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Percolation Algorithm Summary

The Percolation Problem:


The percolation problem is effectively one of path or cluster formation through random processes on either a sample lattice or space; in the former case it called lattice percolation in the latter case this is called continuum percolation.  In general this involves two processes:

1. Randomly adding or removing particles from a sample lattice or space, until an infinite cluster is formed.  A cluster is considered to be a group of particles that are connected to each other and particles are considered connected if they occupy adjacent lattice sites, or if they are within a certain encounter radius of each other.

2. A sample lattice or space is already filled with particles and bonds are randomly formed between particles until an infinite cluster is formed.  In this case particles are only considered connected if there is a bond formed between them.

If only the first case is considered this is called site percolation and the minimum fraction of lattice sites or faction of volume occupied by particles at which an infinite cluster is formed is called the site-percolation threshold.  If only the second case is considered this is called bond percolation and the lowest probability at which bonds are formed is called the bond-percolation threshold.  If the two cases are considered together, i.e. the lattice or space is randomly filled with particles and bonds are randomly formed between site-connected particles, then for every volume or site occupancy fraction over the site-percolation threshold, there is also a bond-percolation threshold.  This latter case is called site-bond percolation.

The Gel:


The Gel is formed from the thermally triggered aggregation of a polymer solution.  The polymer in this case is a block star copolymer, where the molecule has a central core of a hydrophilic polymer, polymer A, with arms that are terminated by a second polymer, polymer B, that has a lower critical solution temperature (LCST) around 32 degrees.  Below the LCST the polymer is soluble in water, above the LCST the polymer is insoluble in water.  If polymer A was not present, heating polymer B over the LCST would cause aggregates of “infinite” size to form and polymer B would precipitate out of the solution.  The presence of polymer A, causes aggregates of finite size to form upon the heating of the solution above the LCST of polymer B, due to steric and entropic factors.  These aggregates link the polymer molecules together to form a network, if this network is large enough to span the solution this network becomes a gel, if the network is not large enough to fill the solution this is called a sol.

The Algorithm:


The algorithm is a lattice site-bond percolation algorithm, with variable bonds number and bond geometry per molecule, and high bond multiplicity (the number of molecules connected by a single bond).  The sites are filled by visiting each site and generating a random number between 0 and 1, if this number is less than or equal to the chosen site occupancy fraction a molecule is placed in the site.  The algorithm uses a cubic lattice, where one empty site is considered connected to another if it is in any one of the 26 sites adjacent to the second empty site.  Bonding is far more complicated and is described below.

Starting from a root molecule:

1. For each vertex:

· If there is no bond at the vertex the number of molecules, with bondable segments, bordering that vertex is counted.

· If there is a bond at that vertex and the root molecule is part of that bond, the number of molecules in that bond is counted.

· If there is a bond at that vertex and the root molecule is not part of that bond, a count of zero is assigned to that vertex.

2. A vertex is randomly chosen for bond formation, the probability that a vertex will be selected is number in step 1 divided by the sum of that number over all the vertices.  If all the probabilities are zero, the number of bonding segments for the molecule is set to zero (this represents the bonding segments forming aggregates with themselves).

3. If the selected vertex already has a bond the number of bonding segments is decremented.  This represents a bonding segment joining an existing aggregate.

4. If there is no bond at the selected vertex, a new aggregate will be formed at this vertex.  The number of bonding segments for the root molecule is decremented, and it is noted that an attempt was made to form a bond at this vertex for the root molecule and all its potential bonding partners.  Next a random number of the potential bonding partners at that vertex are selected.  For each of the selected molecules a random number between 0 and 1 is generated.

· If this number is greater than Pb (a number that represents the probability that if two polymer B segments contact each other that they stick together) no bond is formed between these bonding partner

· Otherwise a bond is formed between this partner and the root molecule.          The number of bonding segments on the partner is decremented, and the algorithm notes that the molecules are connected.

5.  If there are still bonding segments left at this point, the probabilities for vertex selection are recalculated, if step 4 applied, and the algorithm loops back to step 2.

6. The algorithm chooses a new root molecule, and loops to step one.

The process of bond formation can be combined with cluster formation. 

In this case:

· The first root molecule is assigned to cluster

· Once a bond is formed another molecule that molecule is added to a queue of the next molecules to become roots.  

· When a new root is chosen the root is chosen from this queue, if it is already part of the cluster the next molecule on the queue is chosen, otherwise this molecule is added to the cluster.  When the queue is empty a new root molecule is chosen and a new cluster is formed.

· Some of the statistics that need to be calculated for each cluster can be gathered at this point.

Observables:


The percolation algorithm described above is designed to predict the concentration of polymer at which the sol-gel transition occurs, this is called critical gelation concentration, and corresponds to the percolation threshold.  In addition to attempting to find the percolation threshold of both the polymer molecules and empty spaces, the model also finds:

· The correlation length, χ, of the polymer molecules and empty spaces within the solution.  To define the correlation length one first has to define the radius of gyration.  The radius of gyration, rgyr, can be described as the average distance from the centre of a cluster to any member of the cluster, mathematically in Cartesian coordinates this is:

 where I is the total number molecules in the cluster and xi, yi, and zi are the x, y and z coordinates of ith molecule.  The correlation length is 

, where N is the total number of clusters, In is the number of molecules in the nth cluster and rgyr, n is the radius of gyration of the nth cluster.  Hence the correlation length is a measure of the average cluster radius. 

· The gel fraction, or the overall fraction of polymer molecules within the solution that are part of the gel network.  This is the number of molecules in the percolating cluster divided by the total number of molecules in the lattice.

· The weight average cluster size, Xw, of sols and empty pockets within the gel network. That is:

 where ni is the number of clusters or size i.   For sols, this is best thought of as the sum of the size of each cluster squared divided by the total number or molecules in the lattice.

Calculation of the percolation threshold itself can be done two ways:  One is by calculating the weight average cluster size without the largest cluster; this quantity should have a maximum value at the percolation threshold.  Alternately the model can monitor the clusters to see if any of them are large enough to span from one side of the lattice to the other.  
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