32) 

4. An imaged ellipse. A binary image of 
obtained by thresholding a grey-leve 

an elliptical 
'I image. 

shape 

Image 
Note: Sampled edge points are used (N=32). 

edge points of an imaged ellipse. White 
to indicate the sampled edge points. 

lines 5. Sam p I e d 
are used 
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Conclusions 
For camera calibration, just the center coordinates of an elli se 

are needed. Thus, the first moments of the ellipse area, and anoger 
proposed method based on circular approximation of an ellipse, were 
tested. The results show that the later method has a better 
mance. The degree of accuracy is ap roximately 0.1 mm (in %%j 
based on the use of all edge points. Rowever, since. this is less than 
desired accuracy a more accurate method, that is an optimization 
method, is shown to be needed. 

For the.estimation of all the five ellipse parameters, three dif- 
ferent optimization methods based on different error functions 
(J 1 , J 3  and J s )  were presented. J3 is the new error function pro- 
posed in this paper. It is a modified form of the error function J1, 
where a weighting factor is applied to each data point. To define this 
weighting factor, a clearer eometrical inte retation of the e m r  
function J 1  was obtained. &thermore, for %jective and indepen- 
dent comparison of the performance of various error functions, an 
independent and reliable measure was proposed in this paper. 

All three e m r  functions were ap lied to six different cases. 
The first three. cases are based on an ideaf simulated ellipse, while the 
second three involved an imaged ellipse. The results show that the 
performance of the proposed e m r  function J3 is better than the other 
two if all the edge points are used, which is enerally true in the pro- 
posed 3D-object-recognition techni ue. d e n  the number of edge 
points is reduced, or when a artia? elli se is considered, the total 
Frformqce of.JS is better J a n  53. Ep owever, a general problem 
with J 5  is the iterative nature of its optimization rows ,  and the 
need for the estimation of the function value for ea& individual data 
point, m each iteration. 
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TABLE 6. Experimental results for an imaged ellipse (N-20) 

Note: Sampled edge points of a segment of an ellipse are used (N=20). Image 6. Sampled edge p i n t s  of a segment of an ellipse. White 
lines are used to indicate the sampled edge points. 
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