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ABSTRACT 
Accurate estimation of the parameters of an elliptical shape is 
required in various machine-vision and computer-vision problems. 
In our previous work, we have addressed this problem by proposing 
to optimize a weighted minimum-square ermr (MSE) function. As a 
continuation of this work, we have studied other techniques for 
elliptical-parameter estimation, ones applying elliptical Fourier 
descriptors, moments of area. and moments of perimeter. A study, to 
be reported here, was carried out to evaluate the comparative perfor- 
mance of the above-mentioned three techniques and the one based on 
the weighted MSE function. The limitation and degree of accuracy 
of each technique was determined. It was found that different 
elliptical-parameterestimation techniques must be applied depend- 
ing on acceptable computational cost, number of parameters to be 
estimated, the required degree of accuracy, and the specific condi- 
tions under which the estimation must be performed. 
1. Introduction 

Accurate estimation of the five basic parameters of an elliptical 
shape (namely, the center coordinates, the major and minor radii, and 
the orientation) arises in various machine-vision-related problems: 
(1) in pattem recognition and scene analysis [l]; (2) in machine- 
vision metrology [2]; and (3) in 3D-location estimation in both its 
direct and inverse forms [3]. 

Basically, there have been two methods used for dealing with 
the elliptical-parameter-estimation problem. The first is based on the 
use of optimization techniques in specific contexts. From a purely 
mathematical point of view, the problem of fitting a conic or a conic 
section to a set of data has been addressed in various papers [4]. The 
same problem has been addressed in the applied literature as well: in 
dentistry, for the estimation of dental arch form [5], in biology, for 
automatic chromosome analysis [6], in manufacturing, for quality 
estimation of mechanical parts [7], in object recognition, for detect- 
ing cylindrical parts and their orientation [8]; and in pattem recogni- 
tion and scene analysis. for the reconstruction problem [9]. 

The second method used for dealing with the same problem is 
based on the Hough transformation in various forms: the Hough 
transformation itself [lo], modified Hough transformation [ll],  
decomposed five-dimensional Hough transformation [ 121, etc. 

In our previous work [13], we have proposed a new technique 
for this purpose: an optimal fit of an elliptical curve to an elliptical 
shape using a weighted minimum-squares e m r  (MSE) function. 
The weighting factor was derived using a new geometrical interpre- 
tation of the least-squares error function. 

As a continuation of this work, we have now studied other 
techniques for elliptical-parameter estimation. These techniques are 
different from the two general methods previously used for this pur- 
pose by various researchers. They are based on moments (both area 
and perimeter) and elliptical Fourier descriptors. That is, we are pro- 
posing to use these shape-specific features to estimate the five basic 
parameters of an elliptical shape. 

In section 2 of this paper, first, we address the mathematics 
involved in the estimation of Fourier expansion series coefficients of 
a closed contour. based on which the parameters of the approximat- 
ing ellipse can be estimated (section 2.1). Subsequently, we address 
the estimation of the approximating ellipse of a closed contour based 
on moments. In this context, first, we present the moments of area, 
and then propose an altemative method for the estimation of area 

p 

moments based on Gauss theorem (section 2.2). Section 2.3 
addresses the mathematics ihvolved in the moments of perimeter. In 
section 2.4, we briefly discuss the weighted minimum-squares e m r  
function that we have used earlier for elliptical-parameter estimation. 
In section 3, first, we propose an objective and independent measure 
for "goodness" of the results of various methods. Subsequently, we 
present experimental data obtained by applying the above methods to 
two different cases. Conclusions are provided in the final section. 
2. Parameter Estimation of Elliptical Shapes 
2.1 Elliptical Fourier Descriptors 

A continuous. closed contour in two dimensions can be 
represented parametrically as a function of time r, V(r),  assuming 
that the contour is traced at a constant speed. The projections of the 
vector function V( t )  on the x and y axes are x( t )  and y(r). The func- 
tions are periodic with period T, where Tis  the total time requid  to 
trace the whole contour at the constant speed. Furthermore. they can 
be represented in Fourier trigonometric series as follows: 

0 2nxt 2nxt a, cos- +b,  sin - T T 
2nxt 2nxt 

T T 

x(t)=A, + 
n - 1  - 

y ( t ) = C , +  c c,, cos - +d,  sin - 
I - 1  

where, 

A, = +[ x(t)dt 

2 2nm 2 T  2nm 
a, = -I T x ( r )  cos-dt T , b,, = - T [ y(r )  sin -dt. T (2.2) 

For CO, c,,, and d,. similar expressions can be derived. 
Different levels of approximation to a closed contour can be 

obtained by using a different number of harmonics. In general, the 
truncated Fourier approximation of a closed boundary based on the 
first N harmonics can be written as: 

XN 0) =A, + 2 X,, 0) YN (ti = CO + 2 Yn 0) (2.3) 
, , = I  n = l  

2nxt 2nm X,, ( t )  = a, cos - + b,, sin - T T 

where, 

2nm Y,(t)  = c, cos + d,, cos- . T T (2.4) 

Kuhl and Giardina [14] have shown that the locus of each vec- 
tor of constant frequency is elliptical, that is, if 

is the vector of harmonic frequency n (n > 0). then by removing the 
variable tin the equations (2.4), we get the following equation: 

(c: + d:) X: + (a: + b:) Y: - 2(a,c,, + b,,d,,) XnY, - (and,, -b,c,)' = 0 
which clearly represents an elliptical locus (for given n). Further- 
more, they showed that for any piecewise-linear representation of a 
contour -- irrespective of the incremental changes in AX and AY --, 
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J hr, 
a, = 6.- 

p = 1  btP 

axt, - 1 - sin - I T b, = 

where, 

(2.16) 
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(2.17) 
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jw = D J x p y q d  for aN ( X J )  E L . (2.20) 

Now, if jpq is normalized with respect to the perimeter of a shape 
(C) 

(Jpq) .  we get 

D x p y q d l  I x p y q d l  

L .  (2.21) (C) =- 0 J,  = 

D D  
(0 

Using the mean-value theorem for integrals, we can express the per- 
imeter moment (2.21) for any piecewise-linear representation of a 
contour as follows: 

" x i + l  +Xi  Y i t l  +Yi  Y (7)' Ii 

(2.22) 
. g l  ( 2 

L J,= ' 
where 

l i = ~ ( x i t l - x i ) z + ( y i t , - y i ) z ,  L= l i  
i = l  

and n is the total number of linear segments of a closed contour. 
The zeroth moment (jm) clearly represents the perimeter 

length of a shape. The first normalized moments J l o  T d  J O I  
represent the centroid coordinates of a shape. To determine the 
orientation of the approximating ellipse of a closed contour, we can 
use the following formula: 

(2.23) 

For estimation of the major and minor radii of an approximat- 
ing ellipse. unfortunately, due to the nature of the line integral (2.20), 
it is not possible to derive any exact analytical expressions that 
define the two radii in terms of the second-order moments Ju, and 
Jm.  
2.4 Weighted Minimum-Squares Error Function 

Let 
Q (X.  U)=&' + bXY +cyz + dX + eY + f = O  

(Xi ,  Yi) 

(2.24) 
be the general equation of an ellipse. Let 

i = 1, N 

I X 
f i g m  1. Schematic npresentation of a diffemntial element of area dA. 

be a set of points to be fitted to an elliptical shape. Then, the 
minimum-squares error function (MSE) is defined as 

N 

i - 1  
J o =  C rQ(xi9 rill2 * (2.25) 

Thus the objective is to determine a parameter vector 
WT (a. b, c, d. e, f). 

It has been shown that the contribution of the data points to the 
above MSE function is not uniform [17]. To minimize the influence 
of the nonuniformity of the contribution of the data points to the 
error function, the following weighting factor has been derived based 
on a new geometrical interpretation of the error function J O  [13]: 

(2.26) 

["GJ 
where A is the major radius of the ellipse, di = P i  O', and =Pipi 
(Figure 2). Based on the weighting factor defined above, the 
weighted MSE function is defined as follows: 

(2.27) 

Using JO for an initial "optimal" ellipse, we can estimate 6 i  and d i  
for each data point Thereafter, the minimization of the error func- 
tion J1 would proceed by taking the first derivatives with respect to 
the five unknowns (U. b. c, d. e). to yield a set of five linear equa- 
tions with five unknowns. the solution of which is the vector 
WT = (a. b, c, !, e). Eve parameters of the final optimal ellipse 
can then be emmated using the set of formulae given in [13]. 
3. Experimental Data Analysis 

In order to carry out a comparative study of the different 
methods in section 2, an objective and independent measure should 
be applied to determine the level of "goodness" of fit. In this section, 
such an objective measure is defined as "the s u m  of normal distances 
of all the data points to the approximarig or optimal ellipse". To 
express this in mathematical form, let 6; be the normal dbtance of a 
data point i to the approximating or optimal ellipse ( P i P i  in Figure 
2). Then, the "goodness" measure is defined as: 

G =  si, (3.1) 

where a method that yields a smaller value for G, is a more accurate 
elliptical-parameter-approximation one. For more details on this 
measure referto [13]. 

The methods presented in Section 2 were applied to two dif- 
ferent cases: a simulated ellipse and a distorted-imaged ellipse. In 
the first case, a "perfect" ellipse is generated using digitizer-board 
graphic commands, the boundary of which is digitized according to a 
mathematical procedure that minimizes the digitization error of a 

N 

i - 1  
J 1  = C [Wi Q W i v  Yi)1!-1 . 

i - 1  
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R g m  2 Normal and "antral" distances to an ellipse. 
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