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Abstract 
A systolic array implementation of a general-purpose 
inference processor is presented. The proposed pro- 
cessor can be used as a building block in the inference 
engine of an expert system or in a rule-based controller 
where computational speed is of importance. 

1 Introduction 
There has been increased interest, in recent years, in 
the design of intelligent controllers that model the 
behavior of human experts, in particular those who 
are capable of operating complex plants satisfactorily. 
This approach is most promising when the process or 
the plant that is to be controlled is so complex, with 
so little information available to the designer, that the 
conventional model-based approaches are not suitable. 
The functioning of an intelligent controller typically 
involves some sort of precise or approximate reason- 
ing, since the controls to be applied are to be inferred 
from expert rules and the observations. 
Although computers and software tools can be used 
to carry out the necessary computations and logical 
operations, in several real-time application, rapid on- 
line inference processing requires more efficient hard- 
ware implementations. On the one hand, the strin- 
gent real-time requirements call for designing special- 
purpose processors, while on the other hand, the ex- 
tra design costs of special-purpose devices may reduce 
the economic efficiency of the proposed controller. 
A building-block approach can resolve the general- 
itylperformance problem. In the rest of this paper, 
a systolic architecture for real-time inference process- 
ing is presented. After a brief theoretical review of 
the approximate-reasoning routine called the Compo- 
sitional Rule of Inference, a VLSI implementation ex- 
ploiting the parallelism in that routine is presented. 
The paper concludes with a discussion of programma- 
bility and other problems related to the practical ap- 
plication of the proposed processors. 

2 The Generalized Modus Ponens 
Let U denote the plant input, to be determined by 
the controller from the measurement of the controlled 
output of the plant and its derivatives (or, equiva- 
lently, the estimation of the state of the plant), and 

the reference input, which can be denoted collectively 
by X. Expert knowledge can be modelled by produc- 
tion rules of the form 

RI : I f  X is A 1  then U is  B 1 .  
R 2  : I f  X is A 2  then U i s  B 2 .  
... 
... 

RN : I f  X i s  A ~ t h e n U i s B ~ .  (1) 

After observing that: 

P : X is A'. (2) 

it  is sought to infer the value for U .  Clearly, if A' 
coincides with A;, then one can "fire" the rule R; 
and obtain the consequent Bi. However, to allow for 
uncertainty and lack of precision, as well as incom- 
pleteness of the rule-set and possible non-coincidence 
of the observed premise with the antecedents of the 
rules, we model A i ,  A 2 ,  ..., A N ,  B 1 ,  B?, ..., B N ,  and 
A' as fuzzy subsets of the set of all possible values for 

they can be represented by n m)-dimensional pattern 

values in the [0,1] interval. Non-fuzzy (crisp) premises 
are special cases in which all the entries are either 0 
or 1. Note that each entry in the crisp case represents 
one "bit" (binary unit) of information. So in the more 
general case, where entries take values in [0, 11 rather 
than only (0, l}, each entry is said to represent one 
"fit" (fuzzy unit) of information. 
The problem of deducing the value for U 

X ( { z ~ , x ~ , - . . , z n } )  and U ({uI,~z~.--,u~}). Thus 

vectors whose entries are mem b ership functions taking 

Q : U i s B '  (3) 

has been called the Generalized Modus Ponens and 
is also known as the Compositional Rule of Inference 
[I]. There are several approaches to the derivation of 
the conclusion B'. In this paper, the following 3-step 
approach will be considered: 

a. Representation of the rules R 1 , R p  ,..., RN as 
membership functions over the product space 
{z1,~2,...,zn} * {uI,uz,...~u~}; 
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b. Combination of the expert rules via the connec- 

c. Derivation of B' via the celebrated Compositional 

tive AND (ALSO) or OR (ELSE) [2,3]; 

Rule of Inference. [ 11 

The first two steps can be carried out off-line, during 
a "learning" phase. The problem in the first step is 
that there are several different representations for the 
production rules suggested in the literature. A rather 
extensive listin of the different representations has 
been given in [j. Basically, one uses the identity 

R; E { i f  X i s  A; then U i s  B;} 

E {X is  A;}" U {U i s  B;} (4) 

where "'" is the complementation operator. 
The combination of the expert rules in the second step 
is carried out either via conjunction 

R = R1nR2n ... nRN ( 5 )  

or via disjunction 

R = R1UR2U ... URN (5') 

The third step, however, has to be carried out on- 
line because the value for U has to be determined in 
real time for any observed value of X. In general, the 
conclusion B' is obtained via the Compositional Rule 
of Inference [7], for fixed j ,  

where PA(") denotes the membership of x in A, and 
T ( 0 ,  e) denotes the t-norm defined via 

(7) 

while S(*, 0 )  is the corresponding co-norm 

$Vote that both T and S are associative operators [5]). 
he choice of the t-norm and conorm is application- 

dependent. The most commonly used and theoreti- 
cally justifiable operators are 

T(PA, PB = m i n ( ~ ~ ,  PB (9) 
S(PA, PB =  ma+(^^, P B )  (10) 

Other well-known conjugate pairs are 

and 

Besides the numerous other conjugate pairs, one can 
also consider interval-valued representations based on 
conjunctive and disjunctive normal forms, which con- 
tain the above cases [6, 71. 

3 A Systolic Architecture 
The general-purpose inference processor that can be 
used as a building block in the design of intelligent 
controllers has the following characteristics: 

A pattern vector representing the observed 
premise A', whose i-th component is the mem- 
bership grade PA'(z~)  of zi in A', is fed to the 
processor as input; 

A knowledge base, consisting of the expert rules 
(l), represented as a joint membership function 
via (4) and combined via ( 5 )  or (59 ,  is stored in 
the long- term memory of the processor; 

The processor computes the possibly fuzzy con- 
clusion B' via the Compositional Rule of In- 
ference (6) [7] and produces the pattern vector 
for B', whose j-th component is the membership 
grade p ~ , ( u j ) ,  as its output. In most applica- 
tions, this output has to be defuzzified before be- 
ing fed as the actuating signal to the plant. 

In this paper, a systolic-array implementation, de- 
signed to take advantage of parallelism in the com- 
putation, and suited to very-large-scale integration 
(VLSI) and wafer-scale integration WSI), is consid- 

One difficulty in extracting the parallelism in an a lge  
rithm arises when the algorithm is expressed in some 
conventional programming language which has a built- 
in sequential ordering of the computations involved, 
which ordering obscures any parallelism present in the 
algorithm. Also, the habit of overwriting of the vari- 
ables in order to minimize memory requirements, left 
from the days when memory was to be used sparingly, 
further compounds the problem of extracting the par- 
allelism of an algorithm. To avoid these difficulties, 
one can express the algorithm in the -called Single- 
Assignment Language [8]. Every variable defined in 
the program takes on a unique value during the en- 
tire computation process. Next, a dependence graph 
can be drawn whose nodes represent the variables in 
the algorithm, and whose edges represent direct de- 
pendence so that a directed arc from node x to node 

ered. The design procedure essential I y follows [8]. 



y signifies that the value of x is used when computing 
y in the algorithm. 
An important subclass of single-assignment algo- 
rithms, containing all algorithms executed by sys- 
tolic arrays, are the so-called Regular Iterative Algo- 
rithms. In order to design a systolic architecture for 
a general-purpose inference rocessor via the Compo- 
sitional Rule of Inference (6!, the latter must first be 
expressed in recursive form 

PgI(uj)  = s(p(i-l) B ( J  U*), T(pAi(zi), pR(zi,  u j ) ) )  (15) 

with initial values 

(16) (0 )  ~ g ,  (uj = 0. 

The dependence graph of the algorithm can now be 
drawn in the index space Fi . la). There is one 
node corresponding to eack ~ , j ) ,  (zi, uj) junction 
representing the computation of &),(uj). The value 
for pAl(zi)is supplied to the i-th column nodes, and 
the value for p ~ ( ~ j )  is computed at the n-th iter- 
ation (last column) of the j-th row. The values for 
{ p ~ ( z j , ~ j )  : i = 1,2 ,..., n; 3 = 1,2 ,..., m} are pre- 
computed and stored at  corresponding nodes. 

nlm to 'i 
I r 

0 
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... 

r- 
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Figure 1: The Desgin Of A Systolic Array For Carry- 
ing Out The Compositional Rule Of Inference 

The systolic-array architecture for this dependence 
graph can now be derived by specifying the proces- 
sor and schedule assignment, i.e. by specifying which 

computation represented by a node in the dependence 

when. The constraints are: i) the set of nodes in 
the dependence graph assigned to the same proceasor 
should not be scheduled to be simultaneously com- 
puted; and ii) the schedule for computing the different 
nodes should be such that the antecedent nodes should 
already have been computed during the previous beat 
of the systolic clock. 
If we denote the vector normal to the set of nodes to 
be computed b the same processor as X (the proces- 
sor assignment!, and the vector normal to the set of 
nodes to be computed simultaneously as s (the time- 
schedule assignment), then from the constraints dis- 
cussed above we derive the conditions 

graph) shoul d be carried out by which processor and 

XTs # 0 (17) 

and 

sTd > 0 (18) 

for any displacement vector d in the index space (any 
edge in the dependence graph). Now for the algorithm 

shown in Fig. la, the choice of s = [ 1, i.e. the 

time-schedule assignment shown via the dashed lines, 
clearly satisfies (18). To facilitate the provision of the 
input pattern vector, the processor assignment can be 

chosen so that X = [ 1. And (zi) is the input 

to the i-th processor during the entire computational 
process, so that (17) is also satisfied. 
The detailed structure of the processor is shown in 
Fig. IC. In the index space, each node stores the joint 
membership function p ~ ( z , ,  uj) representing the pro- 
duction rules from which the inference is to be made. 
During the i-th beat of the systolic clock,  AI (zi) and 
pgyl)(Uj) are used for computing p&(uj)  via (15), 
which together with p ~ I ( z i )  is fed to the next set of 
nodes in the dependence graph for carrying out the 
computation at  the next beat of the clock. 
Since the computations in each column of the index 
space are to be carried out by the same processor, each 
processor must have an m-dimensional circular storage 
area where the values for p ~ ( z i ,  uj) for j=1,2,...,m 
are stored. These values are cyclically piped to the 
processor during the n+m beats of the systolic clock. 
The values for p ~ ~ ( t i )  are fed (and refed) to the 
processor from above, as well as initial values of 0 
(zero) for pE!(uj) from the left. The first output ap- 
pears in the right-hand-side output of the last proces- 
sor after n beats of the clock, and during the next m 
beats of the clock one gets the entire output pattern 
{ p ~ j ( u j ) , j  = 1,2,  ..., m} from the output. 
Fig. 2 shows an improved version of this design. The 
order of computing (6) recursively as in (15) is per- 
muted for the different values of j, and the schedule 

318 



assignment is such that m processors are busy carry- 
ing out the computations corresponding to m nodes in 
the dependence graph at  any beat of the clock (Fi 
2a). As a result, a ring systolic array as in Fig. 2% 
can carry out all the computations during n beats of 
the systolic clock. 

. . .. ... ... ... ... 

@) Tbs Synollc Arcbitccture 

Figure 2: An Improved Systolic Design For 
Compositional-Rule Infernece Processing 

At the beginning of the process, the left-hand-side in- 
puts of all processors are initialized to zero. The de- 
tailed structure of the processors is the same as be- 
fore, and p ~ / ( z i )  is fed (and refed) to the i-th pro- 
cessor during the entire computational process. After 
n beats of the clock the output pattern { p ~ , ( u j ) , j  = 
1,2, ..., m} can be obtained from the right-hand-side 
outputs of the first m processors. 
Care must be taken in both systolic realizations (Fig. 
1 and 2) that the correct value for p ~ ( z i , u j )  be fed 
to the t-norm computational unit in each processor. 
In the first realization, p ~ ( z 1 ,  u1) should be piped to 
the first processor at  the first beat of the clock. At the 
second beat of the clock, p ~ ( z 1 ,  u2) is piped to the 
first processor while pR(z2, ul) is piped to the second 
processor. At the i-th beat of the clock, p n ( z i ,  u1) is 
piped to the i-th processor, p ~ ( z i - 1 ~ ~ 2 )  is piped to 
the (i-1)-th processor, and, ..., p ~ ( z 1 ,  u i )  is piped to 
the first processor. Thus after each beat of the clock, 
p ~ ( z i ,  U,) is replaced by p ~ ( z i ,  q + j )  at the i-th pro- 
cessor, and when k becomes equal to m, pn(zi,um) 

is replaced by pR(zj,ul) at the next beat. The same 
cyclical piping of pR(Zj, uj) should occur in the sec- 
ond realization, but the values piped during the first 
beat of the clock should coincide with the valuee piped 
during the (m+l)-th beat of the clock in the first re- 
alization. 

4 Implementation and Extensions 
In general, the inference rule is expressed as an S-T 
composition. Different S and T operators can be chG 
sen to fit specific applications. The most commonly 
used S operator is the maximum operator (10) while 
the most commonly used T operator is the minimum 
operator (9). These can be realized via circuits involv- 
ing CMOS technology [9]. Other T and S operators, 
not necessarily conjugate pairs, can also be chosen for 
specific applications. In the current literature, while 
the S operator has almost always been the maximum 
operator (lo), various T operators have been used 3, 

and so is the bounded product (13). The other com- 
monly used T operator in compositional-rule inferring 
is the drastic-product operator 

101. The product operator (11) is also easy to bui I d, 

(19) 
min(a, b )  if " ( a ,  b) = 1 

otherwise 

Thus it is seen that the basic processors shown in Fig. 
IC can be implemented for different choices of the T 
and S operators very easily via transistor circuits. 
Another important consideration in the utilization of 
systolic-array inference processors in real-time control 
applications is the need to defuzzify the inferred actu- 
ating signal U, before feeding it to the plant. It has 
been assumed so far that the defuzzification process 
can be performed by the host processor. But so as to 
avoid the problems associated with off-chip defuzzifi- 
cation, especially since very quick inference processing 
is the goal, integrating the inference processor and a 
defuzzifier in one general-purpose intelli ent controller 
unit may improve its performance as a %uilding block 
to be utilized in different applications. 
There are several different methods for defuzzifica- 
tion [lo], the most commonly used being the centroid 
method 

The defuzzification algorithm can easily be carried out 
recursively. It is, therefore, easy to perform the de- 
fuzzification within the general-purpose inference pro- 
cessor block by adding a defuzzifiet unit to the right- 
hand end of the systolic architecture shown in Fig. 
lb. After n beats of the systolic clock, the member- 
ship functions {pB/(uj),j = 1,2, ..., m} will appear in 
the right -hand-side output and be fed to the defuzzi- 
fier unit during the next m beats of the clock. So the 
defuzzified value for U (denoted as U) will appear at  
the right-hand-side output of the defuzzifier unit after 
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n+m beats of the clock. It is also possible to desi n 
the entire controller system so that it includes a%- 
brary of fuzzified patterns corresponding to different 
linguistic variables describing the state X. 
Another important design consideration is the pro- 
grammability of the inference processor: Althou h the 
computation of p ~ ( . ,  o), representing the set of rules 
(l), can be carried out off-line, the inference processor 
would be of much more utility if those computations 
did not have to be carried out off-chip. 

1 

Figure 3: The Detailed Construction for the Learning 
Mode 

It can be noted that the inference processor proposed 
in this paper is capable of learning new rules by chang- 
ing the values for pR(., 0 )  that are stored in its prG 
cessing unit. Conveniently, this can be done recur- 
sively. Suppose we have the set of rules (1) represented 
via pR(.,.) and we want to add a new rule. All we 
have to do is to represent the new rule via (4) (see 
also [lo] for other representations), and then combine 
them with the existing rules via 5 or (5’) (or any 
other combination procedure [3]). us, the learning 
rule can be written as 

PR(ziluj) = pR(zi,Uj)~f(CIAI(zi),CIB,(Uj)) (21) 

where A‘ and B‘ are the antecedent and consequent 
of the new rule, @ is the combination operator, and 
f ( 0 , o )  is determined by the choice of the appropriate 
representation for the implication rule A’ 4 I3’ [2]. 

The systolic architectures shown in Fig. 1 and 2 are 
capable of carrying out this in a learning mode of op- 
eration, in which the directions of data flow are re- 
versed (and the patterns PA‘(.) and p ~ . ( . )  are r e p  
resented as inputs), and the cyclical piping direction 
of pR(0,o) is also reversed, so that the initial con- 
figuration in the learning mode would correspond to 
the configuration at  the final beat of the systolic clock 
for the inference- processing operation. The detailed 
construction in the learning mode is shown in Fig. 
3. As in the previous case, the basic processors can 
be implemented for the different choices of the f and 
@ operators via simple transistor circuits computing 
sums, products, maximums, minimums, etc. 

5 Conclusions 
A systolic architecture for inference processing has 
been proposed. The derivation of the architecture 
is based on the direct application of the Composi- 
tional Rule of Inference. The knowledge base con- 
sists of a set of production rules that can be repre- 
sented via joint-membership functions. These repre- 
sentations are combined before the composition oper- 
ator is applied, so that they can be stored within the 
inference processor in a more compact manner. There 
is no essential limit to the number of production rules 
in the knowledge base. There is also a sizable saving 
in the number of computations because one is not re- 
quired to carry out a composition for each production 
rule. 
An important feature of the proposed design is the 
learning capability of the inference processor. New 
production rules can be learned and stored inside 
the inference processor by combining them with the 
production rules constituting the current knowledge 
base. The same systolic architecture can be utilized 
for the learning mode of operation. This capability 
enables the inference processor to be trained” for in- 
ferring conclusions from a different knowledge base. 
So, in particular, inference processors can be repro- 
grammed for controlling different plants or systems, 
or used adaptively for controlling systems whose be- 
havior changes with time. 
There has been remarkable progress in recent years in 
constructing VLSI inference processors. The first com- 
mercial products are now being introduced into the 
market. This paper has resulted from more general 
consideration of the development of new algorithms 
for inference processing, and the possibility of their im- 
plementations with systolic arrays and artificial neural 
networks. Our simulation results for a number of test 
problems conducted at  the University of Toronto and 
Tehran University encourages us to believe that it is 
possible to build single-chip processors exploiting the 
parallelism inherent in systolic computation with im- 
pressive gains in power and efficiency. 
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