
Inverse Analysis
for the Recovery

of Forces Applied
to Photoelastic

Tactile Transducers
v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v

R. E. Saad, A. Bonen, and K. C. Smith
Department of Electrical and Computer Engineering
Computer Integrated Manufacturing Laboratory
University of Toronto
Toronto, Ontario, Canada M5S 3G8

B. Benhabib*
Department of Mechanical and Industrial Engineering
Computer Integrated Manufacturing Laboratory
University of Toronto
Toronto, Ontario, Canada M5S 3G8
e-mail: beno@mie.utoronto.ca

Received August 15, 1996; accepted December 17, 1997

In this paper, the forward and inverse analyses of one- and two-layer photoelastic
tactile transducers are presented. For such transducers, an applied force profile
generates stresses in the photoelastic layer, making it birefringent. Consequently,
circularly polarized light input to the transducer becomes elliptically polarized at the
output because of the introduction of a phase-lead distribution. Herein, the forward
and inverse analyses of a one-layer photoelastic tactile transducer, under ideal condi-
tions, are first presented. The transducer is modeled using closed form equations
based on the theories of elasticity and photoelasticity, which allow the calculation of
the light intensity distribution corresponding to an applied force profile. However, to

Ž .recover the force profile from a light intensity distribution i.e., the inverse problem ,
the phase-lead distribution must be determined first. A novel technique is described
for this purpose. In the second part of the paper, we consider the forward and inverse
analyses of a two-layer transducer, under nonideal conditions, where the light-
intensity distribution is no longer noise-free. In the forward analysis, the calculation of
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the stress distribution in the transducer is implemented by finite-element analysis. The
recovery of the phase-lead distribution under noisy conditions, however, constitutes
an ill-posed inverse problem. A novel algorithm that accurately and effectively
determines the phase-lead distribution from a noisy light-intensity distribution is
presented. Q 1998 John Wiley & Sons, Inc.

1. INTRODUCTION

Photoelasticity offers several attractive properties
for the development of tactile sensors: good linear-
ity, compatibility with vision-based sensing tech-
nologies, and high spatial resolution associated with
the latter. Photoelastic sensors are compatible with
fiber-optic technology and, thus, allow remote loca-
tion of electronic processing devices to avoid inter-
ference problems.

Although photoelasticity has been used exten-
sively in the stress analysis of mechanical parts for
many years,1,2 its application to tactile sensing is
quite limited. In general, the theory of photoelastic-
ity is well established, photoelastic materials are
readily available, and their properties have been
tested extensively.1 ] 4

One of the earlier applications of photoelasticity
to tactile sensing dates back to 1984, to the develop-
ment phase of the UtahrMIT dexterous hand.5 The
researchers, having not been satisfied with the tech-
nologies available for tactile sensing at the time,
proposed the use of the photoelastic phenomenon as
a transduction method for the recovery of the force
profile applied to the fingers of the hand. However,
the construction of a large array of their devices
would be difficult. To overcome this difficulty, a
research group at the University of Oxford pro-
posed a different transducer.6 ] 8 Although an analyt-
ical model for the sensor was proposed by the
authors, a systematic method for recovering the
force profile from the light-intensity distribution
was not reported. Thus, the sensor was used mainly
for the study of the forward analysis, namely, ob-

Ž .serving light intensity distributions fringes for dif-
ferent force profiles.

A tactile sensor developed at the University of
Wales was reported to be able to detect slippage.9 ] 11

It is important to note that their analysis does not
require the recovery of the applied force profile.
Another photoelastic tactile sensor using fiber-optic
strain gauges was reported in refs. 12 and 13.

In contrast to other works reported in the litera-
ture, this paper presents a comprehensive set of
solutions for the forward and inverse problems as-
sociated with photoelastic tactile sensors. To achieve
this objective, photoelastic tactile sensing must be

studied from a general viewpoint. Namely, a basic
transducer topology must be selected and its char-
acteristics analyzed. Correspondingly, mathematical
models must be created for the inverse problem
associated with the sensor, and solution techniques
developed.

In Section 2, the forward analysis of a one-layer
transducer is detailed, based on the theories of elas-
ticity and photoelasticity. In Section 3, the inverse
problem of this transducer is addressed for the case
of normal forces under ideal conditions. In Section
4, a two-layer transducer under normal forces is
analyzed for nonideal conditions. Finite-element

Ž .analysis FEA is used to model the transducer. A
novel algorithm is presented to solve the inverse
problem under nonideal conditions. Finally, several
conclusions are presented and some recommenda-
tions for future work are discussed.

2. ONE-LAYER PHOTOELASTIC
TACTILE TRANSDUCER

The photoelastic sensor to be analyzed in the con-
text of this work consists of a set of parallel photoe-
lastic transducer beams, arranged as shown in Fig-
ure 1. The force application region consists of a set
of tactels onto which line forces are applied. The top
of each beam is a mirror surface. Adjacent beams

Žare slightly separated from each other not shown in
.Fig. 1 and are assumed to operate independently.

The optical setup proposed for illuminating each
transducer is shown in Figure 2. Monochromatic,
linearly polarized light is directed toward the pho-
toelastic transducer by a beam splitter. Before reach-
ing the transducer, the light is circularly polarized
by a quarter-wave plate. Once the light penetrates
the transducer, its polarization is affected by the
birefringence induced in the photoelastic element
by the forces applied to the transducer. The birefrin-
gence creates a phase-lead distribution that trans-
forms the circularly polarized light into elliptically
polarized light. A reflecting surface on the back side
of the transducer returns the light toward a detector
through the quarter-wave plate, the beam splitter,
and an analyzer. This setup constitutes a reflective
circular polariscope. Finally, the light is detected by
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Figure 1. A basic photoelastic tactile sensor.

Figure 2. A circular reflective polariscope.

a camera linked to a frame grabber connected to a
PC for further data processing. By rearranging the
optical elements of the setup, a bright- or a dark-field
circular polariscope can be obtained. For the analy-
sis presented in this work, a dark-field polariscope
is utilized.

Since the photoelastic beams are not in contact
Ž .with one another not shown in Fig. 1 , the analysis

of each beam can be performed independently. Fig-
ure 3 shows a beam of the transducer where the jth
tactel is subjected to a normal-line force F . Thej

Figure 3. A photoelastic beam of the transducer.
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Figure 4. Family of c-phase-lead distributions when a load of 1 N is applied.

tactels are separated by equal distances, s, from
each other along the x axis.

To find a model for the transducer, it is as-
sumed that the beam can be modeled by an elastic
half-space. Note that this assumption represents a
first approximation to the real stress distribution
created in the transducer and is well established in
tactile sensing theory and practice.14,15 The major
advantage of this approximation is that closed-form

Ž .equation CFEs for the phase-lead distribution can
be obtained, providing an immediate understanding
of the basic parameters that affect the behavior of
the sensor.

The phase-lead distribution corresponding to a
normal line force, F , applied to the jth tactel can bej
calculated, using the theory of photoelasticity, to
be16

Ž . Ž . Ž .p x sc x F , 1j j j

where

4K d2
ssŽ . Ž .c x sy , 2j 2 2p t Ž .xyx qdj

and x is the x coordinate at the jth tactel. In Eq.j
Ž .2 , the function c can be understood as the phase-j
lead distribution when a force of 1 N is applied, and
depends only on the optomechanical and geometri-
cal properties of the beam. Figure 4 shows a family
of c functions. For this figure, the dimensions andj
optomechanical parameters of the transducer indi-
cated in Table I were utilized, where E and n are
the modulus of elasticity and Poisson’s coefficient of
the photoelastic material, l is the length of the
transducer, l is the wavelength of the light, and ks
is the strain-optical coefficient. The stress-optical
coefficient, K , is given byss

2p 1qn
Ž .K s K . 3ss sl E

When a set of normal line forces is applied at
the n tactels of the beam and the principle oft
superposition is utilized, the total phase-lead distri-
bution is given by

nt

Ž . Ž . Ž .p x s c x F . 4Ý j j
js1

Table I. Dimensions and optomechanical parameters of the transducer

l t d E n l K s ns t

25 mm 2 mm 3 mm 4 MPa 0.49 632.8 nm 0.0045 1 mm 11
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If the phase-lead distribution and the functions
c are known at least at n points, the recovery ofj t
the force profile, in theory, is possible. Unfortu-
nately, the phase-lead distribution cannot be mea-
sured directly. When a polariscope is utilized, only
the output light intensity can be directly measured.
For the case of the dark-field circular polariscope,
the output light intensity is given by

Ž .p x
2Ž . Ž .I x ssin . 5

2

Ž .From Eq. 5 it can be seen that if the phase-lead
distribution is between 0 and yp , for example, the
phase-lead distribution can be easily obtained. Now
if the phase lead lies outside this range, recovery of
the phase-lead distribution from the light intensity
distribution becomes difficult, since simple inver-

Ž .sion of Eq. 5 does not provide the correct phase-
lead distribution. In practice, the phase lead may lie

w xoutside the interval 0 yp , creating the need for
the development of a special algorithm capable of

Ž .properly inverting Eq. 5 .

3. PHASE-LEAD RECOVERY UNDER
IDEAL CONDITIONS

In this section, the phase-lead distribution of the
photoelastic transducer under stress is recovered
under ‘‘ideal’’ conditions. For our analysis, by ideal
conditions, it is implied that the light-intensity dis-

tribution can be detected on a continuous intensity
scale, namely as a continuous function along the x
axis, and that it is noise-free. These conditions sim-
plify the recovery of the phase-lead distribution
and, as will be explained in the following sections,
allow the development of an algorithm to recover
the phase-lead distribution. The nonideal case,
which better models the behavior of a real sensor,
will be presented in Section 4.

3.1. Forward Analysis

The forward analysis of the sensor consists of ana-
lyzing the effect of an applied force profile on the
light intensity distribution. This analysis can be per-

Ž . Ž .formed using Eqs. 2 and 4 in calculating the
Ž .phase-lead distribution, and Eq. 5 in determining

the light intensity distribution. For the exemplary
Ž .force profile shown in Figure 5 Example 1 , the

corresponding phase-lead and light intensity distri-
butions can be determined as shown in Figures 6
and 7, respectively, where the dimensions and op-
tomechanical parameters of Table I are used in the
calculations.

3.2. A Generic Phase-Lead Recovery Method

In this section, an algorithm is detailed for recover-
ing the phase-lead distribution from the light in-
tensity distribution. The algorithm requires ‘‘full
analysis’’ of the light intensity distribution. By full

Figure 5. Force profile applied to the transducer for Example 1.
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Figure 6. Phase-lead distribution for the force profile of Example 1.

Figure 7. Light intensity distribution for the force profile of Example 1.
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analysis, a classification of the critical points of the
light intensity distribution using high-order deriva-
tives is implied.

3.2.1. Critical Points of the Light Intensity Distribution

The normalized light-intensity distribution is given
Ž . Ž .by 5 . Differentiating 5 yields

dI 1 dp
Ž . Ž . Ž . Ž .x s sin p x x . 6

dx 2 dx

Ž .The critical points of I x can be found by
analyzing dIrdxs0, namely where

Ž . Ž .sin p x s0, 7.a

andror

dp
Ž . Ž .x s0. 7.b

dx

Ž .The critical points of I x are indicated herein
by x , is1, 2, . . . , n , where n indicates the totalc i c c

Ž .number of critical points. Equation 7.a simply in-
dicates that the phase lead is zero or a multiple of

Ž . Ž .p , and 7.b determines the critical point of p x . It
should be noted that some critical points can satisfy
Ž . Ž .7.a and 7.b simultaneously. These particular
points are the ones that complicate the recovery of
the phase-lead distribution. The critical points that

Ž .satisfy 7.a correspond to the situation in which p
equals 0 or a multiple of p . The light-intensity

Ž .distribution for these points is 0 or 1. Equation 7.b
recovers critical points of the phase-lead distribu-
tion. This, in turn, can be used to get specific infor-
mation about the phase-lead distribution.

The algorithm that recovers the phase-lead dis-
tribution from the light-intensity distribution will
be explained using Example 1. The critical points of
the light-intensity distribution of Example 1 are
shown in Figure 7.

3.2.2. Initial Classification of the Critical Points

Ž .The critical points of I x are classified as those
with I equal to one or zero, and those with intensi-
ties different from one or zero. The latter points

Ž .satisfy only 7.b and are critical points of the
phase-lead distribution. In summary, the critical

Ž .points of I x can be classified into three categories:

Ž .1. Those that satisfy I x s1, hereafter re-c i
ferred to as the ones, o , with js1, 2, . . . . Inj
our example, o sx , o sx , and o sx .1 c1 2 c5 3 c7

Ž .2. Those that satisfy I x s0, hereafter re-c i
ferred to as the zeros, z , with js1, 2, . . . . Inj
our example, z sx , and z sx .1 c 2 2 c 4

Ž . Ž .3. Those that satisfy I x /1 and I x /0,c i c i
hereafter referred as direct critical points of
Ž .p x , c , js1, 2, . . . . In our example, c sx ,j 1 c 3

and c sx .2 c6

3.2.3. Finding the Critical Points
of the Phase-Lead Distribution

In the previous section, only the critical points of
Ž .p x with associated light intensities different from

zero or one were found. In this section, the critical
Ž .points of p x , at which the light intensity is one or

zero, hereafter referred as indirect critical points of
Ž .p x , are found.

Ž .To find the indirect critical points of p x , it is
Ž .necessary to analyze the second derivative of I x ,

given by

22 2d I 1 d p 1 dp
Ž .s sin p q cos p . 82 2 ž /2 2 dxdx dx

Ž .For the case of ones or zeros where sin ps0 , the
second derivative reduces to

22d I 1 dp
Ž .s cos p . 92 ž /2 dxdx

If, for the zero or one being analyzed, d2Irdx 2

s0, then that zero or one is an indirect critical point
of p. In our example, it was determined that o is3
an indirect critical point of p.

3.2.4. Classification of the Critical Points
of the Phase-Lead Distribution

The critical points of p must be classified into
points of inflection and local extrema, using higher-
order derivatives of the light-intensity distribution.
In this way, the direct and indirect critical points are
separated.

Ž1. For direct critical points of p where dprdxs
.0 , the second derivative reduces to

d2I 1 d2 p
Ž .s sin p . 102 22dx dx
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If d2Irdx 2 /0, then the point being analyzed
corresponds to a local extremum. If d2Irdx 2

s0, then the third derivative, given by

33 3d I 1 d p dp
s sin p y3 3 ž /2 dxdx dx

3 d2 p dp
Ž .q cos p , 1122 dxdx

must be analyzed. For the case under analy-
sis, the third derivative reduces to

d3I 1 d3p
Ž .s sin p . 123 32dx dx

If d3Irdx 3 /0, then the direct critical point of
p is an inflection point. If d3Irdx 3 s0, the
fourth derivative of I must be analyzed. In
general, it can be proved that analyzing
higher derivatives of I at a direct critical
point is equivalent to analyzing the higher
derivatives of p at the same point. This means
that

dkI dk p
Ž .A . 13k kdx dx

Thus, if the order of the next nonzero deriva-
tive of I at a direct critical point is even, the
point that is being analyzed corresponds to a
local extremum; if it is odd, the point is an
inflection point. In our example, it was found
that c and c correspond to local extrema.1 2

Ž2. For indirect critical points of p where sin p
.s0 and dprdxs0 , the second derivative is

zero, and the third derivative also reduces to
zero. Thus, the fourth derivative must be
analyzed. It can be proved that, for the case
under study, the fourth derivative reduces to

24 2d I 3 d p
Ž .s cos p . 144 2ž /2dx dx

If d4Irdx 4 /0, the indirect critical point un-
der study corresponds to a local extremum
on the phase-lead distribution. If d4Irdx 4 s0,
the next nonzero derivative must be ana-
lyzed. In our case, it is even and of the form

22 k kd I d p
Ž .A . 152 k kž /dx dx

If d2 kIrdx 2 k /0 and k is even, the point
under analysis corresponds to a local ex-
tremum on the phase-lead distribution; if k
is odd, it is an inflection point.

At this stage, all of the critical points of p have
been classified as inflection points or local extrema.
It is also noted that it is not necessary to know
whether the local extrema are maxima or minima.

For our example it was determined that o is a3
local extremum of p.

3.2.5. A New Classification of Critical Points
of the Light Intensity Distribution

Following the analysis just presented, a new classifi-
cation of the critical points of I can be performed:

Ž . Ž .1. Class 1: Critical points of I x , where I x s
1, and the first nonnegative derivative is of
the form d2 kq1Irdx 2 kq1 for some integer kG
1, hereafter designated as k , with is1, 2, . . . .i

Ž . Ž .2. Class 2: Critical points of I x , where I x s
0, and the first nonnegative derivative is of
the form d2 kq1Irdx 2 kq1 for some integer kG
1, hereafter designated as z , with is1, 2, . . . .i

Ž .3. Class 3: Critical points of I x which are local
Ž .extrema but do not satisfy conditions a or

Ž .b . These points are hereafter designated as
x , with is1, 2, . . . .i

Basically, class 1 points are the previous ones,
with the exception of all the indirect critical points
of p that are local extrema; class 2 points are the
previous zeros, with the exception of all the indirect
critical points of p that are local extrema; finally,
class 3 points are the direct and indirect critical points
of p which are local extrema.

Using this new classification on our example
indicates that the class 1 points are k so and1 1
k so ; the class 2 points are z sz and z sz ;2 2 1 1 2 2
and the class 3 points are x sc , x sc , and1 1 2 2
x so . The new classification of the critical points3 3
is shown in Figure 8.

3.2.6. A Comprehensive Algorithm
for Phase-Lead Recovery

In the previous subsections, a classification of criti-
cal points was performed. Based on this classifi-
cation and the algorithm described in this subsec-



vSaad et al.: Inverse Analysis of Forces on Photoelastic Tactile Transducers 267

Figure 8. Reconstructed phase-lead distribution for Example 1.

tion, the phase-lead distribution can be recovered
uniquely.

Before the algorithm is described, it is interest-
ing to note what kind of information the different
critical points can provide. For example, a class 1 or
a class 2 critical point indicates that, at that point,
the phase-lead is switching from one branch to
another of the arcsin function. A class 3 point, on
the other hand, indicates that the phase lead reaches
an extremum. Immediately before and after the
point, the derivatives of the phase lead have differ-
ent signs.

To fully recover the phase-lead distribution, one
must know the value of the phase lead at one point

w xin the interval vs ylr2 lr2 . For the present algo-
rithm, it will be assumed that the phase lead at

Ž .xsylr2 or xs lr2 is known, and that its value is
between 0 and yp . Under this condition, the phase
lead can be reconstructed point by point using the
following formula:

mq n 'Ž . Ž . Ž . Ž .p x sy2p my y1 2 arcsin I x . 16

The algorithm starts with ms0, ns0, and ks
Ž .k0, and the index m is defined as mªmq y1 .

The phase-lead distribution is recovered point by
Ž .point, increasing x from ylr2 to lr2 or vice versa .

When a class 3 critical point is encountered, k is
increased by one; when a class 2 critical point is
encountered, n is increased by one; and, when a
class 1 critical point is encountered, m is increased
or decreased by one, depending on the value of k.

In Figure 8, the steps in the reconstruction of the
phase-lead distribution are shown. The sections of
the curve with the same parameters m, n, and k are
indicated, as well as the different critical points.

One of the major problems with the algorithm
previously described is the need for the analytical
expressions for the light intensity distribution to
calculate the high-order derivatives with accuracy.
However, as will be seen in the next section, mea-
surements of the light intensity distribution are
subject to electronic noise, quantization error, and
sampling error, which make the calculation of
derivatives impossible to the extent required by the
algorithm. If the high-order derivatives cannot be
calculated, then the classification of the critical
points cannot be performed accurately, and the in-

Žverse problem of finding the phase-lead distribu-
.tion becomes ill posed. In Section 4, a study of the
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recovery of the phase-lead distribution under ill-
posed conditions is performed.

4. ANALYSIS OF A TWO-LAYER TRANSDUCER

In the transducer topology described in Section 2
and analyzed in Section 3, a practical problem ex-
ists: the grasped object would be in direct contact
with the mirrored surface of the transducer. This
would eventually damage the mirrored surface and,
consequently, cause a deterioration of the output
light from the polariscope. Thus, it seems evident
that a compliant protective layer is needed for the

Ž .development of a robust transducer Fig. 9 . Note
that the mechanical properties of the photoelastic
and the compliant layers can be different.

In general, the forward analysis performed in
Section 2 is still valid for the new transducer, except
that the shapes of the phase-lead distributions are
affected by the compliant layer. Moreover, since the

generic method for the recovery of the phase-lead
distribution, described in Section 3, is independent
of the particular dimensions, optomechanical prop-
erties, and structure of the transducer, the phase-
lead distribution can be recovered with this method
if the ideal conditions are assumed to apply for this
case. Thus, we limit our discussion to the forward
analysis of the transducer under ideal conditions. In
this paper, the modeling of the transducer is per-

Ž .formed by finite-element analysis FEA . However,
in ref. 17, the forward analysis using CFEs was
presented for a two-layer transducer, in which both
layers have the same mechanical properties.

Furthermore, the light intensity distribution of a
real sensor is susceptible to noise. Under these con-
ditions, the method reported in Section 3 cannot be
applied directly to the recovery of the phase-lead
distribution because the inverse problem becomes
ill-posed. In response to this difficulty, an alterna-
tive method is developed for the recovery of the
phase-lead distribution.

Figure 9. An element of the two-layer photoelastic tactile transducer.
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4.1. FEA Analysis of the Proposed Transducer

Ž .The phase-lead distribution p x for the two-layer
transducer can be calculated as16

aqbŽ . Ž . Ž .p x s2 K s x , z dz , 17Hss x
a

where the calculation of the 2-D shear stress distri-
Ž .bution in the photoelastic transducer, s x, z , isx

carried out by FEA.

4.1.1. Boundary Conditions

The stress distribution is directly related to the
Ž .boundary conditions BCs of the transducer: those

shown in Figure 10a are denoted by BC1, and the
ones in Figure 10b by BC2. For BC1, the theory of
elasticity establishes that the stress distribution val-
ues at xsylr2 and xs lr2 must be zero, since no
forces are applied to the lateral borders of the trans-
ducer. For BC2, on the other hand, the stresses do
not necessarily have to be zero at xsylr2 and
xs lr2.

4.1.2. General Analysis of the Transducer by FEA

The first step in calculating the stresses consists of
establishing a mesh characterizing the photoelastic

Ž .transducer Fig. 11 . In our case, the central part of
the mesh was configured to have more elements
than the outer parts, to improve the accuracy of the
stress calculations in the central region, where the
forces are applied and the stress gradients are higher.
For the same reason, the photoelastic layer has more
elements than the region corresponding to the com-
pliant layer. E and E , and n and n denote the1 2 1 2
modulii of elasticity and Poisson’s coefficients of the

Figure 10. Boundary conditions.

compliant and the photoelastic layers, respectively.
D x and D x are the widths of the elements along1 2
the x axis, in the central and outer regions, respec-
tively. D z and D z represent the heights of the1 2
elements along the z axis, in the compliant and
photoelastic layers, respectively. The numbers of
nodes along the x axis in the central and outer
regions are denoted by m and m . The total1n 2 n
number of these elements is denoted by m sm qn 1n
m . The number of nodes along the z axis in the2 n
compliant and the photoelastic layer is indicated by
l and l , respectively.1n 2 n

In all of the examples presented in this section,
it is assumed that the materials of both layers of the

Figure 11. Finite-element mesh representation for the transducer.
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transducer work in the linear-elastic region, that the
Ž .forces are applied only at the tactels see Fig. 9 , and

that plane stress conditions apply.19

Since stresses are calculated by FEA at each of
Ž .the nodes of the mesh, Eq. 17 is rewritten as

l2n

Ž .p s2 K s D z , 18Ýi ss i l 2
ls1

where p is the phase lead at x , s is the sheari i i l
Ž .stress at the node i, l , and l , as indicated before,2 n

is the number of nodes along the x coordinatei
inside the photoelastic layer. Applying the principle
of superposition to stresses, one can easily prove
that the phase-lead distribution can be rewritten
as16

nt1
Ž . Ž . Ž .p x s c x F , 19Ýi j i jW js1

where c is the corresponding phase-lead distribu-j
tion when a load W is applied at the jth tactel, F isj
the magnitude of the force, and n is the number oft
tactels. The family of c-functions completely charac-
terizes the transducer since, if they are known, the
phase-lead distribution corresponding to any force

Ž .profile can be obtained by applying 19 . Even
though, in this paper, force profiles with only nor-
mal components are considered, in general, it is
possible to perform the analysis with force profiles
with tangential components.18 The force profile must

Žbe narrower than the length of the transducer x
.axis .
The effect of BCs in the response of the sensor is

Ž .presented by using a new example Example 2 . For
this example, it is assumed that a 0.1 N force is

applied to each tactel. The transducer for Example 2
is defined by Table II and the mesh is defined by
Table III.

Figure 12 shows the phase-lead distributions for
a transducer under BC1 and BC2. As can be ob-
served, the phase-lead distribution at the borders
are different because of the BCs. In the case of BC1,
the shear stress distribution is zero, and correspond-
ingly, the phase-lead distribution must be zero.
However, as can be observed in Figure 13, the
phase-lead distribution is not exactly zero at the
borders because of small numerical errors in
the calculation of the shear stress at the borders. In
Figure 12, the phase-lead distribution is not zero,
because of the effect of the rollers that creates shear
stresses at the borders. Note that BC1 always satis-
fies the condition that the phase-lead distributions

w xat xsylr2 and xs lr2 are in the interval 0 yp ,
Ž . Ž .since p lr2 sp ylr2 s0. However, the phase-

lead distribution corresponding to BC2 does not
necessarily satisfy this condition, since the phase
leads at the borders depend on the magnitude of the
force profile. Consequently, a transducer under BC1
has an a priori larger dynamic range than the one
under BC2.16,18

4.2. Analysis under Nonideal Conditions

To show the robustness of our method, the analyses
are presented herein through yet another example
Ž .Example 3 , in which a different force profile is
applied to the transducer defined for Example 2.

4.2.1. Forward Analysis under Ideal Conditions

The force profile applied to the transducer is shown
in Figure 13. After calculating the stress distribution

Ž .by FEA for BC1 and applying 18 , the resulting

Table II. Dimensions and parameters of the transducer

l t a b s E E n n l K n1 2 1 2 s t

25 mm 2 mm 0.5 mm 3 mm 1 mm 110 MPa 1.1 GPa 0.49 0.42 632.8 nm 0.0025 11

Table III. Dimensions and number of nodes of the mesh in each region

D x D x D z D z m m l l1 2 1 2 1n 2 n 1n 2 n

83.3 mm 343.75 mm 83.33 mm 186.66 mm 167 34 6 19



vSaad et al.: Inverse Analysis of Forces on Photoelastic Tactile Transducers 271

Figure 12. Phase-lead distributions for Example 2 under BC1.

phase-lead distribution is as shown in Figure 14.
The continuous line in Figure 14 represents a linear
interpolation of the 201 consecutive points. The out-
put normalized light intensity distribution of the

Ž . Ž .polariscope can be calculated using 5 Fig. 15 .

4.2.2. Forward Analysis under Nonideal Conditions

A typical detection process involved in the evalua-
tion of the output light intensity of the polariscope

is shown in Figure 16. The output light from the
polariscope can be detected by a CCD linear array
with an active length equal to the length of the
transducer and aligned perpendicular to the direc-
tion of propagation of the light. Note that, for this
case, a linear array can be used as a detection device
because only one transducer beam is analyzed. Sub-
sequently, the analog electrical signal generated by
the CCD array is processed and finally transformed
by an ArD converter into digital form for further

Figure 13. Applied force profile for Example 3.
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Figure 14. Phase-lead distribution for Example 3.

data processing with a PC. Since the linear array
samples the light intensity distribution in pixel-

Ž .quantized space, Eq. 5 can be rewritten in discrete
form as

Ž .p xiŽ . Ž .I x ssin for is1, 2, . . . m , 20i p2

where m is the number of pixels in the linearp
array.

Ž .The equations for p x and c , respectively, canj
also be rewritten in a discrete form as

Ž . Ž .P sp x for is1, 2, . . . m , 21i i p

Ž . Ž .c sc x for is1, 2 . . m ; js1, 2 . . . n . 22i j j i p t

Ž .The discrete version of Eq. 4 can, thus, be
rewritten in matrix notation as

1
Ž .Ps C F, 23

W

Figure 15. Normalized light intensity distribution for Example 3.
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Figure 16. Detection and processing of the output light intensity.

where

P1

P2
.Ps ;..

Pm p

c c ??? c11 12 1n t

c c ??? c21 22 2 n t
cs ;. . .. . .. . .

c c ??? cm 1 m 2 m np p p t

Ž .24

F1

F2
Fs ...

Fn

P is the phase-lead vector, C is the model matrix,
and F is the input force-profile vector.

Once the light intensity has been discretized by
the linear array, the measurements are converted
into digital form by an ArD converter. Assuming
that the ArD converter has a certain number of bits
B, the maximum number of grey levels obtainable is
2 B. The ArD converter also introduces quantization
noise to the signal. In addition to this noise, random
electronic noise, n , is herein added to the signal.o
The effect of the ArD converter is simulated by the
function ‘‘round.’’a

a The ‘‘round’’ function returns the closest integer to the real
number presented to it.

ŽThe detected light intensity distribution in grey
.levels , I , can be written asd

Ž .p xi2Ž . Ž .I x sround A sin qn x q Id i o i o2

Ž .for is1, 2 . . . m , 25p

Ž .where n x is the electronic noise introduced intoo i
the measurement of the light intensity of the ith
pixel; I is the minimum average signal applied too

w Ž .xthe ArD converter, such that I qmin n G0;o o
and A is the maximum allowed dynamic range of
the signal applied to the ArD converter, such that
w Ž .x BAq I qmax n F2 y1. These two last inequal-o o
ities are intended to guarantee that the system works

Žin a linear region for which no distortion is in-
troduced between the incident and detected light

.intensities .
Continuing with Example 3, and considering

Žthe parameters of Table IV where gl stands for
.grey-level units , the detected light intensity distri-

Ž .bution I can be calculated using Eq. 25 , as shownd
in Figure 17.

Figure 17 represents the last step of the forward
analysis under nonideal conditions. The phase-lead

Ž .distribution must be recovered from Eq. 25 . How-
ever, the critical points of I cannot be classified byd
the method outlined in Section 3, since the deriva-
tives of I cannot be calculated with the accuracyd
required by the algorithm. Thus, a new method that
allows us to recover the phase-lead distribution
from a ‘‘noisy’’ light intensity distribution must be
found. Such a method is reported in the following
section.
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Table IV. Parameters of the detection process

Ž .B I A n randomo o

8 5 gl 245 gl y5 gl to 5 gl

4.3. Inverse Analysis under Nonideal Conditions

In this section, a method for recovering the phase-
lead distribution from a ‘‘noisy’’ light-intensity dis-
tribution is explained. For purposes of clarity, the
method is presented through Example 3.

4.3.1. Spatial Filtering of the Light Intensity

To reduce the noise in the detected light intensity
distribution, the digital data I are filtered with and
ideal low-pass filter implemented at the software
level. This filter was selected by means of a large
number of simulations. In each simulation, a ‘‘noisy’’

Žlight-intensity distribution with y5 to 5 grey levels
.of random noise was calculated for a given force

profile, and subsequently, it was filtered with a
range of ideal low-pass filters having different
pass-bands. From these results a filter, the pass-band
of which is 200 mmy1 and which cuts the noise
significantly without producing noticeable distor-
tion in the light-intensity distribution, was selected.
With this filter, the noise is reduced approximately
to the range of y2 to 2 grey levels, from the y5 to 5
originally introduced into the light intensity distri-
bution used in the simulations. The final step con-

sisted of normalizing the filtered light intensity dis-
B Ž .tribution by dividing it by 2 in our example, 255 .

The normalized filtered light intensity distribution,
I , for the example under analysis is shown in Fig-f
ure 18.

The phase-lead distribution must be recovered
from I , in which case, I can be written asf f

Ž .p xn i2Ž . Ž .I x ssin , 26f i 2

where p is the noisy phase-lead distribution. Noten
Ž .that it is p not p that will be recovered.n

4.3.2. Classification of the Critical Points

The critical points of the normalized filtered light-
intensity distribution are found next. For Example 3,
there are 19 critical points, denoted by c , ksk

Ž .1, 2 . . . 19 Figure 18 . The next step is to classify the
critical points. As explained before, the classification
used in Section 3 is not applicable here. Accord-
ingly, a new approach must be found to classify the
critical points, based on the fact that a strict classifi-
cation of the critical points into the class 1, class 2,
and class 3 categories of critical points cannot be
performed directly.

Rather, the normalized filtered light intensity
ditribution is divided into three regions: region 1,
where 0.98F IF1; region 2, where 0- I-0.02; and
region 3, where 0.02F IF0.98. The widths of re-
gions 1 and 2 were obtained, approximately, by

Figure 17. Detected light intensity distribution.
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Figure 18. Normalized filtered light intensity distribution for Example 3.

dividing the maximum noise swing after filtering
Ž .4 grey levels in the filtered light intensity distribu-

Ž .tion by A i.e., 4r245;0.02 .
The critical points are now classified as follows:

1. All local extrema in region 1 are either class 1
or class 3 points.

2. All local extrema in region 2 are either class 2
or class 3 points.

3. All local extrema in region 3 are class 3 points.

In our example, c and c are in region 1, and3 17
c and c are in region 2. The rest of the local10 12
extrema are in region 3.

Because of uncertainty about the class of critical
points in region 1 and 2, several different phase-lead
distributions can be recovered by using the algo-
rithm outlined in Section 3, of which only one is
correct. This constitutes, in essence, an ill-posed
inverse problem. Namely, each local extremum in
regions 1 and 2 would yield two possible phase-lead
distributions. If the total number of local extrema in
regions 1 and 2 is C, then the total number of
possible phase-lead distributions is 2 c. In our exam-
ple Cs3, leading to eight possible phase-lead dis-
tributions. In Table V, the complete set of possible
cases is shown, in which, for coding purposes, the
number ‘‘1’’ is assigned to class 1 critical points,

Table V. Sets of possible critical points

Case no. c c c c to c c c to c c c c1 2 3 4 11 12 13 16 17 18 19

1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 1 0 0
3 0 0 0 0 y1 0 0 0 0
4 0 0 0 0 y1 0 1 0 0
5 0 0 1 0 0 0 0 0 0
6 0 0 1 0 0 0 1 0 0
7 0 0 1 0 y1 0 0 0 0
8 0 0 1 0 y1 0 1 0 0
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‘‘y1’’ to class 2 critical points, and ‘‘0’’ to class 3
critical points.

4.3.3. Minimization of the Possible Sets
of Critical Points

The number of possible phase-lead distributions
grows exponentially with the number of local ex-
trema in regions 1 and 2. Correspondingly, to re-
duce the computational time involved in recovering
each phase-lead distribution, the number of possible
cases must be reduced.

The first approach used consists of reducing the
width of regions 1 and 2 as much as possible.
However, there exists a minimum width, such that
if the width is reduced further, errors will occur in
the categorization of the critical points and, conse-
quently, the sought phase-lead distribution will not
be found, because the correct set of critical points
has been eliminated. Thus, a conservative approach
is desirable in selecting the widths of regions 1 and
2 to avoid errors in the event that the actual magni-
tude of noise exceeds the estimated one.

Another approach to reducing the number of
spurious phase-lead distributions consists of check-
ing all of the cases with respect to a set of verifica-
tion rules based on the general properties of such
phase-lead distributions. This set of rules can be
summarized as follows:

Rule 1. If c and c are both class 1 or bothk1 k 2
class 2 critical points, such that between
them only class 3 critical points exist,
then the number of such class 3 critical
points must be odd.

Ž .Rule 2. If c is a class 1 class 2 critical pointk1
Ž .and c is a class 2 class 1 criticalk 2

point, such that between them only class
3 critical points exist, then the number
of such class 3 critical points must be
even.

Rule 3. If c and c are two consecutive criti-k1 k 2
cal points, they cannot both be class 1
or class 2 critical points.

Ž .Rule 4. The parameter m in Eq. 16 must be
zero for xsylr2 and xs lr2. This
implies a certain symmetry in the dis-
tribution of critical points.

After the above rules are applied to Table V, the
number of cases is reduced to three, as shown in
Table VI. For example, case 2 violates rule 4, and
case 4 violates rule 2. Some cases can violate more
than one rule. However, in the algorithm, the rules
are implemented sequentially. If a case violates one
rule, it is immediately eliminated. To optimize the
method and diminish the computational time in-
volved in applying the verification rules, the rules
that statistically eliminate more cases should be
checked first. Rule 4 is the one that, in general,
eliminates the most cases. In ref. 16, a practical
implementation of the rules is detailed.

4.3.4. Phase-Lead Reconstruction and Testing

Once the number of possible sets of critical points
has been reduced by applying the rules described in
the previous section, the next step consists of the
recovery of the phase-lead distribution correspond-
ing to each set, using the algorithm described in
Section 3. Since only one of these distributions is the
one sought, the spurious phase-lead distributions
must be eliminated.

Ž .To recover the input force profile from Eq. 23 ,
one would need to know the phase-lead vector P
and the model matrix C. Although a model matrix
C , based on an approximate model of the trans-
ducer, could be obtained, it is not advisable to use
this approximation in solving the inverse problem
of a real sensor, since the model could not be
completely accurate. For that reason, it is better to
work with measured c-functions. Since in this study,
we are not making real measurements, the c-func-
tions should be similar to the ones provided by the
model, except for the simulated noise introduced

ˆ Žinto them. These c-functions are indicated by c the

Table VI. The reduced set of possible critical points after the verification rules are applied

Case no. c c c c to c c c to c c c c1 2 3 4 11 12 13 16 17 18 19

1 0 0 0 0 0 0 0 0 0
3 0 0 0 0 y1 0 0 0 0
6 0 0 1 0 0 0 1 0 0
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ˆsymbol above C is used to indicate noisy condi-
.tons and can be calculated by

ˆ Ž . Ž .c x sy2 arcsin I x for js1, 2, . . . , n ,'j i fj i t

Ž .27

where I is the corresponding normalized filteredfj
light intensity distribution, when a load W is ap-
plied to the jth tactel. It must be noted that W
should be empirically determined to yield only class
3 critical points in the light intensity distribution so

Ž .that Eq. 27 provides the right phase-lead distribu-
tion. In the measurement process, this step corre-
sponds to the calibration of the transducer.

ˆGrouping the c-functions as was done for Eq.
Ž .23 , the model matrix under nonideal conditions,
ˆ Ž .C , is obtained. The relation equivalent to Eq. 23 is
given by

1 ˆ Ž .P ( C F, 28n W

where P is the noisy phase-lead vector. The nor-n
malization factor, W, is present because in calculat-

ˆing the c-functions, it is not necessarily assumed
that a 1 N force is applied to each tactel. Further-
more, since nonideal conditions apply, the relation-
ship constitutes an approximation.

In this section, an algorithm is detailed with
which to find the correct phase-lead vector among
the reduced set of phase-lead vectors. The algorithm
consists of the following steps:

1. The phase-lead vector corresponding to each
of the cases, obtained after applying the rules
previously described, is recovered by using
the algorithm reported in Section 3. The re-
covered phase-lead vectors are denoted by P .r

2. The associated force profile F , for each P , isr r
Ž .obtained by solving Eq. 28 for F. In our

case, the following nonnegative, least-squares
problem was formulated and solved:

1 ˆ Ž .min C F yP , such that F G0. 29r r rWFr

The vector F is restricted to being nonnega-r
tive because of the positive force profile re-
quirement in our case.b

b Ž .Solving Eq. 28 is not trivial! In ref. 20, a neural network was
proposed to solve a similar inverse problem. Other solutions to
the problem are addressed in refs. 21 and 22.

3. An auxiliary phase-lead distribution P isv
obtained as

1 ˆ Ž .P s C F . 30v rW

It should be noted that P and P are notv r
necessarily the same or even similar. To un-
derstand this possible difference between Pv
and P , one should understand that the mini-r
mum least-squares problem solved in the
previous step gives a force profile, F , suchr

ˆŽ .that 1rW C F produces the minimumr
least-squares error in relation to the given P .r

Ž .In other words, the solution of Eq. 29 gives
ˆthe best approximation using the matrix C.

4. The true phase-lead distribution is the one in
which the difference between P and P is av r
minimum. This is equivalent to finding the
case that produces the minimum percentage
error, where

1
Ž . � w x 4Error % s max abs P yP =100.v rD Pmax

Ž .31

The function abs calculates the absolute value
of each component of the difference between
P and P , and D P is the difference be-r v max
tween the overall absolute maximum, and
the overall absolute minimum of P and P .r v

In Table VII, the force profile, F , is found forr
each of the cases of Table VI. In Figures 19]21, the
phase-lead distributions P and P are shown forr v
each case of Table VI. Finally, in Table VIII, the
percentage error for each case is calculated by using

Ž .Eq. 31 .
As can be observed from Figure 2, the best fit

Ž .minimum percentage error corresponds to case 6.

5. CONCLUSIONS

In this paper, a photoelastic tactile transducer has
been studied by CFEs and FEA to determine the
stress distribution, and the theory of photoelasticity
has been used for the calculation of the phase-lead
distribution. The FEA technique allows one to take
into account the effect of the boundary conditions
on the phase-lead distribution of the transducer,
creating, as a consequence, a more reliable model
for the transducer.
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Table VII. Recovered force profile F for the eight cases of Table Vr

Case no. F F F F F F F F F F F1 2 3 4 5 6 7 8 9 10 11

1 0.2469 0.0745 0.05011 0 0 0 0 0 0 0.1258 0.2336
3 0.2359 0.0835 0.0679 0 0 0 0 0 0 0 0
6 0.0999 0.0572 0.01008 0.0715 0.2105 0.2998 0.1186 0.1298 0.1503 0.1098 0.0899

Figure 19. Phase-lead distributions P and P for case 1.r v

Figure 20. Phase-lead distributions P and P for case 3.r v
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Figure 21. Phase-lead distributions P and P for case 6.r v

Table VIII. Percentage error for the cases
shown in Table V

Case no. 1 3 6

Ž .Error % 41.4 51.4 3.6

The recovery of the phase-lead distribution from
Ž .an ideal noise-free light intensity distribution has

been presented and used to promote an understand-
ing of the ill-posed conditions that may be found
when the phase-lead distribution must be recovered
from a noisy light intensity distribution. For the
latter case, a general algorithm has been presented
for the automatic recovery of the phase-lead distri-
bution. In this process, the noisy light intensity
distribution is assumed to be detected by a CCD
array camera linked to an ArD converter. The algo-
rithm tackles the ill-posed condition of the problem
by reducing the set of possible phase-lead distribu-
tions and by checking physical properties of the
solution. Some simulation results from a 2-D op-
tomechanical finite-element model of the transducer
have been presented to demonstrate the proposed
algorithm. To solve the inverse tactile problem, an
optimization function was successfully imple-
mented.

In practice, finding the correct phase-lead distri-
bution might be computationally time-consuming if
each distribution is considered sequentially. This is

a consequence of the complexity of the algorithm by
which the inverse tactile problem must be solved.
However, it is quite possible to process the different
phase-lead distributions in a parallel manner: use of
dedicated hardware to solve the inverse tactile
problem, such as the scheme proposed in ref. 20, for
instance, is particularly attractive.

Photoelastic tactile sensors could be imple-
mented in the near future that use integrated optics
and optoelectronics, in a manner analogous to
piezoresistive tactile transducers that currently use
micromachining and microelectronics.23
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