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Abstract 

In this paper, the dynamic behavior of a 
three-layer feedforward neural network as a 
uncertainty compensator for  robotic control 
is investigated. The  investigation is con- 
ducted in the context of the robot trajec- 
tory tracking problem, where the neural net- 
work (with the error- backpropagation algo- 
rithm) is used as a uncertainty compensator 
in conjunction with the feedback lineariza- 
t ion control (i.e. computed torque) and a 
PD control. ugh computer simulation, 
it is verified that the dynamics of the 
neural netwo s a specific pattern when 

learning rate is sufficiently small, and 
that such a specific pattern of weight 

variation in the neural network represents 
a suficient condition for  closed-loop system 
performance improvement. 

1 Introduction 

Traditionally, neural networks have been used to 
learn the structure of the input-output mappings of 
static and dynamical systems. It has been demon- 
strated that upon learning the structure of a given 
mapping, a neural network is able to generalize, and 
thus responding “optimally” to  unfamiliar situations 
[7, 10, 111. Relatively recently, there has been a 
trend within the robotics control literature to apply 

neural networks for the control of robotic systems. 
In many applications reported in the literature (e.g. 
[4, 5 ,  6, 8, 9, 12, 13, 151) the process of neural net- 
work learning is conducted on-line (i.e. the dynam- 
ics of the neural network is embedded in closed-loop 
with the dynamics of the robotic system), yet there 
appears to be a lack of studies focusing on the dy- 
namic behavior of the neural network (i.e. weight 
variation during learning and/or control) when the 
network is used in such contest. 

It is the premise of this work that investigation 
into the dynamic behavior of the neural network 
(when used in closed-loop with other system com- 
ponents) is required. This premise is motivated by 
the observation that, in closed-loop systems that in- 
clude neural network dynamics, the dynamics of the 
control object (i.e. the system that a neural net- 
work is to learn to control) changes with the dynam- 
ics of the neuraI network (i.e. weight adjustment). 
Proper theoretical insight regarding the dynamical 
properties of the neural network and that of the 
overall closed-loop system must be given to support 
any scheme that utilizes neural networks for control. 
Furthermore, it  must be demonstrated (and ana lyc  
ically verifiable) that the use of neural networks dy- 
namically in closed-loop with other components of 
the system leads to not only a stable system, but 
also an improvement in closed-loop system perfor- 
mance. 

In this paper, the dynamic behavior of a three- 
layer feedforward neural network as a uncertainty 
compensator for robotic control is investigated. The 
investigation is conducted in the contest of the robot 
trajectory tracliing problem, where the neural net- 
work (with the error-backpropagation algorithm) is 
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used as a uncertainty compensator in conjunction 
with the feedback linearization control (i.e. com- 
puted torque) and a PD control. It is verified through 
computer simulation that the dynamics of the neural 
network has a specific pattern when the learning rate 
is sufficiently small, and that such a specific pattern 
of weight variation in the neural network constitutes 
a sufficient condition for closed-loop system perfor- 
mance improvement. 

This paper is organized as follows. Section 2 for- 
mulates the problem. Sections 3 and 4 briefly re- 
view the approach and analysis originally presented 
in [2]. Section 5 describes the computer simulation 
conducted for tlie purpose of verifying the analytical 
results discussed in Section 4, and presents the re- 
sults of the computer simulation that evidently con- 
firm those analytical results. Section 6 concludes the 
paper. 

2 Problem Formulation 
In general, the dynamics of a unconstrained serial 
manipulator with n joints can be described by a 
set of nonlinear differential equations, compactly ex- 
pressed in the form 

M(q)i + % 7 , 4 )  = ,r (1) 
where q E R",q E R", and q E R" are respectively 
the joint position, joint velocity, and joint acceler- 
ation vectors, Ad(.) E R""" is the inertia matrix, 
h(.)  E R" is a vector containing the Coriolis and 
gravitation terms, and 7 E R" is the input torque 
vector. With the nonlinear feedback control law [14] 

where h;r(.) and i(.) are respectively the estimates 
of the actual M(.) and It(.),  and 

(3) 
where el = qd - q,  e 1  = qd - q,  and qd E R", qd E R", 
and qd E R" are respectively the desired joint posi- 
tion, velocity, and acceleration vectors, Iiu E R""" 
and ICp E R""" are diagonal gain matrices, the re- 
sulting closed-loop error dynamics becomes [14] 

1 = Ae + Bv(q,  i, 41') (4) 
where 

and ?](q,Q,Q) = ( A ~ - l A ~ - I ) 4 1 ' + A ~ - l ( ~ - ~ ~ )  is anon- 
linear function (of (I, q; and @) containing unknown 
parameters in Ad and h, and is defined as the uncer- 
ta in ty  associated with the robot trajectory tracking 

problem. Note that for brevity, the arguments for 
M ,  h, A2, and have been omitted. 

A signal U is introduced to compensate for the 
uncertainty q. Now let 

U = j d  + ~i,il+ Iipel + U .  (6) 
Then the error dynamics of the resulting closed-loop 
system can be expressed as 

e = Ae + BAu (7 )  
where AV = v(q,  q , q )  - U  is referred to as the control 
error. Thus the problem is to generate the appro- 
priate signal U to eliminate the control error so that 
the desired error dynamics 

6 = Ae (8) 

can be achieved. Figure 1 illustrates this idea of 
uncertainty compensation. 

3 Approach[2] 

From AV = q(q, q ,  4') - U, it is observed that AV = 0 
implies that U = v(q ,  q. 4). An ideal compensator is 
a function whose output U exactly equals that of the 
function q(.) so that the control error AV = q(.) - 
U = 0. Based on such a premise, the problem of 
designing the compensator can then be considered 
as a function approximation problem. 

It is proposed that a three-layer feedforward neu- 
ral network (Figure 2) be employed as the compen- 
sator. To approximate the function q(q ,  q, q ) ,  the 
neural network takes q ,q ,q  as its input, and pro- 
duces an output U .  This for an n-joint manipula- 
tor, the numbers of units in the input layer and the 
output layer are respectively 3n and n. The connec- 
tion weights between the input layer and the hidden 
layer are represented by the matrix 0, while that 
between the hidden layer and the output layer art 
represented by the matrix I?. Suppose that the num- 
ber of units in the hidden layer is m, then 0 E RSnxm 
and I' E R""". A general weight matrix W can be 
defined as: W = (@,I?)*. The output of the neural 
network U is bounded if a sigmoid function is used as 
the activation function for each of the output units. 

Note that the control error 

A u = ~ - u  (9) 
represents tlie difference between the output of the 
uncertainty function v(.) and the output of the neu- 
ral network v. The objective of neural network learn- 
ing is then to effectively adjust the weights of the 
neural network to minimize the controller error AV. 
Let a cost function to be minimized be 
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J = -nvTnv. It has been proved in [2] that the trajectory track- 
ing error e in (15) decreases as the number of trials (lo) 

According to the error-backpropagation algorithm 
[7, 10, 111, the weights of the neural network are 
adjusted in proportion to the gradient e, i.e. 

increases. This proof is based in the following a- 
sumption about the dynamic behavior of the neural 
network. 

Assumption: For the system (15) with X << 1, 
the following approximation is valid: 

dAv 
(I1) 'M' = -A-- a J  = -XAVT- 

dTV aw 
where X is the learning rate. Since AV = vd - ZJ and 
$$ = 0, so (11) becomes 

where the controller error AV can be determined in 
real-time as (from (7)) 

Note that (13) contains the joint acceleration vec- 
tor q ,  which, though not directly available from the 
robotic system output, can be estimated a 

AV = 7 - v = e1 + I<& + KPe1. (13) 

4( t  + At) - 4(t) 
At 

q(t) M 

where At is the sampling interval of the velocity 
information. The use of the network output error 
(i.e. the control error in this case) for neural net- 
work learning is similar to that in [12], although in 
a different context. 

4 Neural Network Dynamics and 
Closed-loop System Performance[2] 

The closed-loop dynamics of the system with the 
neural network learning on-line is described by 

e = Ae + BAv(q, i,G, TV) 
= -XAvT(q, 4, 4, J+')oA"('$~wl. (15) { 

It is generally accepted that, for the error back- 
propagation algorithm t,o function properly, the learn- 
ing rate X must be small [lo]. Most empirical studies 
suggest that X be limited under 0.1. With a small 
learning rate, the closecl-loop system (15) can be 
considered as a two time-scale syst,em with the robot 
having the fast dynamics while the neural network 
having the slow dynamics. As the learning rate X 
approaches zero, the change of the state of the neu- 
ral network (i.e. the change in the values of the 
connection weights) becomes infinitesimally small. 

One direct consequence for having a small learn- 
ing rate is that, because neural network learning is 
thus made slow, the learning process must be con- 
ducted in a repetitive manner (i.e. through a se- 
ries of trials). In other words, the robot executes 
a task repetitively while the neural network learns 
on-line to generate the signal ZJ to counteract the 
uncertainty 7. 

I,' TV(p+l, a)da M i' TV(p, a)da, V< E [0, T].(16) 

where W ( p ,  a) represents the value of the weight ma- 
trix W at the oth second of the pth trial, and t is the 
time variable associated with one trial (i.e. if each 
trial lasts T seconds, then 0 5 E 5 T ) .  

This assumption means that, for X << 1, the dif- 
ference between the weight change of any two suc- 
cessive trials is considered negligible. For example, 
as illustrated in Figure 3, let lq be an element of W .  
Then 

(17) 

(18) 

Atij(p + 1, E )  = f T%(p + 1, a)do, 

and 

AzZ(p, E )  = 6 l@(p: a)da. 

Although the difference between the initial and fi- 
nal values of Tv (i.e. lT'(p + 1 , O )  - Tv(p, 0)) of any 
trial could be significant, the difference between the 
change in W of any two successive trials can be con- 
sidered negligible, i.e. 

A@(P+ L E )  = A W ( P , J ) ,  YE E [O,TI. (19) 

Under this assumption, it has been proved that 
the trajectory tracking error decreases as the number 
of trials increases. The proof utililizes a cost function 
defined as 

(20) 
1 T  

L(P) = 5 J ,  AUT(1A E ) 4 4 P ,  O d E  

and shows that, under the above assumption about 
the dynamic behavior of the neural network, L ( p )  
decreases as the number of trials p increases. This 
implies that the contlroller error AV in (15) decreases 
(due to the error-backpropagation algorithm) as the 
number of trials p increases. Since a reduction in 
the control error directly translates to a reduction 
in the trajectory tracking error, it can be concluded 
that the trajectory tracliing error decreases as the 
number of trials increases. 

The physical relevance of the above assumption 
can be interpretated as follows. In the closed-loop 
system (15), with a small X (i.e. 0 < X << l), 
the change in the weights per trial can be expected 
to be small. Such a small change in the weights 
will not have significant effect on the state of the 
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robot. Therefore, between any two successive tri- 
als, the change in the state of the robot, and conse- 
quently the difference between tlie two amounts of 
weight change, can be considered negligible. 

5 Simulations 

Computer simulations have been conducted for the 
trajectory following problem to verify the assump- 
tion and to substantiate the theoretical results dis- 
cussed in Section 4. A simple two-link planar robot 
(Figure 4) [3] was used in the simulations. It is as- 
sumed that the mass of each link can be represented 
as a point mass at the end of the link. 

A control system (equivalent to that shown in Fig- 
ure 1) was setup in the EASY5l environment (Fig- 
ure 5). The component RA01 contains the dynamic 
equations of the planar robot, espressed in EASYSs  
macro language [l]. This component was used to 
represent the “actual” robot. The same dynamic 
equations were also used in the nonlinear interface 
(i.e. feedback linearization), which was implemented 
in the component RBOl using EASYSs macro lan- 
guage as well. Thus if the parameters (e.g. mass of 
a link) of the “actual” robot are known precisely (re- 
sulting in = o), then the “actual” robot (RAOl), 
together with the nonlinear interface (RBOl), be- 
come a linear second order system. 

To see th effect of robot parameter uncertainty 
on the system behavior, discrepanicies between the 
masses of the links of the  actual^' robot (RAO1) and 
that used in the nonlinear interface (RBO1) were 
introduced. Specifically, in tlie “actual” robot, the 
masses of the first and second 1inl;s were set to be 51;g 
and 4bg respectively, but in the nonlinear interface, 
these masses were set to be 4.5kg for both links. 
Thus an error of 10% was introduced in the mass of 
the first link, and an error of 12.5% was introduced 
in the mass of the second link. As a result, q # 0. 

A generic three-layer feedforward neural network 
was also developed using EASYSs  macro language. 
This neural network macro allows various parame- 
ters, such as the number of input units, the number 
of hidden units, the number output units, the learn- 
ing rate, and the initial weights, etc., to be set for 
a specific simulation. The neural network used in 
this particular application (component ”01) has 
six input units, twenty-five hidden units, and two 
output units. The input to the neural network were 
q E R2x1 ,q  E R2x1, and q E and was con- 

~~ ~ 

‘The Boring EASI’S Engineering Analysis Syslcm (EASI’S) is an interactive com 
puter program for the modeling, analysis. and design of large complcx dynamical systems 
defined by algebraic, diflerenlial. and/or difleerence equations. The software version used 
for the simulationr in this rork H” EASI’5r. Version 2.0.920406. 

struct,ed by the FORTRAN component FU66 as a 
6 x 1 vector. The signal AV was constructed by 
the FORTRAN component F 0 5 5  according to (13). 
The output of the neural network was E R2”. 
The learning rate X was set a t  0.001. The activation 
function for the hidden units and the output units 
was set to be a hyperbolic tangent function with the 
limits of -1 and 1. 

Another macro component TGOl was developed 
to generate the desired trajetcory, which was speci- 
fied as 

qd = 0.1t - 0. l t2  + 0.0je-2*. (21) 
The length of the first link was set to be 0.7m, 

and that of the second link 0.5m. The gains in for 
the PD controller were 

15 0 80 0 

The initial state of the “actual” robot was set to be 

(23) 

(24) 

41 = q 2  = 0.05 r ~ d ,  

q1 = q 2  = 0 rad/sec. 

A series of simulation runs (i.e. trials) were car- 
ried out using the EASY5 model as shown in Figure 
5. The initial weights of the neural network for the 
first trial were set to  arbitrary values in the order of 

Using the user interface of EASYS, the values 
of the weights at tlie end of each trial were saved in 
a test  file, and were used as the initial state of the 
neural network for the nest trial. 

Figures 6 shows the dynamics of one connection 
weight (W(1,lO)) during the 1” trial (plot on the 
left) and the 2nd (plot ont the right) trial. Figure 7 
shows the dynamics of the same connection weight 
during the 40th trial and the 41” trial. It can be seen 
that, for one given trial, the final value and the initial 
value of the weight are different, h t  the difference 
of the weight change between two mccessiae trials 
(i.e. 1“ and 2nd, 40‘h and 41St) is negligible. Com- 
paring these figures to Figure 3 (which illustrates the 
assumption that the difference of the weight change 
between any two successive trials is negligible), it is 
evident that the neural network does indeed possess 
the dynamic behavior as assumed. 

Figure 8 shows the trajectory tracking error of the 
two joints in the 1“’ trial (plot on the left) and the 
41at trial (plot on the right). It, can be seen that the 
trajectory tracliing error of both joints in the 41“ 
trial is noticieably smaller than that in the lSt trial. 
This clearly confirms the theoretical conclusion that 
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the trajectory tracking error decreases as the number 
of trials increases. 

6 Conclusion 

The dynamics behavior of a three-layer feedforward 
neural network for robotic uncertainty compensa- 
tion has been investigated via computer simulation. 
It has been verified that when used in closed-loop 
with other control system components for robot tra- 
jectory tracking, the dynamic behavior of the neu- 
ral networli (effected by the error-backpropagation 
learning algorithm) follows a specific pattern when 
the learning rate is sufficiently small. It has also 
been verified that this specific dynamic pattern of 
the variation in the neural network weights repre- 
sents a sufficient condition for guaranteeing improve- 
ment in the closed-loop system performance. These 
simulation results are significant because they con- 
firm the theoretical analysis of [ 2 ] ,  and thus validat- 
ing a novel approach and methodology for the anal- 
ysis of the closed-loop stability and performance of 
control systems that incoporate dynamic neural net- 
works. 
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Figure 1 Uncertainty Compensation Figure 2 Neural Network 

Figure 3 Weight and Weight Change Figure 4 A Two-Link Planar Robot 

Figure 5 A n  E A S Y 5  Schematic Model 
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Figure 6 Weight Dynamics in 1st and 2nd Trial 

Figure 7 Weight Dynamics in 40th and 41st Trial 

Figure 8 Tracking Error in 1st and 41st Trial (in Rad.) 
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