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Abstract

The distribution of resourcesamongprocessorsmemory and

cachesis a crucial questionfaced by designersof large-scale
parallel machines. If a machineis to solve problemswith a

certaindatasetsize, shouldit be built with a large numberof

processorgachwith a small amountof memory or a smaller
numberof processoreachwith a large amountof memory?
How muchcachememoryshouldbe providedper processofor

cost-efectivenessAnd how do thesedecisionschangeaslarger
problemsare run on larger machines?

In this paper we explore the above questionsbasedon the
characteristicsof five important classesof large-scaleparal-
lel scientific applications. We first show that all the applica-
tions have a hierarchy of well-defined perprocessorworking
sets,whosesize, performancampactandscalingcharacteristics
can help determinehow large different levels of a multipro-
cessors cachehierarchyshouldbe. Then, we usethesework-
ing setstogetherwith certainotherimportantcharacteristicof
the applications—sucls communicatiorto computatiorratios,
concurrency and load balancingbehaviosto reflect upon the
broaderquestionof the granularityof processingiodesin high-
performancemultiprocessors.

We find that very small cacheswhosesizesdo not increase
with the problemor machinesizeareadequatdor all buttwo of
the applicationclasses Evenin the two exceptionsthe working
setsscalequite slowly with problemsize, and the cachesizes
neededfor problemsthat will be run in the foreseeablduture
are small. We also find that relatively fine-grainedmachines,
with large numbersof processorsand quite small amountsof
memoryper processarare appropriatefor all the applications.

1 Introduction

As larger multiprocessorsare built, determiningthe appro-
priate distribution of resourcesamong processors,cache and
main memorybecomesncreasinglychallengingfor a designer
Small-scale pbus-basedshared-memorynultiprocessorsisually
provide relatively large perprocessorcaches(severalhundred
Kbytesto a few Mbytes)andtensof Mbytesof physicalmem-
ory per processar Thesedecisionsmake sensefor small-scale
machines.For example with a smallnumberof processorsthe
memoryper processomustbe largein orderfor the machineto
haveenoughtotal memoryto performinterestingcomputations.
And large cachesmakesensefor severalreasons:(i) multipro-
grammingand the needto accommodateseveralapplications
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simultaneously(ii) the useof a sharedbusinterconneceindthe

needto reducetraffic onit, and(iii) thefactthatthereareonly a

few cachesanda large amountof main memory so thatcaches
costonly a smallfraction of the machine.

On large-scaleparallel machines many of thesereasongfor
large cachesand main memoriesper processono longerneces-
sarily hold. The desirableamountsof main memoryand cache
per processomare thereforenot obvious. Thesedesirableratios
are alsovery difficult to determineowing to the wide rangeof
issuesinvolved, including application characteristicsmachine
usagepatterns,hardwarecost and performanceestimatesand
evendeterminingthe appropriatemetricsto optimize.

In this paper we focuson onecrucialinputinto theabovede-
sign decisions:the characteristicef applicationghat are likely
to run on high-performancemultiprocessorsBy studyingrele-
vant applicationcharacteristicsuchas memoryusage working
setsizes,communicatiorto computatiorratios,concurrencyand
loadbalancing andby examininghow thesecharacteristicscale
to larger problemsand machinesizes,we reflect upon the ap-
propriateamountsof memoryand cacheper processoffor five
importantclassesof scientific applications. Theseclassesare:
directequationsolvers,iterative equationsolvers,spectraltrans-
form methods(representedhere by a FastFourier Transform),
hierarchicalN-body methodsandvolumevisualization(volume
rendering)methods.

We divide our treatmentof every applicationinto two parts.
First, we examinethe working setsof the applications,which
helpin determininghow largethe levelsin the machines cache
hierarchyshouldbe to keepperformancdossesdueto capacity
missedow. We find thatall the applicationshavea well-defined
hierarchy of working sets suchthata cachethatis large enough
to hold a given working set can yield dramatic performance
benefitsover a cachethat is slightly smallerthan that working
set. We alsofind thatthe working setsof all the applicationsare
bimodally distributed, consistingof a few small working sets
and one large one that usually comprisesa processdss entire
partition of the dataset. In most cases,the working set that
is critical to good performanceis one of the smallerones. In
three of the applications(direct solvers, iterative solvers, and
the FFT), this importantworking set—andhencethe cachesize
neededor goodperformance—ivery smallanddoesnot scale
with problemor machinesize. Evenin theothertwo applications
(N-body and volume rendering),the working setis quite small
and scalesvery slowly with problemsize, so that small caches
will suffice for the foreseeablduture. Thereis one application
(the iterative solver) in which a large working set also hasan
important performanceimpact; however accommodatinghis



working setrequiresthe cacheto be essentiallyas large as the
local datasetper processarwhich is not a realisticdesignpoint
for the nearfuture.

In the secondpart of our treatmentof an application,we use
the information aboutworking set sizesas well as other rele-
vant applicationcharacteristicdo reflect upon desirablegrain
sizesfor machines.The grainsize (or granularity)of a machine
canbelooselydefinedasthe amountof mainmemoryandcache
perprocessoonthe machine.Usingseveralpproximationsnd
simplifying assumptionsye find thatall but oneof our applica-
tions caneffectively uselarge numbersof processorsvith small
amountsof main memory and cacheeach. The argumentfor
fine-grainedmachinesfrom an applicationsperspectiveis fur-
ther strengthenedvhentime constraintsare incorporatedn the
scalingmodel. However thereare reasonswhy one might not
wantto actually build machineswith smallamountsof memory
per processoin the nearterm, andwe discusssomeof these.

The paperis organizedas follows. In the next section,we
describethe methodologyand framework we useto study the
applications.Sections3 through7 discussthe individual appli-
cations. In Section8, we discussour resultsand somecaveats
to the agumentfor fine-grainedmachines. Finally, Section9
summarizeghe main conclusionsof the paper

2 Methodology and Framework

In this section,we describethe commonframeworkwe useto
presentheresultsfor eachapplication. Sections2.1 through2.3
exactly mirror the structure of the computationdescription,
working set size and grain size discussionsn eachindividual
applicationsection,and also describethe methodologywe use
to obtainour results. Section2.4 statessomeadditionalsimpli-
fying assumptionshatwe make.

2.1 Description of Computation

Our discussionof each applicationbeginswith a description
of the mostimportantstepsof the computation. To make our

investigationsoncrete we alsodescribea prototypicalproblem

Our prototypical problem for every applicationis one whose
datasetis 1 Gbyteandis distributedat 1 Mbyte per nodeon a

1024nodemachine.Thisis intendedto represent fine-grained
machineconfiguration.

2.2 Working Set Hierarchy

The secondsubsectiorfor eachapplicationidentifiestheimpor-
tant applicationworking sets. To determinethe sizesof these
working sets, we simulate a cache-coherentshared-address-
spacemultiprocessorarchitecture,with each processomaving
a singlelevel of cacheand an equalfraction of the total main
memory Foragivenproblemsizeandnumberof processorsye
simulatedifferentcachesizesandlook for kneesin theresulting
performancegor missrate) versuscachesize curve.

To excludethe effectsof conflictmisseswhich areinfluenced
by a hostof low-level artifacts,we usefully associativecaches
with an LRU replacementpolicy. To the extentthat conflict
missesare important,working setsizesmeasuredhis way are
aggressiveestimatef desirablecachesize, andreal caches—
with low degreesof associativity—will needto be somewhat
larger. For the first three applicationswe consider the differ-
encebetweenra cachewith limited associativityanda fully asso-
ciative cacheis not significant,sincethe cacheconflict problem
caneasilybeavoided. We commenbn the useof direct-mapped
cachedor the othertwo applicationsn their respectivesections.
Finally, to excludecold-startmissesvhereappropriatewe omit
the first few time-stepsor iterationsin thoseapplicationsthat

are in reality expectedto proceedover many time-stepsor it-
erations. Thus, what we measureare missesdue to inherent
communicatiorandfinite cachecapacity

The first three applicationswe considerare well-understood
and highly predictablecomputationalkernels. In thesecases
(direct solvers,iterativesolvers,andthe FFT), we determinethe
working setsizesanalytically andusesimulationto confirmour
estimatesor someexamples.Sincetheseapplicationsarehighly
floating-pointintensive the metricwe useto describecachemiss
ratesis numberof double-wordreadmissegerdouble-precision
floating-pointoperation.The othertwo applicationsBarnes-Hut
andvolumerendering are full-scale applicationghat are not as
regular analyticallydescribablepr floating point dominated.In
thesecases,we use simulationto look for kneesin the read
miss rate (read missesdivided by numberof read references)
rather than missesper FLOP. We focus on read missessince
theseare likely to havea much greaterimpacton performance
than write misses,the latenciesof which can be easily hidden
in theseprograms.

Scaling:  Having determinedhe working setsizesfor the pro-

totypical problem,we thenlook at how thesesizesscalewith

variousapplicationparametersand numbersof processorsWe

assumefor this discussionthat machinesare made larger by

addingprocessorsgachprocessobringingwith it anamountof

cacheand memoryequalto the cacheand memoryper proces-
sor on the original machine.We first examinehow the working

setsscalewith individual parametersandthenlook at how they
scaleundercertainacceptedmnodelsof scalingproblemsto run

on larger machines. The two scalingmodelswe considerare
memory-constrainedMC) and time-constrained TC) scaling.
Given a larger machine,the MC scalingmodel assumeghat a
userwill scalethe problemto fill the availablemain memoryon

the machine regardles®f the effect this hason executiontime.

The TC scalingmodel,on the otherhand,assumeshatthe user
will increasethe problemsize so thatthe new problemtakesas
muchtime to solveon the new machineasthe old problemtook

on the old machine. For more information aboutthesescaling
models,see[9].

2.3 Grain Size

Having understoodthe working sets, we then examineother
applicationcharacteristicshataffect the desirablegranularityof
processingnodes. In particular we study the implications of
interprocessocommunicatiorcosts,load balance,and problem
concurrencyfor nodegranularity We begin by looking at the
impactof theseissuedor the prototypicalproblem,andthenwe
study how this changeswith the problemandmachinesize.

Communication Costs:  To determingherelativecostof inter-
processocommunicatiorfor eachapplication,we first calculate
a computatiorto communicatiorratio for the prototypicalprob-
lem. To providesomefeelingfor whatratioswe would consider
sustainablelet us considerrelevantparameter®n existingand
likely future parallelmachines.Oneexampléis theIntel Paragon
machine.Eachnodein this machinewill havefour 50-MFLOPS
processorsyielding 200 MFLOPS per node. The machineuses
a 2-D meshinterconnectwith 200-Mbyte-persecondchannels.
Let us first considernearest-neighbocommunication. In this
case thebandwidthin the Paragoris limited by thatof thenode-
to-routerlink, which is 200 Mbytes/sepeak. The sustainable
ratio, in FLOPs per double-word,is therefore%% = 8. For

more randomcommunication sustainablecommunicationvol-
umeis determinedy the bisectionwidth of the network. For a
32x32(1024)nodeParagonthe numberof networklinks across
a bisectoris 64. Assumingthat half of all randommessages
crossthis bisector each processorcan generateonly 64/512,



or one-eighthas much traffic asin the nearest-neighbocase,
yielding a sustainableatio of 64 FLOPs/word. Similarly, the
sustainableatioson the Thinking MachinesCM-5 are about50
FLOPsperword for nearest-neighbarommunicatiorandabout
100 for generalcommunicationassumingl28MFLOPSvector
nodes20Mbyte/semearest-neighba@ommunicatiorbandwidth
and 5Mbyte/secgeneralbandwidth).

As technologyprogresseswe shouldseeboth fasterfloating
pointprocessorandfastercommunicatiorchips. For this paper
we simply assumehat computationto communicatiorratios of
1-15 FLOPs/wordare extremelydifficult to sustain,15-75 are
sustainablebut not easy and above 75 are quite easyto sus-
tain. (Of course,all the analytical and experimentaldata we
provideremainvalid evenif the reademakesdifferentassump-
tions aboutsustainabiliy thanwe do.)

Load Balance and Concurrency: Two otherpotentialsources
of difficulty in obtaininghigh parallelperformanceareload im-
balancesanddeficienciesn availableproblemconcurrency We
commenton the expectedimpact of thesefor the prototypical
problem.

Desirable Grain Size: We then attemptto determinewhat
would constitutea desirableprocessomgrain sizefor the proto-
typical problem. Our goal is not to makefine distinctionsin
grainsize, but ratheronly very coarseones. Thatis, we are not
trying to determinevhethertheappropriateggrainsizeis 1 Mbyte
or 2 Mbyte of main memory per processarbut ratherwhether
it is on the order of 1 Mbyte, 10 Mbytes or 100 Mbytes. To
estimatea desirablegrain size, we examinethe expectedpar
allel performance—baseoh communicatiorcost,load balance,
and concurrencyconsiderations—fotwo variationsof the pro-
totypical problemwith very differentgranularities. The first is
a 1 Gbyte problemon 64 processorstesultingin 16 Mbytes of
dataper processar The seconds the sameproblemon 16 thou-
sandprocessorstesultingin 64 Kbytes of dataper processar

Scaling: Finally, we considerhow this desirablegrain size
changesasthe problemis scaled.

2.4 Other Assumptions

We makea few additionalsimplifying assumptiongn our anal-

ysis. We assumethat the processoris basedon commodity
processotechnologyandthusis a given; its performancedoes
not changewhenthe numberof processorés changed.We also
assumehat sincethe machinesupportsa sharedaddresspace,
it is optimizedfor small dataexchange®etweenprocessorsand
thus providesinexpensiveinterprocessosynchronization. Fi-

nally, we ignore the impact of contentionin various parts of

the machineaswell asthatof locality in the networktopology

with the exceptionof our coarsenotion of local versusrandom
communicatiorpatternsdiscussecarlierin this subsection.

3 Direct Methods for Solving Linear Systems

Thefirst applicationwe considetlis the LU factorizationof large,
densematrices. This importantand widely used computation
factorsa matrix A into the form A = LU, where L is lower
triangularand U is uppertriangular The mostcommonsource
of large dense LU problemsis radar cross-sectiomproblems,
wherepeoplecurrentlysolveproblemghatrequireseverahours
on todays largestparallelmachines.

While we specificallyexaminedenseL U factorizationin this
section, our analysisactually appliesto a wider set of appli-
cations. Applicationswith very similar structureinclude dense

QR factorization, dense Cholesky factorization, denseeigen-
valuemethodsandin manyrespectsparseCholeskyfactoriza-
tion.

3.1 Description of Computation

DenseLU factorizationcan be performedextremelyefficiently
if the densen x n matrix A is dividedinto an N x N array
of B x B blocks,(n = N B) [11]. The following pseudo-code,
expressedn terms of theseblocks, showsthe mostimportant
stepsin the computation.

1. for K=0to N do
2 factor block Axx
3 conpute values for all blocks
in colum K and row K
4, for J=K+1to N do
5 for T=K+1to N do
6 Ay — Arg— Ak Ak
The dominantcomputationhereis Step6, which is simply a
densematrix multiplication.
The parallel computationcorrespondingo a single K itera-
tionin theabovepseudo-codé shownsymbolicallyin Figurel.
Two detailshavebeenshownto be crucialfor reducinginterpro-
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Figure 1: Denseblock LU factorization.

cessorcommunicatiorvolumesand thus obtaininghigh perfor
mance.First, the blocksof the matrix areassignedo processors
using a 2-D scatterdecompositioi2]. Thatis, the processors
arethoughtof asa P x @ grid, andblock (7, J) in the matrix
is assignedo processof I mod P,/ mod@). A simple3 x 3
processorexampleis shownin Figure 1. Second,the matrix
multiplication in Step 6 aboveis performedby the processor
thatownsblock A ;. Within one K iteration,a processothus
usesblocksin the appropriaterows of column K (thoseblocks
owned by a processorin the samerow of the processomrid)
andthe appropriatecolumnsof row K to updateblocksit owns.
The shadedblocksin Figure1 are the blocksthat processoP1
usesin one K iteration.

Threefactors must be tradedoff in choosingan appropriate
block size B. Larger blocks lead to lower cachemiss rates.
However larger blocksalsoincreasethe fraction of the compu-
tation performedin the lessparallel portion of the computation
(Steps2 and 3 in the earlier pseudo-code)and can also cause
load balancingproblems. Relatively small block sizes(B = 8
or B = 16) canbe shownto strike agoodbalancebetweerthese
factors.

3.2 Working Set Hierarchy

Our prototypical 1 Gbyte data set on 1024 processorscorre-
spondgo aroughly10,000x 10,000 .U factorizationproblem.



Sincepeopleare currently solving 50, 000x 50, 000 densesys-
temsarising from radar cross-sectiorapplicationson 128 pro-
cessormachines,our choice of a smallerproblemon a larger
machineis actuallysomewhatggressive.

The structureof LU factorizationis sufficiently simple that
we can derive working set sizesanalytically Figure 2 shows
analytical cachemissratesfor an n = 10,000 matrix, using

block sizesof B = 4, 16, and 64, and P = 1024 processors.

The graph shows double-wordcache missesas a fraction of
double-precisioriloating-pointoperations.The importantlevels
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Figure 2: Miss ratesfor LU factorization,n = 10,000, PFE =
1024.

of theworking sethierarchyareasfollows. Thelevel 1 working
set(levlWS)consistof two columnsof a block, andis roughly
260 bytesfor B = 16. Oncetwo columnsfit, one columncan
be reused,roughly halving the overall miss rate. The second
working set(lev2WS) consistof anentire B x B block, andis

roughly 2200 bytesfor B = 16. When this working setfits in

the cache the missratedropsto roughly 1/ B. The otherblock
sizes(B = 4 and B = 64) naturallyleadto differentlevel 1 and
level 2 working setssizesand missrates.

Clearly, the cachesizesrequiredto hold thelev2WSaremuch
smallerthanthe cachegeopleare buildingon parallelmachines
today evenfor relatively large block sizes(B =16 or 32). The
resultingmissratesare smallenoughto yield high performance.
Almostall the missesvould be servicedfrom a processds local
memory providedthematrix blocksareplacedin thelocalmem-
oriesof their ownerprocessorsAlso, the missesare predictable
enoughto be easily prefetched.

The next working set (lev3WS) includes all blocks in
row/column K that affect blocksownedby a particularproces-
sor (e.g.,the shadedlocksin row/column K of Figurel). The
size of lev3WSis 2N 52/y/P = 2nB/\/P (roughly 80 Kbytes
for B = 16). If the lev3WSfits in cache,thenthe missrateis
further reducedby a factor of 2 to 1/28. However the miss
rateis smallenoughevenbeforethe lev3WSis reachedso that
the lev3WSis of only minorimportanceto performance.

The final working set (lev4WS) is the set of all blocks be-
longingto a processarlf the cacheaccommodatethe lev4WS
(of sizen?/p), the missrateis equalto the communicatiormiss
rate.

Scaling:  When consideringproblemor machinesize scaling,
we note that the mostimportantworking set, the lev2WS, de-
pendsonly on the block size B. It is independentf » and P.
In otherwords, a small amountof cacheis sufiicient for any
problemor machinesize.

3.3 Grain Size

Communication Costs: LU factorizationof ann x n matrix
performsroughly 21.3/3 floating-pointoperations.Every block

in the matrix is communicatedo a row or columnof /P pro-
cessorsyielding an overall communicationvolume of n2v/P.
The computationto communicationratio is thus 2n/(3\/1_°),
and dependsonly the grain size (n?/P). For our prototypi-
cal problem,with its 1 Mbyte grain size, this yields a ratio of
roughly 200 floating-pointoperationger floating-pointword of
communication—aelatively low bandwidthrequirement.Also,
mostof theseinterprocessocommunicatiorcostscanbe hidden
from the processorgusing softwareprefetching,for example).

Load Balance and Concurrency: Another importantissue
that affects parallel performances the load balanceand avail-
ableconcurrencyof the computation.For our 10,000by 10,000
prototypicaldenseLU examplewith B = 16, eachof the 1024
processorss assignedoughly 380blocksfrom the matrix. This

is a large enoughnumberof blocksfor denseLU factorization
that load balancingand concurrencyissuesdo not detractsig-

nificantly from achievedparallel performanceeither

Desirable Grain Size:  Clearly, a1024-processanachinewith
1 Mbyte of dataperprocessowould producegoodprocessouiti-
lization. Let us considerwhetherthe grain size can reasonably
be reducedto solvethe samel Gbyte problem. Considersolv-
ing the problemon a 16K processomachinewith 64 Kbytes
of memory per processar The computationto communication
ratio would decreaseby a factor of four to 50 operationsper
communicateddatum, more difficult but still quite possibleto
sustain. The larger effect comesfrom load imbalance. With
B = 16, eachprocessowould nowbeassigne@5 blocks,which
would reduceprocessoperformancesomewhat.This load bal-
anceproblemcouldbe improvedby reducingthe block size,but
ata costof increasectachemissrates. In eithercase the higher
computatiorto communicatiorratio, combinedwith the perfor
mancedossdueto eitherpoorerloadbalanceor highercachemiss
rates,would reduceperprocessomperformance. Thus, while a
1 Mbyte grain sizeis easyto sustainfor a 1 Gbyte problem,a
64 Kbyte grain sizeis not so easy

Scaling:  Let us now seehow the desirablegrain size changes
as larger problemsare run. Keepingthe grain size fixed at

1 Mbyte per processomllows us to factor a 20,000by 20,000
matrix on 4096 processors. Comparedwith the prototypical

problem,this problemwould requirethe sameamountof cache
memory would producethe samecomputationto communica-
tion ratio, andwould generatea very similar computationaload

balancgsinceeachprocessostill handles380blocks(B = 16)).

We thereforeconcludethat the desirablegrain size is indepen-
dentof the problemsize.

Keepingthe grain size fixed while increasingthe numberof
processorsesultsin memory-constrainedMC) scaling. Since
the amountof computation(which scalesas »3) grows much
faster than the dataset size (which scalesas »?), the parallel
executiontime grows quite quickly under MC scaling, which
may thereforebe an unacceptablecalingmodelfor this appli-
cation. If, on the otherhand, a time-constrainedgcalingmodel
wereused,the perprocessodatasetwould shrinkwith increas-
ing P (of course,the performanceof the individual processors
would decreasaswell). Constrainton executiortime therefore
provide anotherargumentfor finer-grainedprocessingiodeson
large-scalemachines.

34 Summary

To summarizeywe havefoundthatdensel U factorizationplaces
very modestdemandson a parallel machine. A small cache
is sufficient to reducethe cachemiss rate to nearly negligible
levels, evenfor large problemson large machines. Similarly,



a small amountof perprocessomemory (1 Mbyte or less)is
sufficient to yield goodperformanceregardlessf n and P.

4 Iterative Methods for Solving Linear Sys
tems

Thenextclassof computationsve considerareiterativemethods
for solvinglinear systemsf equationgor for finding eigenval-
ues of large sparsematrices). Iterative methods,which begin
with a guessat the solutionand iteratively attemptto improve

this guess,are finding increasinguse in solving large systems
of equationsin parallel. At the heartof theseiterative meth-
odsis a sparsematrix-vectormultiply, typically accompaniedby

somecombinationof vector additionsand dot products. While

we specifically considerthe conjugategradient (CG) method
for solving sparselinear systemsof equationshere, the results
shouldbe similar for a rangeof otheriterative methods.

4.1 Description of Computation

Eachiterationof the CG methodperformsa singlesparsematrix-
vector multiply, 3 vector additions,and 2 dot products. The
matrix-vectormultiply is the dominantcomputation.This oper
ation is mosteasily describedby consideringthe sparsematrix
A asagraphG = (V, E), with a vertexv» € V correspond-
ing to eachrow/columnin A and a weightededgei,j € F
correspondindo eachnon-zero4; ;. The sparsematrix-vector
multiply b — Az is performedby associatingan = value with
eachvertexin the graph, and iterating over all vertices. For
every vertex i, the value of b; is computedby summingthe
productsof the weightsof the edges(:, j) incidentto i with the
x valuesat the adjacent; vertices.

The CG computationis parallelizedby partitioning the ver-

ticesin the graphrepresentationf the matrixamongprocessors.

Considerthe casewherethe graphrepresentatiomnf the sparse
matrix is a simple2-D grid (Figure 3). The examplegrid is par
titionedamong4 processorin thefigure. At eachCG iteration,
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Figure 3: A 2-D grid partitionedamong4 processors.

a processoriteratesover the points assignedto it, computing
new valuesfor b at its vertices. Interprocessocommunication
is necessaryvhena processohandlesa vertexthatis adjacent
to a vertexbelongingto anotherprocessol(the verticeson the
boundariesbetweenprocessopartitionsin Figure 3), sincethe
value at the otherend of that edgewas presumablychangedn
the previousiteration.

Our prototypical 1 Gbyte problemon 1024 processorscor-
respondsto a roughly 4000x 4000 2-D grid. An important
trendin problemdomainsthat use iterative methodsis toward
3 dimensionalproblems. In this case,the prototypicalproblem
correspondso a 225 x 225x 225 3-D regulargrid.

4.2 Working Set Hierarchy

A processosweepghroughthe entire setof nodesassignedo
it in every iteration, touchingthe data correspondingo every
edgeincidentto thesenodes. Thus, unlessthis entire data set
fits in the cache,the computationprovidesfew opportunitiesto
reusedata.

The working sethierarchiesfor our 2-D and 3-D grid exam-
ples on 1024 processorsare shownin Figure 4. For the 2-D
problem,the levlWS consistsof the  valuesfrom three adja-
centsub-rowsof pointsassignedo a processarThis leviWSis
quite small, consistingof roughly 5 Kbytesof datain the proto-
typical 2-D problem. While theimpactof this 5 Kbyte working
seton missrate s significant,the missrate remainshigh even
after this working set fits in the cache. The lev2WS consists
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Figure 4: Miss ratesfor CG, 4000x 4000grid, P = 1024.

of the entire set of dataownedby a processar At this point,
the missrate dropsto the communicationmiss rate. However
it is generallyunreasonabléo expectthis setof entriesto fit in
cache.

For the 3-D grid computationthe working setsare quite sim-
ilar. Themajordifferenceis in the levlWS,which now consists
of 2-D cross-sectionfrom the 3-D regionassignedo eachpro-
cessor and thus representsa larger dataset than the 1-D sub-
rowsfrom the2-D grid. In theprototypicalproblem,theleviWS
growsfrom 5K to 18K. Notethatthesenumbersarestill smaller
thanthe first-level cachedoundin nearlyall modernprocessors.

Scaling: If we expectthe perprocessordatasetto be larger
than the processorcache,then the only working set that can
fit in the cacheis the levlWS. Since each processorreceives
ann/v/P x n/\/P portion of the n x n 2-D grid, the size of
the levlWSis proportionalto »/+/P. The size of this working
setthereforeremainsquite moderate. A problemthat requires
16 Mbytes of storageper processarfor example,would have
levlWSsizesof 18 Kbytesand90 Kbytesfor 2-D and3-D grids,
respectively Furthermore the size of lev1WS can actually be
kept constanthroughthe useof blocking techniques.

Thefact thatfitting the lev2WS (a processdss entire partition
of the grid) in the cachehasa substantiaimpacton the perfor
manceof CG bringsup an interestingdesignissue. Particularly
undertime-constrainedcaling, the data set per processomay
not be very large on large-scalemachines so that it may make
senseto build larger cachesand fit the lev2WS in the cache.
This amountsto fitting the entire datasetin cachememory so
that thereis no needfor DRAM memory While this may be
an interestingdesign point for very large-scalemachines,we
restrictourselveshereto a more conservativemodel wherethe
perprocessodatasetis muchlargerthanthe cache.

4.3 Grain Size

Communication Costs: The total amountof computationin
one CG iterationon an n x n 2-D grid is roughly 10n2 oper
ations. Eachprocessoownsa n/v/P x n/+/P grid of points.

The 4n/+/P pointsalongthe perimetermustbe communicated
to neighboringprocessorsn every iteration. The computation



to communicatiorratio is thus 5n/(2\/f), andonceagainde-
pendsonly on the grain size. For the 1 Mbyte grain size of our
prototypicalproblem,theratio would be roughly 300 FLOPsper
word. This high ratio, combinedwith the fact thatthe commu-
nication latenciescan be easily hiddendue to the very regular
structureof thecomputationmakea 1 Mbyte perprocessograin
size quite appropriatefor CG on 2-D grid problems.

For a 3-D grid problem, each processorwould own a 3-D
subgridthat is n/ﬁ on a side. The processomwould haveto
communicatehevaluesonthe6 2-D facesof its subgridto other
processors.The computationto communicatiorratio would be
7n/(3V/P), yielding a ratio of roughly 50 for the prototypical
problem. This ratio is not as easily sustainedas the ratio for
2-D problems butit is still feasible.

Load Balance and Concurrency: The regularity of a grid
computatiormakesload balancingquite simple. The only limi-
tationon concurrencyis the globalsumthataccompaniethetwo
dot productoperations.Given our assumptiongboutthe costs
of interprocessocommunicatiorand processosynchronization,
the costof thefully parallelportionshoulddwarf the costof the
lessparallel global sumin the prototypicalproblem. Thus, the
problemexposessufficient concurrencyfor 1024 processors.

We shouldnote that manyimportantproblems(e.g., unstruc-
tured problemsthat modelcomplexphysicalstructureswill not
be nearly asregularasthe 2-D and 3-D grids considerechere.
Thisreducedegularitywill requiremoresophisticatedtrategies
for partitioningthe problemamonga setof processorsThis will
havethreeimportanteffects. First, the computationaload bal-
anceamongthe processorsvill certainlynotbeasgood. Second,
the computationto communicatiorratio for problemswith the
samedataset size will mostlikely be significantly higher Fi-
nally, the partitioning stepitself will representa computational

overheadwhosecostincreasesvith the numberof processors.

This partitioningstepwill generallypossesémited parallelism,
sothe presencef moreprocessorsvould not necessarilyeduce
its cost.

We concludefrom the abovediscussiorthata 1024 processor
machinewith 1 Mbyte of memoryper processowould be quite
appropriatefor regular2-D problems.The appropriategrainsize
for irregularproblemsor 3-D problemsamaybe somewhatarger.

Desirable Grain Size: Let us seeif we can use a 16K-
processomachinewith only 16 Kbytesor memoryeachto solve
a 1 Gbyte problem. The computationto communicatiorratios
increaseto roughly 75 and 20 for 2-D and 3-D grids, respec-
tively. Thus, the desirablegrain size is somewherebetween
1 Mbyte an 16 Kbytesfor the prototypicalCG problemaswell.

Scaling:  Now considerhow the appropriategrain size would

changewith a scaledproblem. The importantthing to notehere

is thatthe computatiorto communicatiorratio for both 2-D and

3-D grid problemsdependonly on the volume of dataon one

processqrandis independentf the numberof processorsThus,

if a grain size of 1 Mbyte per processomproducessustainable
communicationvolumeson P processorsthen it would also

producesustainableolumeson 2P processorsgivena problem

thatis twice aslarge. The oneotherissuethatmightbe relevant
whenconsideringscalingis the costof the globalsumoperation

in the dot products.While this costclearly increasesvith P, the

rate of increase(O(log P)) is sufficiently slow that, underour

machinemodel,this costwould not be a significantperformance
drainfor practical P.

44 Summary

We thereforeconcludethat the conjugategradientmethodre-
quiresa somewhatargergrainsizethandenselLU factorization.

The desirablegrainis still quite small, however A 1 Mbyte per
processodatasetsize appeargeasonable.

5 Transform Methods (FFT)

Thenextcomputatiorwe consideiis the 1D complexfastFourier
transform(FFT). Our analysisin this sectionalsoappliesto the
complex2D and 3D FFT. Thesecomputationgorm the compu-
tationalcore of a wide variety of applicationsrom the fields of
imageandsignal processingaswell as climate modeling.

5.1 Description of Computation

The structureof the FFT computatioris capturedoy the familiar
butterfly network. Foran N = 2™ point FFT, the computation
proceedsn M stageswherein stages, pairsof datapointsat a
distanceof 2¢ interactwith eachotherto producethe pointsat
stages + 1.

In a straightforwardparallelimplementationgachprocessor
handlesa contiguousset of points. During the first log N —
log P stagesof the butterfly, processorsvork locally with no
interprocessocommunication.In eachof the remaininglog P
stagesall N pointsare exchangedetweenprocessors,

Unfortunately the simple,so-calledradix-2 FFT computation
describedabovemakesvery poor useof the memorysystem.It
sweepghroughall N pointsin onestageof the butterfly before
movingon the nextstage thusmakinglittle useof the processor
cache. In the lastlog P stagesof the butterfly, the processors
performonly a single computationstepon eachcommunicated
point, thusproducinga very low computatiorto communication
ratio. Both the cacheusageandthe computatiorto communica-
tion ratio can be improveddramaticallyby increasingthe radix
of the computation(see[1] and[12]). Increasingthe radix is
equivalentto ‘unrolling’ the butterfly, performingmultiple but-
terfly stagesin a single passthroughthe data. A radix-8 FFT,
for example would combinethreebutterfly stagesinto a single
stage whereeachstepin this new stageperformsoperationon
8 points simultaneously A radix- FFT would combinelogr
butterfly stagesnto a single stage,operatingon » pointssimul-
taneously

An efficient parallel FFT is thereforestructuredas follows.
To minimize interprocessocommunicationthe overall compu-
tationis performedwith aslarge a radix aspossible.This turns
out to be radix-D, where D is the numberof pointsassignedo
eachprocesso(i.e., D = N/P). Thus,thelog N stagesof the
butterfly are groupedinto setsof log D stages.At eachradix-D
stage,a processoreceivesD pointsfrom otherprocessorsper
formslog D stagesof the butterfly on thesepoints, and sends
the resulting D data pointsto the processorghat usethemin
the next stage.

To makegood useof the processorcache the radix-D stages
arefurthersubdividednto smallerinternalgroups. For example,
a processomight performthelog D stagesn theradix-D com-
putationthree-at-a-time gssentiallyperforming a radix-8 com-
putationwithin the radix-D computation. We call this smaller
radix the internal radix. This further sub-divisionproducesa
smallerprocessoworking setthanwould be presenif all log D
stageswere performedin a single sweep. We use this more
efficient parallel FFT in the resultswe presentbelow

5.2 Working Set Hierarchy

The prototypicall Gbyte problemcorrespondgo a 64 million
pointcomplexFFT on 1024 processorsyielding 64K pointsper
processar

Working sethierarchiedor radix-2, radix-8,andradix-32FFT
computationn this datasetare shownin Figure5.
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Figure5: Missratesfor 1D FFT, n = 64M = 2%, P, = 1024.

The first and mostimportantworking set (leviWS) contains
the setof dataitemsneededo performa singlestepof a stage
sweep.If theinternalradix is 2, the leviWS simply consistsof
the two datapointsthatare at distance2® from eachother The
missrateis 0.6 missegperop whenthelevlWSwith radix 2 fits
in the cache.For internalradicesof 8 and 32, levlWS consists
of the relevant8 or 32 datapoints,and bringsthe missratesto
roughly 0.25and0.15 missesper operation respectively These
missexanbe easilyprefetched.Thus,a smallcacheis sufficient
to significantlyreducethe missrate for parallel FFT.

The only other working setin a parallel FFT (lev2WS) is
simply the entire datasetassignedo a processar

Scaling: The size of the important, level 1 working set de-
pendsonly on the internal radix. The choice of internal radix
is independenof the problemsize andthe machinesize,anda
small radix sufficesto keepthe capacitymissrate small. Con-
sequently a small cache (a few Kbytes) is sufficient for any
problemsize or machinesize. The lev2WS dependsn N and
P, butis not expectedo fit in a cache.

5.3 Grain Size

Communication Costs: The computationto communication
ratio is mosteasily estimatedyy consideringthe operationghat
a processomperformsin a single stageof the radix-D computa-
tion (D = N/P). Within a single stage,a processomerforms
5Dlog D operations,and then communicatesall 2D double-
words computedin that stageto other processors. Thus, the
overall computatiorto communicatiorratio 3 log D = 5 log 75,
anddependnly the grain size %

This ratio is unfortunatelyinexactdueto quantizatioreffects.
Considerour prototypical problem, with 1024 processorsand
64K pointsper processar The resultingradix-64K FFT groups
the butterfly into setsof log64K or 16 stages.The difficulty is
thatthe whole problemonly requireslog64M = 26 stages.The
secondstagewould thereforeperform only 10 stagesof com-
putationfor one communicationstage,lessthanthe 16 stages
assumedy the model.

The actualcomputatiorto communicatiorratio canbe deter
minedby notingthatthe whole computatiorperforms5\ log N
operations,and it communicateshe 2N words of data twice
betweenprocessors.For our prototypicalproblem, N = 64M,
yielding a ratio of 33. While this ratio would be sustainablef
thecommunicationsverebetweemeighbomprocessorsynfortu-
natelyit canbe shownthatcommunicatiorin the FFT exhibits
little locality for mostprocessomterconnectioriopologies.The
exceptionis a hypercubetopology which is becominglessand
lesscommonin large-scaleparallel machines. The ratio of 33
operationgper word would thus be difficult to sustain.

Load Balance and Concurrency: A very simpledistribution
of the FFT computationis quite adequatefor load balancing.
Furthermorethereis morethanenoughavailableconcurrencyto

keepavery large numberof processorbusy(ignoringprocessor
stallsdueto communication).

Desirable Grain Size: We haveseenthata 1 Mbyte dataset
per processomproducesa computationto communicationratio
thatis difficult to sustain. A finer-grain machinewould clearly
exacerbatehe problem. Let usthereforeexaminehow this ratio
would changef thesameproblemweresolvedonacoarsergrain
machine.On a machinewith one-sixteenttas many processors
(P = 64), we find thatthe computationto communicatiorratio
surprisinglydoesnot change.Thisis an artifact of the quantiza-
tion of levelsdiscussee@arlier: therearestill two communication
stagesn the computation.

Let us now considerjust how coarsethe machinegrain must
beto producea sustainableomputatiorto communicatiorratio.
If we evenusethe optimisticexpressiorior computatiorto com-
municationratio of g log % derivedearlier a ratio of R requires

the numberof datapointsper processoto be N/P = 258, The
exponentiagrowthrateof perprocessomemoryrequiredto im-

prove computatiorto communicatiorratioshasbeenpreviously
notedin [4]. The consequencesf this growthrate are quite se-
vere. Increasingthe computationto communicatiorratio from

33 to a more easily sustainedratio of 60, for example,would

require the perprocessordata set to be increasedto roughly
270 Mbytes. A ratio of 100, which may be requiredby some
machinesfor good performance would require approximately
18 Terabytesof dataper processar It is clearly unrealisticto

try to significantly increasethe computationto communication
ratio by increasingthe nodegrain size.

Scaling:  Sincethe mainfactorlimiting performancethe com-
putationto communicatiorratio, depend®nly on grainsize,the
“desirable” grain size is essentiallyindependenof the problem
size or numberof processors.MC scaling thereforeproduces
comparablerocessoutilization on larger machines.

54 Summary

The FFT is a difficult computationfor large scaleparallel ma-
chines. While the FFT is easily blockedfor a cacheto provide
high perprocessoperformancethe communicationvolumein-

herentin the computationis sufiiciently high that communica-
tion costswill certainlydominatethe executiortime. While one
might concludethat the solution to this high communication
volumeis to increasehe processograin size, unfortunatelythe
grainsizeincreasethatwould be requiredto significantlyreduce
communicatiorvolumesis unrealisticallylarge.

6 Hierarchical N-Body Methods

The classicalN-body problemis to simulatethe evolutionof a
systemof bodies(e.g. starsin a galaxy)undertheforcesexerted
on eachbody by the whole system. Typical domainsof appli-
cation include astrophysicsglectrostaticsand plasmaphysics,
amongothers.As in manyothercomputationalomains hierar
chical solutionmethodshaverecentlyattracteda lot of attention
for N-body problems,sincethey constructefficient algorithms
by taking advantageof fundamentainsightsinto the natureof
physical processes. The two most prominenthierarchicalN-
body methodsare the Barnes-Hutand FastMultipole methods.
We shallusea three-dimensionajalacticBarnes-Hutsimulation
asour examplein this paper[10].



6.1 Description of Computation

The computationin N-body problemsproceedsover a number
of time-steps.Every time-stepcomputeghe forcesexperienced
by all bodies,and usestheseforcesto updatethe positionsand
velocities of the bodies. The force-computatioris by far the
mosttime-consumingphasein a time-step,and we focuson it
in our analysis(althoughour measurementiclude the whole
application).

The main datastructureusedby the Barnes-Hutmethodis an
octreewhich representshe computationadomain. The root of
theoctreeis a cubicalspacethatcontainsall particlesin the sys-
tem. Internal cells of this tree representecursivelysubdivided
spacecells,andthe leavesrepresentndividual bodies. The tree
is traversedonce per body to computethe net force acting on
thatbody The force-calculatiorstartsat the root of thetreeand
conductshe following testrecursivelyfor everycell it visits. If
the centerof massof the cell is far enoughaway from the body,
the entiresubtreeunderthatcell is approximatedy a singlepar
ticle atthe centerof mass.Otherwise the cell mustbe “opened”
and eachof its subcellsvisited. A cell is determinedo be far
enoughaway if therelationship§ < @ is satisfiedwherel is the
lengthof a sideof thecell, d is thedistanceof the bodyfrom the
centerof massof the cell, and @ is a userdefinedaccuracypa-
rameter(¢ is usuallybetween0.5and 1.2). In this way, a body
traversesdeeperdown thoseparts of the tree which represent
spacethatis physicallycloseto it, andgroupsdistantbodiesat
a hierarchyof length scales. For large problems,higher order
momentshanthe centerof mass(for example,quadrupolemo-
ments)are usedto increaseforce-computatioraccuracywithout
making#é too fine. We assumehe useof quadrupolemoments
in our discussion.

6.2 Working Set Hierarchy

There are three importantlevels of the working set hierarchy
in thesemethods. Theseare shownin Figure 6 for a small
problem simulating 1024 particleson 4 processors. We start
with a smallerproblemin this applicationthan the prototypical
problemusedfor other applicationsbecausethe working sets
here are measuredhroughsimulationratherthan analysis,and
becauseit is impossibé to simulatethe prototypical problem
on our multiprocessosimulator The small problem,however
exposesall the important characteristicsand constantfactors,
andthe scalingtrendsthat we discussbelow havebeenverified
by simulatingsomelarger problemsand machines.
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Figure6: Working Setsfor the Barnes-Hutpplication: n=1024,
theta=1.0,p=4, quadpolemoments.

The levlWSin this applicationis the amountof temporary
storageusedto computean interactionbetweena particle and
anothermparticle/cell. It is only about0.7 Kbytesin size. Having
a cachelarge enoughto hold the lev1WS reduceshe missrate
from 100% with no cacheto about20% in mostcaseswve have
simulated. While this is a large reduction,the missrate is still

not low enoughfor effective performancesince mostof these
missesare to nonlocal data,and are not predictableenoughto
be easilyprefetched.

The lev2WS is the most importantworking setin the ap-
plication. It comprisesthe amountof from the tree neededto
computethe force on a single particle. Thesedatainclude par
ticle positionsas well as cell positionsand moments. If the
partitioningof particlesamongprocessorss doneappropriately
most of thesedatawill be reusedin computingthe forceson
successivearticles. Cachedarge enoughto hold this working
settake the missrate quite closeto the inherentcommunication
missrate obtainedwith infinite cacheq0.2% for this problem).
For this small problem,the size of the lev2WSis 20 Kbytes.

Beyondthe lev2WS, the missrate decaysmuch more slowly
until the cachesizereacheghe lev3WS.The sizeof thelev3Ws
is roughly the maximumof (i) the amountof datain a proces-
sorspartitionand (i) the amountof datathat a processoneeds
to computethe forceson all the particlesin its partition. Thus,
thelev3WSsizedecreasewith increasingrumberof processors
and increaseswith increasingforce computationaccuracy(de-
creasingd). However sincethe lev3WS marksthe culmination
of a slow decreasén missrate,andsincethe capacitymissrate
is alreadyvery smallafterthelev2WSis reachedthe lev3WSis
not importantto performanceandwe do not considerit further.

Scaling: A realisticproblemthatpeoplerun todayis onewith
64K particlesand §=1.0. When run for 512 time-steps,this
problemtakesaboutthreedayson a single processoof an SGI
4D/240. We usethis problem,runningon 64 processorsasthe
starting point for our discussionof scaling. The levlWS and
lev2WS sizesfor this problemare 0.7 Kbytes and 32 Kbytes,
respectively

The total dataset size increasedinearly with the numberof
particles,andis about230 bytesper particle when quadrupole
momentsare used. It is independenbf # and essentiallyinde-
pendentof the numberof processors.

The levlWS staysat 0.7 Kbytes independenbf the number
of particles,the numberof processorsandé. It changeslightly
only with the orderof momentsused,and hencewith the nature
of anindividual interactions.

The size of theimportantlev2WSis proportionalto the num-
ber of interactionscomputedper particle, which is of order
9—12 log n [3]. The lev2WS thereforescalesvery slowly with
the numberof particlesn, more quickly with the accuracypa-
rameterd, and is independenof the numberof processorg.
The constantof proportionalityin the abovesize expressioris
about6 Kbytes. How the lev2WS scaleswith larger problems
thereforedependson how » and # are scaled,as we examine
below

Under memory-constrainedVC) scaling,» would increase
linearly with p. If no other parametersare scaled,the size of
the lev2WSgrowsvery slowly, goingfrom 32 Kbyteswith 64K
particlesto 40 Kbyteswith a million particles(aboutthe largest
numberof particlesthat peoplerun on the largestparallel ma-
chinestoday) and to only 60 Kbytes with a billion particles
(inconceivabletoday). Scalingonly n, however is naive. In
practice,all of n, # andthe time-stepresolution At are likely
to be scaledsimultaneouslyin orderto scaletheir contributions
to the overall simulationerror at the samerate [9]. This leads
to the following rule: If n is scaledby a factor of s, At must
be scaledby a factor of \4/% and @ by a factor of 8% when

gquadrupolemomentsare used. A caveatis that# is likely to be
decreaseat this rate only up to a certainextent(6=0.5 or so),
at which point higherordermomentssuchasoctopolemoments
would be usedto increaseforce computationaccuracywithout



reducingd much.

Thelev2WSgrowsfasterwith MC scalingunderthis realistic
parametescalingrule, sinced—the dominantcontributorto the
working setsize—isalso scaled. Evenunderthis model, a bil-
lion particle problem(#=0.6, octopolemoments)would havea
lev2WS of under300 Kbytes. However MC scalingof this sort
causeghe executiontime to grow rapidly, sothatMC scalingis
in fact unrealisticin practicefor this application.

Time-constrainedcaling,while asymptoticallylimited in the
amountthe problemcan be scaled,is morerealisticin practice.
In this case the contributionsof changingAt¢ andé to the execu-
tion time don't allow » to scalelinearly with p. In fact, n scales
slowerthan vk, wherek is the factor by which p is scaled. 8

thereforescalesmore like ﬁr The resultis that both the data

setsizeandthe lev2WS (proportionalto 9—12 log n) still increase
in size, but much more slowly than undermemory-constrained
scaling. For example startingfrom our 64K particle problemon
64 processorgf=1.0), a 1K processomachineunderTC scal-
ing would run 256K particles(6=0.84)ratherthanthe 1 million
(6=0.71)underMC scaling. Thelev2WSsizein this caseis only
25 Kbytes. A million processomachinewould run not a bil-
lion particlesbut ratheronly about32 million (6=0.6, octopole
moments)andthe lev2WS size would be about140 Kbytes.

Thebottomline is thatalthoughthe importantworking setfor
this applicationis not trivial for large problemsiit is still well
under100 Kbytesfor thelargestproblemspeoplecanrun today
andis likely to stayreasonablysmall evenfor problemswhose
solutionis beyondthe realm of possibilitestoday

6.3 Grain Size

Communication Costs. Modelingthe amountof communica-
tion in the Barnes-Huimethodaccuratelyis very difficult. Using
somecurvefitting from [7] and someof our own, we find that
the communicatiorper processorequiredto computeforcesin

a time-stepscalesas 222 10¢%/3p, and that the communica-
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of computation(a particle-particleor particle-cellinteraction)is
equivalentto about80 instructionswhen quadrupolemoments
areused,andeveryunit of communicatiorin the aboveexpres-
sionis 3 doublewordsof data.

Our prototypical problem for grain size discussionswhich
usesl Mbyte of main memoryper processoon a 1024 proces-
sor machine(1 Gbyte total), solvesa problemwith about4.5
million particles(a very large but feasiblecomputationby to-
day’s standards).Let us assumehat§ = 1.0. Every processor
is responsiblefor about4500 particles,and the communication
to computatiorratio is very small, lessthan 1 doubleword per
10,000processobusy cycles. Sincethe accesgatternsof this
applicationare not predictable,communicationlatenciesmight
not be hiddenas effectively as in the regularcomputationsve
havediscussedo far. However the communicatiorto compu-
tation ratio is very small, and communicatiordoesnot become
a bottleneckuntil the numberof particlesper processobecomes
very small.

Load Balance and Concurrency: Theconcurrencyin theap-
plicationscalesasthe numberof particlesr, andloadimbalance
is alsonot a significantfactor until the numberof particlesper
processoln/p) becomesvery small. Given thatn is typically
large (4.5 million in the prototypicalproblem),this also means
that very large numbersof processorgan be usedeffectively.

Desirable Grain Size: The important perprocessorgrowth
ratesfor this applicationin termsof », §, At andp are asfol-

lows. Thedatasetsizescalesas = thecomputatioras g% T;j’tn ,

theworking setas eiz log n, theconcurrencyasn, thecommuni-

. 1/343 . . .
cationas ;1//3311094/3 , andthe communicatiorto computation

. 2/3 ],q4/3
ratio as f Ly “9r.

Clearly, we would get very good speedupsn our 1 Gbyte
problemon a coarsergrainedmachinethan 1 Mbyte per pro-
cessor such as the 64-processomachinewith 16 Mbytes of
memoryper processarHowever solvinga 1 Gbyteproblemon
64 processorsvould takea very longtime. Let usseewhathap-
penswhenwe go to the finer-grainedmachineinstead,solving
the samel Gbyte problemwith 16K processorsaind 64 Kbytes
of memory per processar Every processomow hasabout280
particles. The communicatiorto computationratio increasego
about1 doubleword per 1000 instructions,but is clearly very
small still. However particularly given the large number of
processorsload balancingmay becomea problemat this point.
Theresultis thatthe grain size canprobablybe pushedo afew
hundredkilobytesper processofor a 1 Gbyte problemwithout
compromisingparallel performancemuch.

Scaling:  Finally, let us seehow the desirablegrain size scales
with problemsize. A memory-constrainedcaling model, in
which the processograin size remainsconstant,provideshigh
processouutilization for this application. The numberof parti-
cles per processorremainsthe same,so load balancingis not
affected,and the communicatiorto computatiorratio eitherin-
creasesxtremelyslowly (if the accuracyis not scaledas well)
or staysconstant(if accuracyis scaled)[8]. The cachesize
neededper processomgrows, but is still relatively small, aswe
have seen.However suchmemory-constrainedcalingto keep
the grain size constantcausesthe executiontime to increase
very rapidly. If thegoalis to run a problemin the sameamount
of time, n doesnot grow nearly as quickly as p. The grain
sizeneededhereforedecreasesasdoesthe efficiency of a node
(sincebothcommunicatiorandsynchronizationincreaseelative
to computationandthe load balancegetsworse).

6.4 Summary

Our resultsshow that fine-grainedmachines,with well under
1 Mbyte of memoryanda coupleof hundredkilobytesof cache,
can be very effective for this application. A couple of issues,
however may inhibit goingto a very fine grain. First, for large
problems,the amountof fully associativecacheneededwill be
aslarge asor largerthanthelocal memorypernode. The useof
realistic—set-associativer direct-mapped—cachesould fur-
ther increasethe required cache size, resultingin an expen-
sive designpoint that may not be appropriatefor other kinds
of computationsPreliminaryresultswith direct-mappedaches
for small problemsshowthat the kneesin the missrate versus
cachesize curvesare not as well-definedaswith fully associa-
tive caches,and that the direct-mappectachesize requiredto
hold the importantworking setis aboutthreetimesaslarge as
the correspondindully associativecachesize. Set-associative
cachesand datarestructuringmight reducethis factor of three.
While we havenot simulatedarge problemswith direct-mapped
cachesthereis little reasonto believethat the factor increase
in required cachesize will be much different as the problem
scales.

The secondissueis that althoughthe force-calculatiorphase
can be parallelizedvery efficiently on large numbersof pro-
cessors,some other phases—suctas building the octree and
computingthe momentsof cells—do not yield quite as good
speedupdue to larger amountsof synchronizationand con-
tentionthatthey encounter Thesephasesonsumea small frac-
tion of the executiontime on moderatelyparallel machineg(at



leastup to 512 processorgor large problems) but may become
significantfor very fine-grainedmachineswith very large num-
bersof processors.

7 Volume Rendering

Our nextapplicationis from the field of scientificvisualization.
Volume visualizationtechniquesare of key importancein the
analysisand understandingf multidimensimal sampleddata.
This application,which rendersvolumes using optimized ray
tracingtechniquespusesa parallel versionof the fastestknown
sequentiablgorithmfor volumerendering[6].

7.1 Description of Computation

The volumeto be renderedis representedby a cube of voxels
(or volume elements). The outermostioop of the computation
is over a seriesof framesor images. Successivdramescorre-
spondto changinganglesbetweenthe viewer and the volume
beingrendered.For eachframe, rays are castfrom the viewing
positioninto the volume datathroughevery pixel in the image
planecorrespondingo thatframe. Thevoxeldataareresampled
at evenlyspacedocationsalongeachray by trilinearly interpo-
lating the valuesof surroundingroxels. Raysarenot reflectedat
all, but passstraightthroughthe volume unlessthey encounter
too much opacity and are terminatedearly. Finally, ray sam-
plesare compositedo produceanimageor frame. The goal of
the applicationis to renderindividual framesin real time (30
frames/secondko that an interactiveusercanview the volume
from arbitrarily changingpositionsefficiently.

7.2 Working Set Hierarchy

There are three importantlevels of the working set hierarchy
in this application. Datareuseis afforded acrosssamplepoints
alongaray (lev1WS),acrosssuccessiveays(lev2WS),andper
hapsacrosssuccessivérames(lev3WS).Theseworking setsare
shownin Figure7 for a 256x256x13 voxel datasetof a human
head. While smallerthanour prototypicall Gbyteproblem(the
datasetis about30 Mbytes)for reasonf simulationfeasibil-
ity, this datasetis a very realisticreal-timechallengefor today’s
parallelmachines.

The voxel datain this applicationare read-only An octree
datastructures usedto find thefirstinteresting(non-transparent)
voxelin aray’s pathefficiently, aswell asto determinewhether
the neighboringvoxels arounda samplepoint are interesting.
ThelevlWSconsistof thevoxel andoctreedatathatarereused
acrossneighboringsamplepointsalonga ray. This working set
is very small: about0.4 Kbytes. A cachethataccommodatei
reduceghe readmissrateto about15%, which is still too large
to be acceptableparticularly sincethe missesare potentiallyto
nonlocaldataandthe accesgatternsare not regularenoughto
be easily prefetched.

The lev2WS is the mostimportantworking set. It measures
the fraction of the datausedin computinga ray thatis typically
reusedby the nextray. This reuseowesitself to the partitioning
schemewhich assignsveryprocessor contiguousrectangular
subblockof pixels in the image plane. Successiverays cast
by a processothereforepassthroughadjacentpixels and tend
to referencemany of the samevoxelsin the volume. The
lev2WSis about16 Kbytes for this dataset, and a cachethat
accommodateshis working set reducesthe read miss rate to
about2%.

After the lev2WS s reached the missrate diminishesmore
slowly until the lev3WS is reached. The size of the lev3WS
depend®on how quickly the anglebetweerthe viewing position
and the datasetis changedbetweensuccessivdrames. If the
changes gradual,asin our simulatiors, a given processorefer
encesmany of the samevoxelsin successivdrames;otherwise,

the overlapmay be negligible. Thus, the lev3WS size canvary
from the voxelsreferencedy a processoin oneframeto almost
the entire voxel dataset. For our datasetand simulations the
lev3WS is about 700 Kbytes, and a cachethat accommodates
it bringsthe missrate downto the communicatiormissrate of
0.1%. The lev3WSis thereforelarge, but is not very important
to performanceandwe do not considerit further.
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Figure 7: Working Setsfor the Volume RenderingApplication:
256x256x1.3 head,p=4.

Scaling: With n voxelsalonga singledimensionthe dataset
for the volumerenderingapplicationis roughly 4n3 bytes. The
two importantparametershatmightbe scaledin this application
are n and the numberof processory. The levlWS size is
independenof eitherof these.The lev2WSis alsoindependent
of p, butgrowsproportionallyto », correspondingo thenumber
of voxelssampledalongaray. Thesizeof thelev2WSis roughly
(4000+ 110*n) bytes. Note thatn hereis only the cuberoot of
the datasetsize.

Sincethe executiontime grows at the samerate asthe data
setsize (n3), time-constrainedcalingis essentiallythe sameas
memory-constrainedor this application. Thus, the important
working setgrows as only the cuberoot of the numberof pro-
cessoraunder either scalingmodel, with a very small constant
factorof only 110 bytes. Evenfor averylarge,1024x1024x1024
problem,far from renderablén realtime on eventhelargestma-
chinestoday thelev2WSis only 116 Kbyteslarge. For a while,
also, the pushin using larger machinesis going to be to ren-
der relatively small datasetsin real time, ratherthanto render
biggerdatasets. Finally, as datasetsget larger, the octreewill
probably be usedto skip transparent/oxels along a ray even
after the first nonemptyvoxel is found, which may reducethe
size of the lev2WS. Thus, the importantworking setof this ap-
plicationis likely to remainrelatively small (under100 Kbytes
or so) for a while to come.

7.3 Grain Size

Communication Costs: The mostimportantand heavily ref-
erenceddatastructure the voxel dataset,is accessedn a read-
only fashion. Thus, if the entire voxel datasetwere replicated
in the local memoryof every processinghode,therewould be
essentiallyno communicatiorduringrendering(exceptthe small
amountof communicationgeneratedby the ray-stealingper
formedto ensurdoad balancingtowardthe endof the rendering
phase[6]). However suchreplicationwould imply either un-
reasonableamountsof local memoryper processopr thatlarge
datasetscannotbe run. In our sharedaddresspaceimplemen-
tation, the datasetis not replicatedat all in main memorybut
only to someextentin the caches.Becauseof this, communi-
cationis generatedvhenaccessing/oxel data,sincevoxel data
getreplacedin the caches.

If the cacheprovidedis significantlysmallerthanthelev3Ws,
asis very likely, we canassumehatalmostall of the voxel data



that a processomccessesluring a frame are not in its cacheat
the beginningof that frame. Sincethe viewing anglechanges,
the most reasonablaatadistribution acrosslocal memoriesis

an interleavedor randomone to minimize contention. Thus,
the first accesseso voxel datain a frame have no more than
a randomchanceof being satisfiedin local memory and are
likely to generatecommunication. Two bytesof dataare read
pervoxel, sothatthe total volume of communicatiorin a frame

is somewhatarger than2n3 bytes(since processorsverlapto

someextentin the voxelsthey access).Sincea frameinvolves
more than 300r2 instructions,the computationto communica-
tion ratio is very large, closeto 600 instructionsper word of

communicatediata, independenbf n or p (seethe limitations

of this analysisbelow). If cachesyield reuseacrossframes,the
computationto communicatiorratio will be evenlarger.

Our prototypical problem amountsto a 600x600x600voxel
problemon a 1024-processamachine with everyprocessobe-
ing responsibldor about1000rays. Sincethe computationto
communicatiorratio is independentf n or p, it is 600instruc-
tions per word in this caseas well.

Load Balance and Concurrency: After a processohaspro-
cessedts staticallyassignedays, it stealsraysfrom other pro-

cessordf it is idle. Stealingintroducesadditionalsynchroniza-
tion andcommunicationandis the main sourceof performance
lossif thenumberof raysstolenby a processors large compared
to the numberinitially assignedo it. In the prototypicalprob-

lem, every processoiis assignedL000rays, so that the amount
of stealingis not significant.

Desirable Grain Size: The important perprocessorgrowth
ratesfor this applicationin termsof n and p are as follows.

The dataset size scalesas ’;73, the computationas § the im-

portantworking set as n, the communicationas 2* and the

communicationto computationratio staysroughly fixed. The
concurrencyin the applicationis equalto the numberof rays,
which growsasn»2: Thereis oneray per pixel, andthereare n?
pixelsin the 2-d imageplaneprojectedfrom the dataset.

Runningthe 600x600x600voxel dataseton a coarsergrained
machinethan 1 Mbytes per processoi(e.g. 64 processorith
16 Mbytes per processor)s obviously not a problemfrom the
viewpointof processoefficiency. However a 64 processoma-
chinewouldclearlynotbe ableto renderthis datasetin realtime.
Let us seewhat happensvhenwe solvethe same600x600x600
voxel problemon a finer-grainedmachine with 16K processors
and 64 Kbytes of memory per processar The communication
to computationratio (ignoring task stealing)is still about600
instructionsper word. However every processonow processes

roughly % or 66 rays, likely to be too few for goodload

balancingwithout excessivestealing. As in Barnes-Huta grain
sizeof a few hundredkilobytesis thereforelikely to beadequate
for good parallel performanceon the 1 Gbyte dataset.

Scaling:  Finally, we examinehow the desirablegrain size
changesas larger problemsare run. If the datasetsizeis in-
creasedby a factor of &, keepingthe memoryper processornor
grain sizefixed (and thereforescalingp by a factor of %) will
causeevery processoto processa smallernumberof rays (de-
creasingby a factor of k%/3, sincethe size of a ray grows by
a factor of £1/3). This is not a problemuntil the number of
raysper processobecomesrery small,in which caseincreased
synchronizatiorand communicatiordueto taskstealingdetract
from performance. To maintainthe samenumberof rays per
processoiand henceroughly the sameprocessokefficiency, the
amountof memoryper processolthe grain size) mustincrease

by a factor of k/3 whenthe datasetsizeis increasedy k (the
working setsize per processomlsogrowsas k1/3). Thatis, the
numberof processorincreasedy a factor of £2/3 ratherthant.

However the executiontime growsas /3 aswell in this case,
whichis notdesirablefrom theviewpointof real-timerendering.

Fortunatelythe numberof raysneededper processoto retain
high processoefficienciesis small. And we mentionedearlier
that the data set sizesare not likely to get too muchlarger in
the nearfuture, sincethe goal today is still to get moderately
sizeddatasetsrenderedn real time. Thus,the memoryneeded
per processoffor this applicationis small and likely to remain
so for sometime to come.

74 Summary

Our general conclusionis that fine-grained machines(under
1 Mbyte of memoryper processor)are likely to performvery
well on this application.

8 Discussion

We begin our discussionby bringing togetherthe results for

the various applications. Table 1 showsthe growth rates for

the mostimportantapplicationcharacteristicsincludingdataset
sizes, total operationsperformedon thesedata, available con-
currency communicationvolumes, and the sizes of the most
importantworking sets. Table 2 then showsthe implicationsof

thesedata,includingthe sizesof the importantworking setsfor

our prototypicall Gbyte, 1024 processoproblem,expresse@s
a function of total data size (DS), and the desirableamounts
of perprocessomemory Table 2 also showsgrowth ratesfor

both as the problemis scaled. (We note that for the FFT the
‘desirable’grain size of 1 Mbyte is not really all that desirable,
but that enormousincreasesvould be requiredto improve the

situation.)

Our results show that reasonablyfine-grainedparallel ma-
chines,with memoryof 1 Mbyte per processoror less,can be
effective for the applicationclassesstudiedhere. However we
now briefly discusssomepragmaticreasonspoth hardwareand
software, why coarsergrained machinesare likely to continue
beingbuilt in the nearterm.

On the hardwareside, one reasonis the fact that memory
chipshavelarge capacitybut currently provide very narrowin-
terfaces(1-8 bits wide). Thus, building the high-bandwidth
memory systemsthat are neededby high-performanceproces-
sorsrequiresheuseof multiple memorychipsin parallel,result-
ing in substantiabmountsof total memoryper node. Another
reasonis thatthe distributed-address-spapeogrammingmnodel
thatis commonin todays large-scaleparallelmachinesseverely
limits the ability of a processoto efficiently accessnemorythat
is not local to it. Sucha model also makesfine-grainedparal-
lel computationless attractivebecauseof the large fixed costs
associatedwvith exchangingdata betweenprocessors. A final
hardwarereasonis the relative costsof processorsand mem-
ory. It makeslittle sense for example,to place $50 worth of
memoryon a $1000node. A machinewith 4 timesas much
memorywould not costsignificantly more and would be much
more versatile. Many of thesereasonsnay disappearhowever
dueto continuallyimproving technologyandintegrationlevels.
Within a decadewe are likely to seechipswith morethan100
million transistorseach[5]. This will allow processorscaches,
andmemoryto resideon the samechip. Decisionsabouthow to
partition the transistorson a chip amongprocessqgrcache,and
memorywill theninvolve entirely differenttradeofs. The data
presentedn this papershowthat fine-grainmachinesshouldbe
seriouslyconsideredsinceapplicationcanusethemeffectively.



Tablel: Importantapplicationgrowth rates.

Important
Application Data Ops Concurrency] Communication | Working Set
LU n? n3 n? n2\/P const.
CG n? n? n? n \/]_’ const.
FFT n nlogn n nlog P const.
Barnes-Hut g%n logn n n1/363p2/310g*/3p giz logn
VolumeRendering|| »® ns n? n3 n

Table2: Summaryof importantapplicationparametergDS is total datasetsize).

Cache Memory
Growth | Sizefor 1G prob || Growth | Desirablegrain
Application Rate on 1K P Rate size
LU const. 8K const. < 1M
CG const. 5K const. M
FFT const. 4K const. M
Barnes-Hut logDS 45K const. < IM
VolumeRendering|| VDS 70K VDS < 1M
On the softwareside,reasongor coarsergrain nodesinclude References

supportfor a sophisticatechode operatingsystem,supportfor
multiprogramming, and the flexibility to run applicationswith
limited parallelismmoreeffectively. However thesecapabilities
are not necessarilyasimportanton large-scalemachinesasthey
areon small ones.

In summary the grain size issueis a complexone. In this
paper we have taken an applications-orientediew; the other
issuesmust also be taken into accountto reach more defini-
tive conclusionsabouthow to actually build large-scaleparal-
lel machines.We are currently exploringtheseother tradeofs.
Overall, it may turn out that designsthat split the costequally
betweenprocessorand memorywill be the mostcompetitive,
in thatthey will be within a small constantfactor of the optimal
designfor any given application.

9 Concluding Remarks

We havepresentedn application-driverstudyof issueselevant
to determiningthe appropriatedistribution of resourcesamong
processorscache,and main memoryfor large-scalemultipro-
cessors.We first showedthat all of the applicationclassesve
studiedhave a hierarchyof working sets,eachof whosesize,
performanceimpact and scaling propertieswe identified. Our
conclusionis thatrelatively small (in somecasedrivially small)
cachessuffice for all the applications.Onereasorfor thisis the
bimodalityin theworking setsof applications:Theworking sets
are eithervery small, so that small cachessuffice, or too large
to be expectedto fit in caches.Fortunately the small working
setshavethe mostimpacton performance.

Next, we examinedcertain otherimportantcharacteristicof
the computations—commmicatian, computation,data require-
ments, concurrency and load balancing behavior—to reflect
upon desirablegrain sizesfor machinesto supportthesecom-
putationseffectively. We found that relatively fine-grainedma-
chines,with large numbersof processorsand small amountsof
cacheand memoryper processqrare appropriatefor all of the
applications.
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