
Working Sets, Cache Sizes, and Node Granularity Issues
for Large-Scale Multiprocessors

Edward Rothberg Jaswinder Pal Singh and Anoop Gupta

Intel Supercomputer Systems Division Computer Systems Laboratory
14924 N.W. Greenbrier Parkway Stanford University

Beaverton, OR 97006 Stanford, CA 94305

Abstract

The distribution of resourcesamongprocessors,memory and
cachesis a crucial questionfaced by designersof large-scale
parallel machines. If a machineis to solve problemswith a
certaindataset size, shouldit be built with a large numberof
processorseachwith a small amountof memory, or a smaller
numberof processorseach with a large amountof memory?
How muchcachememoryshouldbeprovidedperprocessorfor
cost-effectiveness?And how do thesedecisionschangeaslarger
problemsare run on larger machines?

In this paper, we explore the abovequestionsbasedon the
characteristicsof five important classesof large-scaleparal-
lel scientific applications. We first show that all the applica-
tions have a hierarchy of well-defined per-processorworking
sets,whosesize,performanceimpactandscalingcharacteristics
can help determinehow large different levels of a multipro-
cessor’s cachehierarchyshouldbe. Then, we usethesework-
ing setstogetherwith certainother importantcharacteristicsof
theapplications—suchascommunicationto computationratios,
concurrency, and load balancingbehavior—to reflect upon the
broaderquestionof thegranularityof processingnodesin high-
performancemultiprocessors.

We find that very small cacheswhosesizesdo not increase
with theproblemor machinesizeareadequatefor all but two of
theapplicationclasses.Evenin thetwo exceptions,theworking
setsscalequite slowly with problemsize, and the cachesizes
neededfor problemsthat will be run in the foreseeablefuture
are small. We also find that relatively fine-grainedmachines,
with large numbersof processorsand quite small amountsof
memoryper processor, areappropriatefor all the applications.

1 Introduction

As larger multiprocessorsare built, determining the appro-
priate distribution of resourcesamong processors,cacheand
main memorybecomesincreasinglychallengingfor a designer.
Small-scale,bus-based,shared-memorymultiprocessorsusually
provide relatively large per-processorcaches(severalhundred
Kbytesto a few Mbytes)andtensof Mbytesof physicalmem-
ory per processor. Thesedecisionsmakesensefor small-scale
machines.For example,with a smallnumberof processors,the
memoryperprocessormustbe large in orderfor themachineto
haveenoughtotal memoryto performinterestingcomputations.
And large cachesmakesensefor severalreasons:(i) multipro-
grammingand the need to accommodateseveralapplications

simultaneously, (ii) theuseof a sharedbusinterconnectandthe
needto reducetraffic on it, and(iii) the fact thatthereareonly a
few cachesanda large amountof main memory, so that caches
costonly a small fraction of the machine.

On large-scaleparallel machines,many of thesereasonsfor
largecachesandmainmemoriesper processorno longerneces-
sarily hold. The desirableamountsof main memoryandcache
per processorare thereforenot obvious. Thesedesirableratios
are alsovery difficult to determineowing to the wide rangeof
issuesinvolved, including applicationcharacteristics,machine
usagepatterns,hardwarecost and performanceestimates,and
evendeterminingthe appropriatemetricsto optimize.

In thispaper, we focuson onecrucial input into theabovede-
sign decisions:the characteristicsof applicationsthat are likely
to run on high-performancemultiprocessors.By studyingrele-
vant applicationcharacteristicssuchasmemoryusage,working
setsizes,communicationto computationratios,concurrencyand
loadbalancing,andby examininghowthesecharacteristicsscale
to larger problemsand machinesizes,we reflect upon the ap-
propriateamountsof memoryand cacheper processorfor five
importantclassesof scientific applications. Theseclassesare:
directequationsolvers,iterativeequationsolvers,spectraltrans-
form methods(representedhereby a FastFourier Transform),
hierarchicalN-bodymethods,andvolumevisualization(volume
rendering)methods.

We divide our treatmentof every applicationinto two parts.
First, we examinethe working setsof the applications,which
help in determininghow largethe levelsin themachine’s cache
hierarchyshouldbe to keepperformancelossesdueto capacity
misseslow. We find thatall theapplicationshavea well-defined
hierarchyof workingsets, suchthata cachethat is largeenough
to hold a given working set can yield dramatic performance
benefitsover a cachethat is slightly smallerthan that working
set. We alsofind thattheworking setsof all theapplicationsare
bimodally distributed,consistingof a few small working sets
and one large one that usually comprisesa processor’s entire
partition of the data set. In most cases,the working set that
is critical to good performanceis one of the smallerones. In
three of the applications(direct solvers, iterative solvers,and
the FFT), this importantworking set—andhencethecachesize
neededfor goodperformance—isvery smallanddoesnot scale
with problemor machinesize. Evenin theothertwo applications
(N-body andvolumerendering),the working set is quite small
and scalesvery slowly with problemsize, so that small caches
will suffice for the foreseeablefuture. Thereis oneapplication
(the iterative solver) in which a large working set also hasan
important performanceimpact; however, accommodatingthis
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working set requiresthe cacheto be essentiallyas large as the
local datasetperprocessor, which is not a realisticdesignpoint
for the nearfuture.

In the secondpart of our treatmentof an application,we use
the information aboutworking set sizesas well as other rele-
vant applicationcharacteristicsto reflect upon desirablegrain
sizesfor machines.Thegrainsize(or granularity)of a machine
canbelooselydefinedastheamountof mainmemoryandcache
perprocessoron themachine.Usingseveralapproximationsand
simplifying assumptions,we find thatall but oneof our applica-
tionscaneffectively uselargenumbersof processorswith small
amountsof main memoryand cacheeach. The argumentfor
fine-grainedmachinesfrom an applicationsperspectiveis fur-
ther strengthenedwhentime constraintsare incorporatedin the
scalingmodel. However, thereare reasonswhy one might not
want to actuallybuild machineswith smallamountsof memory
per processorin the nearterm, andwe discusssomeof these.

The paper is organizedas follows. In the next section,we
describethe methodologyand frameworkwe use to study the
applications.Sections3 through7 discussthe individual appli-
cations. In Section8, we discussour resultsand somecaveats
to the argumentfor fine-grainedmachines. Finally, Section9
summarizesthe main conclusionsof the paper.

2 Methodology and Framework

In this section,we describethe commonframeworkwe useto
presenttheresultsfor eachapplication.Sections2.1 through2.3
exactly mirror the structure of the computationdescription,
working set size and grain size discussionsin eachindividual
applicationsection,and also describethe methodologywe use
to obtainour results.Section2.4 statessomeadditionalsimpli-
fying assumptionsthatwe make.

2.1 Description of Computation
Our discussionof each applicationbegins with a description
of the most importantstepsof the computation.To makeour
investigationsconcrete,we alsodescribea prototypicalproblem.
Our prototypical problem for every application is one whose
dataset is 1 Gbyteand is distributedat 1 Mbyte per nodeon a
1024nodemachine.This is intendedto representa fine-grained
machineconfiguration.

2.2 Working Set Hierarchy
Thesecondsubsectionfor eachapplicationidentifiesthe impor-
tant applicationworking sets. To determinethe sizesof these
working sets, we simulate a cache-coherent,shared-address-
spacemultiprocessorarchitecture,with eachprocessorhaving
a single level of cacheand an equal fraction of the total main
memory. Foragivenproblemsizeandnumberof processors,we
simulatedifferentcachesizesandlook for kneesin theresulting
performance(or missrate)versuscachesizecurve.

To excludetheeffectsof conflictmisses,which areinfluenced
by a hostof low-level artifacts,we usefully associativecaches
with an LRU replacementpolicy. To the extent that conflict
missesare important,working set sizesmeasuredthis way are
aggressiveestimatesof desirablecachesize,and real caches—
with low degreesof associativity—will need to be somewhat
larger. For the first threeapplicationswe consider, the differ-
encebetweena cachewith limited associativityanda fully asso-
ciativecacheis not significant,sincethecacheconflict problem
caneasilybeavoided.Wecommenton theuseof direct-mapped
cachesfor theothertwo applicationsin their respectivesections.
Finally, to excludecold-startmisseswhereappropriate,we omit
the first few time-stepsor iterationsin thoseapplicationsthat

are in reality expectedto proceedover many time-stepsor it-
erations. Thus, what we measureare missesdue to inherent
communicationandfinite cachecapacity.

The first threeapplicationswe considerare well-understood
and highly predictablecomputationalkernels. In thesecases
(direct solvers,iterativesolvers,andtheFFT), we determinethe
working setsizesanalytically, andusesimulationto confirmour
estimatesfor someexamples.Sincetheseapplicationsarehighly
floating-pointintensive,themetricwe useto describecachemiss
ratesis numberof double-wordreadmissesperdouble-precision
floating-pointoperation.Theothertwo applications,Barnes-Hut
andvolumerendering,arefull-scaleapplicationsthatarenot as
regular, analyticallydescribable,or floatingpoint dominated.In
thesecases,we use simulation to look for kneesin the read
miss rate (read missesdivided by numberof read references)
rather than missesper FLOP. We focus on read missessince
theseare likely to havea muchgreaterimpacton performance
than write misses,the latenciesof which can be easily hidden
in theseprograms.

Scaling: Havingdeterminedtheworking setsizesfor thepro-
totypical problem,we then look at how thesesizesscalewith
variousapplicationparametersand numbersof processors.We
assumefor this discussionthat machinesare made larger by
addingprocessors,eachprocessorbringingwith it anamountof
cacheandmemoryequalto the cacheandmemoryper proces-
sor on theoriginal machine.We first examinehow the working
setsscalewith individualparameters,andthenlook at how they
scaleundercertainacceptedmodelsof scalingproblemsto run
on larger machines. The two scalingmodelswe considerare
memory-constrained(MC) and time-constrained(TC) scaling.
Given a larger machine,the MC scalingmodelassumesthat a
userwill scaletheproblemto fill theavailablemainmemoryon
themachine,regardlessof theeffect this hason executiontime.
TheTC scalingmodel,on theotherhand,assumesthat theuser
will increasetheproblemsizeso that the new problemtakesas
muchtime to solveon thenewmachineastheold problemtook
on the old machine. For more informationaboutthesescaling
models,see[9].

2.3 Grain Size
Having understoodthe working sets, we then examineother
applicationcharacteristicsthataffect thedesirablegranularityof
processingnodes. In particular, we study the implicationsof
interprocessorcommunicationcosts,load balance,andproblem
concurrencyfor nodegranularity. We begin by looking at the
impactof theseissuesfor theprototypicalproblem,andthenwe
studyhow this changeswith the problemandmachinesize.

Communication Costs: To determinetherelativecostof inter-
processorcommunicationfor eachapplication,we first calculate
a computationto communicationratio for theprototypicalprob-
lem. To providesomefeelingfor what ratioswe would consider
sustainable,let us considerrelevantparameterson existingand
likely futureparallelmachines.Oneexampleis theIntel Paragon
machine.Eachnodein thismachinewill havefour 50-MFLOPS
processors,yielding 200 MFLOPSper node.The machineuses
a 2-D meshinterconnectwith 200-Mbyte-per-secondchannels.
Let us first considernearest-neighborcommunication. In this
case,thebandwidthin theParagonis limited by thatof thenode-
to-router link, which is 200 Mbytes/secpeak. The sustainable
ratio, in FLOPsper double-word,is therefore 200

200
�
8 � 8. For

more randomcommunication,sustainablecommunicationvol-
umeis determinedby the bisectionwidth of the network. For a
32x32(1024)nodeParagon,thenumberof networklinks across
a bisectoris 64. Assumingthat half of all randommessages
cross this bisector, each processorcan generateonly 64� 512,



or one-eighthas much traffic as in the nearest-neighborcase,
yielding a sustainableratio of 64 FLOPs/word. Similarly, the
sustainableratioson theThinking MachinesCM-5 areabout50
FLOPsperword for nearest-neighborcommunicationandabout
100 for generalcommunication(assuming128MFLOPSvector
nodes,20Mbyte/secnearest-neighborcommunicationbandwidth
and5Mbyte/secgeneralbandwidth).

As technologyprogresses,we shouldseeboth fasterfloating
pointprocessorsandfastercommunicationchips. For thispaper,
we simply assumethat computationto communicationratiosof
1-15 FLOPs/wordare extremelydifficult to sustain,15-75 are
sustainablebut not easy, and above75 are quite easy to sus-
tain. (Of course,all the analytical and experimentaldata we
provideremainvalid evenif the readermakesdifferentassump-
tions aboutsustainability thanwe do.)

Load Balance and Concurrency: Two otherpotentialsources
of difficulty in obtaininghigh parallelperformanceareload im-
balancesanddeficienciesin availableproblemconcurrency. We
commenton the expectedimpact of thesefor the prototypical
problem.

Desirable Grain Size: We then attempt to determinewhat
would constitutea desirableprocessorgrain size for the proto-
typical problem. Our goal is not to makefine distinctionsin
grainsize,but ratheronly very coarseones.That is, we arenot
trying to determinewhethertheappropriategrainsizeis 1 Mbyte
or 2 Mbyte of main memoryper processor, but ratherwhether
it is on the order of 1 Mbyte, 10 Mbytes or 100 Mbytes. To
estimatea desirablegrain size, we examinethe expectedpar-
allel performance—basedon communicationcost,loadbalance,
and concurrencyconsiderations—fortwo variationsof the pro-
totypical problemwith very differentgranularities.The first is
a 1 Gbyteproblemon 64 processors,resultingin 16 Mbytesof
dataperprocessor. Thesecondis thesameproblemon 16 thou-
sandprocessors,resultingin 64 Kbytesof dataper processor.

Scaling: Finally, we considerhow this desirablegrain size
changesas the problemis scaled.

2.4 Other Assumptions

We makea few additionalsimplifying assumptionsin our anal-
ysis. We assumethat the processoris basedon commodity
processortechnologyand thus is a given; its performancedoes
not changewhenthenumberof processorsis changed.We also
assumethat sincethe machinesupportsa sharedaddressspace,
it is optimizedfor smalldataexchangesbetweenprocessorsand
thus provides inexpensiveinterprocessorsynchronization. Fi-
nally, we ignore the impact of contentionin various parts of
the machineaswell as thatof locality in the networktopology,
with the exceptionof our coarsenotion of local versusrandom
communicationpatternsdiscussedearlier in this subsection.

3 Direct Methods for Solving Linear Systems
Thefirst applicationweconsideris the ��� factorizationof large,
densematrices. This importantand widely usedcomputation
factorsa matrix � into the form � � ��� , where � is lower-
triangularand � is upper-triangular. The mostcommonsource
of large dense ��� problemsis radar cross-sectionproblems,
wherepeoplecurrentlysolveproblemsthatrequireseveralhours
on today’s largestparallelmachines.

While we specificallyexaminedense��� factorizationin this
section,our analysisactually appliesto a wider set of appli-
cations. Applicationswith very similar structureinclude dense

���
factorization, denseCholesky factorization, denseeigen-

valuemethods,andin manyrespectssparseCholeskyfactoriza-
tion.

3.1 Description of Computation
Dense ��� factorizationcanbe performedextremelyefficiently
if the dense �
	�� matrix � is divided into an �
	
� array
of ��	�� blocks,( � � ��� ) [11]. The following pseudo-code,
expressedin termsof theseblocks, showsthe most important
stepsin the computation.

1. for � � 0 to � do
2. factor block �����
3. compute values for all blocks

in column � and row �
4. for � � ��� 1 to � do
5. for � � ��� 1 to � do
6. �������������� !���"�#�����

The dominantcomputationhereis Step6, which is simply a
densematrix multiplication.

The parallel computationcorrespondingto a single � itera-
tion in theabovepseudo-codeis shownsymbolicallyin Figure1.
Two detailshavebeenshownto becrucial for reducinginterpro-

P0 P1 P2

P3 P4 P5

P6 P7 P8

Column K

Row K

Figure1: Denseblock LU factorization.

cessorcommunicationvolumesand thusobtaininghigh perfor-
mance.First, theblocksof thematrix areassignedto processors
using a 2-D scatterdecomposition[2]. That is, the processors
are thoughtof asa $%	 � grid, and block &'�)(*�,+ in the matrix
is assignedto processor&'� mod $�(-� mod

� + . A simple 3 	 3
processorexampleis shown in Figure 1. Second,the matrix
multiplication in Step 6 above is performedby the processor
that ownsblock �.�-/ � . Within one � iteration,a processorthus
usesblocksin the appropriaterows of column � (thoseblocks
ownedby a processorin the samerow of the processorgrid)
andtheappropriatecolumnsof row � to updateblocksit owns.
The shadedblocksin Figure1 are the blocksthat processorP1
usesin one � iteration.

Threefactorsmust be tradedoff in choosingan appropriate
block size � . Larger blocks lead to lower cachemiss rates.
However, largerblocksalsoincreasethe fraction of thecompu-
tation performedin the lessparallelportion of the computation
(Steps2 and 3 in the earlier pseudo-code),and can also cause
load balancingproblems. Relatively small block sizes( � � 8
or � � 16) canbeshownto strikea goodbalancebetweenthese
factors.

3.2 Working Set Hierarchy
Our prototypical 1 Gbyte data set on 1024 processorscorre-
spondsto a roughly10( 000 	 10( 000 ��� factorizationproblem.



Sincepeoplearecurrentlysolving50( 000 	 50( 000densesys-
temsarising from radarcross-sectionapplicationson 128 pro-
cessormachines,our choiceof a smallerproblemon a larger
machineis actuallysomewhataggressive.

The structureof ��� factorizationis sufficiently simple that
we can derive working set sizesanalytically. Figure 2 shows
analytical cachemiss rates for an � � 10( 000 matrix, using
block sizesof � = 4, 16, and 64, and $ � 1024 processors.
The graph shows double-wordcachemissesas a fraction of
double-precisionfloating-pointoperations.The importantlevels
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Figure 2: Miss ratesfor ��� factorization, � � 10( 000, $�� �
1024.

of theworking sethierarchyareasfollows. Thelevel 1 working
set(lev1WS)consistsof two columnsof a block, andis roughly
260 bytesfor � � 16. Oncetwo columnsfit, one columncan
be reused,roughly halving the overall miss rate. The second
working set(lev2WS)consistsof anentire � 	 � block, andis
roughly 2200bytesfor � � 16. When this working set fits in
the cache,the missratedropsto roughly1 � � . The otherblock
sizes( � � 4 and � � 64) naturallyleadto differentlevel 1 and
level 2 working setssizesandmissrates.

Clearly, thecachesizesrequiredto hold thelev2WSaremuch
smallerthanthecachespeoplearebuildingon parallelmachines
today, evenfor relatively large block sizes( � � 16 or 32). The
resultingmissratesaresmallenoughto yield high performance.
Almostall themisseswouldbeservicedfrom a processor’s local
memory, providedthematrixblocksareplacedin thelocalmem-
oriesof their ownerprocessors.Also, themissesarepredictable
enoughto be easilyprefetched.

The next working set (lev3WS) includes all blocks in
row/column � that affect blocksownedby a particularproces-
sor (e.g., theshadedblocksin row/column � of Figure1). The
sizeof lev3WSis 2��� 2 �

� $ � 2� � �
� $ (roughly 80 Kbytes

for � � 16). If the lev3WS fits in cache,then the missrate is
further reducedby a factor of 2 to 1 � 2� . However, the miss
rate is smallenoughevenbeforethe lev3WSis reached,so that
the lev3WSis of only minor importanceto performance.

The final working set (lev4WS) is the set of all blocks be-
longing to a processor. If the cacheaccommodatesthe lev4WS
(of size � 2 ��� ), themissrateis equalto thecommunicationmiss
rate.

Scaling: When consideringproblemor machinesize scaling,
we note that the most importantworking set, the lev2WS, de-
pendsonly on the block size � . It is independentof � and $ .
In other words, a small amountof cacheis sufficient for any
problemor machinesize.

3.3 Grain Size
Communication Costs: ��� factorizationof an � 	 � matrix
performsroughly 2� 3 � 3 floating-pointoperations.Every block

in the matrix is communicatedto a row or columnof
� $ pro-

cessors,yielding an overall communicationvolume of � 2
� $ .

The computationto communicationratio is thus 2� � & 3 � $ + ,
and dependsonly the grain size ( � 2 � $ ). For our prototypi-
cal problem,with its 1 Mbyte grain size, this yields a ratio of
roughly200floating-pointoperationsper floating-pointword of
communication—arelatively low bandwidthrequirement.Also,
mostof theseinterprocessorcommunicationcostscanbehidden
from the processors(usingsoftwareprefetching,for example).

Load Balance and Concurrency: Another important issue
that affects parallel performanceis the load balanceand avail-
ableconcurrencyof thecomputation.For our 10,000by 10,000
prototypicaldense��� examplewith � � 16, eachof the 1024
processorsis assignedroughly380blocksfrom thematrix. This
is a large enoughnumberof blocks for dense��� factorization
that load balancingand concurrencyissuesdo not detractsig-
nificantly from achievedparallelperformanceeither.

Desirable Grain Size: Clearly, a1024-processormachinewith
1 Mbyteof dataperprocessorwouldproducegoodprocessoruti-
lization. Let us considerwhetherthe grain sizecan reasonably
be reducedto solvethe same1 Gbyteproblem. Considersolv-
ing the problemon a 16K processormachinewith 64 Kbytes
of memoryper processor. The computationto communication
ratio would decreaseby a factor of four to 50 operationsper
communicateddatum,more difficult but still quite possibleto
sustain. The larger effect comesfrom load imbalance. With
� � 16,eachprocessorwouldnowbeassigned25blocks,which
would reduceprocessorperformancesomewhat.This load bal-
anceproblemcouldbe improvedby reducingtheblock size,but
at a costof increasedcachemissrates.In eithercase,thehigher
computationto communicationratio, combinedwith theperfor-
mancelossdueto eitherpoorerloadbalanceor highercachemiss
rates,would reduceper-processorperformance.Thus, while a
1 Mbyte grain size is easyto sustainfor a 1 Gbyteproblem,a
64 Kbyte grain sizeis not so easy.

Scaling: Let us now seehow the desirablegrain sizechanges
as larger problemsare run. Keeping the grain size fixed at
1 Mbyte per processorallows us to factor a 20,000by 20,000
matrix on 4096 processors. Comparedwith the prototypical
problem,this problemwould requirethe sameamountof cache
memory, would producethe samecomputationto communica-
tion ratio, andwould generatea very similar computationalload
balance(sinceeachprocessorstill handles380blocks( � � 16)).
We thereforeconcludethat the desirablegrain size is indepen-
dentof the problemsize.

Keepingthe grain size fixed while increasingthe numberof
processorsresultsin memory-constrained(MC) scaling. Since
the amountof computation(which scalesas � 3) grows much
faster than the dataset size (which scalesas � 2), the parallel
executiontime grows quite quickly under MC scaling, which
may thereforebe an unacceptablescalingmodel for this appli-
cation. If, on the otherhand,a time-constrainedscalingmodel
wereused,theper-processordatasetwould shrinkwith increas-
ing $ (of course,the performanceof the individual processors
woulddecreaseaswell). Constraintsonexecutiontimetherefore
provideanotherargumentfor finer-grainedprocessingnodeson
large-scalemachines.

3.4 Summary
To summarize,wehavefoundthatdense��� factorizationplaces
very modestdemandson a parallel machine. A small cache
is sufficient to reducethe cachemiss rate to nearly negligible
levels, even for large problemson large machines. Similarly,



a small amountof per-processormemory(1 Mbyte or less) is
sufficient to yield goodperformance,regardlessof � and $ .

4 Iterative Methods for Solving Linear Sys-
tems

Thenextclassof computationsweconsiderareiterativemethods
for solving linear systemsof equations(or for finding eigenval-
ues of large sparsematrices). Iterative methods,which begin
with a guessat the solutionand iteratively attemptto improve
this guess,are finding increasinguse in solving large systems
of equationsin parallel. At the heart of theseiterative meth-
odsis a sparsematrix-vectormultiply, typically accompaniedby
somecombinationof vector additionsanddot products.While
we specifically considerthe conjugategradient (CG) method
for solving sparselinear systemsof equationshere, the results
shouldbe similar for a rangeof other iterativemethods.

4.1 Description of Computation
Eachiterationof theCGmethodperformsasinglesparsematrix-
vector multiply, 3 vector additions,and 2 dot products. The
matrix-vectormultiply is the dominantcomputation.This oper-
ation is mosteasilydescribedby consideringthe sparsematrix
� as a graph � � &���( � + , with a vertex ����� correspond-
ing to each row/column in � and a weightededge � (	�
� �
correspondingto eachnon-zero ��� / 
 . The sparsematrix-vector
multiply � � ��� is performedby associatingan � value with
eachvertex in the graph, and iterating over all vertices. For
every vertex � , the value of ��� is computedby summingthe
productsof theweightsof theedges&�� (	� + incidentto � with the
� valuesat the adjacent� vertices.

The CG computationis parallelizedby partitioning the ver-
ticesin thegraphrepresentationof thematrixamongprocessors.
Considerthe casewherethe graphrepresentationof the sparse
matrix is a simple2-D grid (Figure3). Theexamplegrid is par-
titionedamong4 processorsin thefigure. At eachCG iteration,

P0 P1

P2 P3

Figure3: A 2-D grid partitionedamong4 processors.

a processoriteratesover the points assignedto it, computing
new valuesfor � at its vertices. Interprocessorcommunication
is necessarywhena processorhandlesa vertex that is adjacent
to a vertex belongingto anotherprocessor(the verticeson the
boundariesbetweenprocessorpartitionsin Figure 3), sincethe
valueat the otherendof that edgewaspresumablychangedin
the previousiteration.

Our prototypical1 Gbyte problemon 1024 processorscor-
respondsto a roughly 4000 	 4000 2-D grid. An important
trend in problemdomainsthat use iterative methodsis toward
3 dimensionalproblems.In this case,the prototypicalproblem
correspondsto a 225 	 225 	 225 3-D regulargrid.

4.2 Working Set Hierarchy
A processorsweepsthroughthe entiresetof nodesassignedto
it in every iteration, touchingthe datacorrespondingto every
edgeincident to thesenodes. Thus, unlessthis entire dataset
fits in the cache,the computationprovidesfew opportunitiesto
reusedata.

The working sethierarchiesfor our 2-D and3-D grid exam-
ples on 1024 processorsare shown in Figure 4. For the 2-D
problem,the lev1WS consistsof the � valuesfrom threeadja-
centsub-rowsof pointsassignedto a processor. This lev1WSis
quitesmall,consistingof roughly5 Kbytesof datain theproto-
typical 2-D problem.While the impactof this 5 Kbyte working
set on miss rate is significant,the missrate remainshigh even
after this working set fits in the cache. The lev2WS consists

512 1K 2K 4K 8K 16K 32K 64K 128K 256K 512K 1M
0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

Cache size (bytes)

2−D 4000 by 4000
3−D 225 by 225 by 255

M
is

s
e
s
 p

e
r 

F
P

 o
p

lev1WS

lev2WS

Figure4: Miss ratesfor CG, 4000 	 4000grid, $ � 1024.

of the entire set of dataownedby a processor. At this point,
the miss rate dropsto the communicationmiss rate. However,
it is generallyunreasonableto expectthis setof entriesto fit in
cache.

For the3-D grid computation,theworking setsarequitesim-
ilar. Themajordifferenceis in the lev1WS,which now consists
of 2-D cross-sectionsfrom the3-D regionassignedto eachpro-
cessor, and thus representsa larger dataset than the 1-D sub-
rowsfrom the2-D grid. In theprototypicalproblem,thelev1WS
growsfrom 5K to 18K. Notethatthesenumbersarestill smaller
thanthefirst-levelcachesfoundin nearlyall modernprocessors.

Scaling: If we expectthe per-processordataset to be larger
than the processorcache, then the only working set that can
fit in the cacheis the lev1WS. Since eachprocessorreceives
an � �

� $ 	�� �
� $ portion of the ��	 � 2-D grid, the size of

the lev1WSis proportionalto � �
� $ . The sizeof this working

set thereforeremainsquite moderate.A problemthat requires
16 Mbytes of storageper processor, for example,would have
lev1WSsizesof 18Kbytesand90Kbytesfor 2-D and3-D grids,
respectively. Furthermore,the size of lev1WS can actually be
kept constantthroughthe useof blocking techniques.

Thefact thatfitting the lev2WS(a processor’s entirepartition
of the grid) in the cachehasa substantialimpacton the perfor-
manceof CG bringsup an interestingdesignissue.Particularly
under time-constrainedscaling,the dataset per processormay
not be very large on large-scalemachines,so that it may make
senseto build larger cachesand fit the lev2WS in the cache.
This amountsto fitting the entiredataset in cachememory, so
that there is no needfor DRAM memory. While this may be
an interestingdesignpoint for very large-scalemachines,we
restrict ourselveshereto a moreconservativemodelwherethe
per-processordataset is muchlarger thanthe cache.

4.3 Grain Size
Communication Costs: The total amountof computationin
one CG iteration on an �!	 � 2-D grid is roughly 10� 2 oper-
ations. Eachprocessorowns a � �

� $ 	!� �
� $ grid of points.

The 4� �
� $ pointsalongthe perimetermustbe communicated

to neighboringprocessorsin every iteration. The computation



to communicationratio is thus5� � & 2 � $ + , and onceagainde-
pendsonly on the grainsize. For the 1 Mbyte grain sizeof our
prototypicalproblem,theratio wouldberoughly300FLOPsper
word. This high ratio, combinedwith the fact that the commu-
nication latenciescan be easily hiddendue to the very regular
structureof thecomputation,makea1 Mbyteperprocessorgrain
sizequite appropriatefor CG on 2-D grid problems.

For a 3-D grid problem, each processorwould own a 3-D
subgridthat is � � 3

� $ on a side. The processorwould haveto
communicatethevalueson the6 2-D facesof its subgridto other
processors.The computationto communicationratio would be
7� � & 3 3

� $ + , yielding a ratio of roughly 50 for the prototypical
problem. This ratio is not as easily sustainedas the ratio for
2-D problems,but it is still feasible.

Load Balance and Concurrency: The regularity of a grid
computationmakesloadbalancingquitesimple. Theonly limi-
tationonconcurrencyis theglobalsumthataccompaniesthetwo
dot productoperations.Given our assumptionsaboutthe costs
of interprocessorcommunicationandprocessorsynchronization,
thecostof the fully parallelportionshoulddwarf thecostof the
lessparallel global sumin the prototypicalproblem. Thus, the
problemexposessufficient concurrencyfor 1024processors.

We shouldnotethat manyimportantproblems(e.g.,unstruc-
turedproblemsthatmodelcomplexphysicalstructures)will not
be nearly as regularas the 2-D and 3-D grids consideredhere.
This reducedregularitywill requiremoresophisticatedstrategies
for partitioningtheproblemamonga setof processors.Thiswill
havethreeimportanteffects. First, the computationalload bal-
anceamongtheprocessorswill certainlynotbeasgood. Second,
the computationto communicationratio for problemswith the
samedataset size will most likely be significantly higher. Fi-
nally, the partitioningstepitself will representa computational
overheadwhosecost increaseswith the numberof processors.
This partitioningstepwill generallypossesslimited parallelism,
sothepresenceof moreprocessorswouldnot necessarilyreduce
its cost.

We concludefrom theabovediscussionthata 1024processor
machinewith 1 Mbyte of memoryper processorwould bequite
appropriatefor regular2-D problems.Theappropriategrainsize
for irregularproblemsor 3-D problemsmaybesomewhatlarger.

Desirable Grain Size: Let us see if we can use a 16K-
processormachinewith only 16 Kbytesor memoryeachto solve
a 1 Gbyte problem. The computationto communicationratios
increaseto roughly 75 and 20 for 2-D and 3-D grids, respec-
tively. Thus, the desirablegrain size is somewherebetween
1 Mbyte an16 Kbytesfor theprototypicalCG problemaswell.

Scaling: Now considerhow the appropriategrain size would
changewith a scaledproblem.The importantthing to notehere
is thatthecomputationto communicationratio for both2-D and
3-D grid problemsdependsonly on the volumeof dataon one
processor, andis independentof thenumberof processors.Thus,
if a grain size of 1 Mbyte per processorproducessustainable
communicationvolumeson $ processors,then it would also
producesustainablevolumeson 2$ processors,givena problem
that is twice aslarge. Theoneotherissuethatmightbe relevant
whenconsideringscalingis thecostof theglobalsumoperation
in thedot products.While thiscostclearly increaseswith $ , the
rate of increase( ��& log $�+ ) is sufficiently slow that, underour
machinemodel,thiscostwouldnot bea significantperformance
drain for practical $ .

4.4 Summary
We thereforeconcludethat the conjugategradientmethodre-
quiresa somewhatlargergrainsizethandense��� factorization.

Thedesirablegrain is still quitesmall,however. A 1 Mbyte per
processordatasetsizeappearsreasonable.

5 Transform Methods (FFT)
Thenextcomputationweconsideris the1D complexfastFourier
transform(FFT). Our analysisin this sectionalsoappliesto the
complex2D and3D FFT. Thesecomputationsform thecompu-
tationalcoreof a wide varietyof applicationsfrom the fields of
imageandsignalprocessingaswell asclimatemodeling.

5.1 Description of Computation
Thestructureof theFFT computationis capturedby thefamiliar
butterflynetwork. For an � � 2� point FFT, thecomputation
proceedsin � stages,wherein stage� , pairsof datapointsat a
distanceof 2 � interactwith eachother to producethe pointsat
stage��� 1.

In a straightforwardparallel implementation,eachprocessor
handlesa contiguousset of points. During the first log �
 
log $ stagesof the butterfly, processorswork locally with no
interprocessorcommunication.In eachof the remaininglog $
stages,all � pointsareexchangedbetweenprocessors,

Unfortunately, thesimple,so-calledradix-2FFT computation
describedabovemakesvery pooruseof thememorysystem.It
sweepsthroughall � pointsin onestageof thebutterflybefore
movingon thenextstage,thusmakinglittle useof theprocessor
cache. In the last log $ stagesof the butterfly, the processors
perform only a singlecomputationstepon eachcommunicated
point, thusproducinga very low computationto communication
ratio. Both thecacheusageandthecomputationto communica-
tion ratio canbe improveddramaticallyby increasingthe radix
of the computation(see[1] and [12]). Increasingthe radix is
equivalentto ‘unrolling’ the butterfly, performingmultiple but-
terfly stagesin a single passthroughthe data. A radix-8 FFT,
for example,would combinethreebutterfly stagesinto a single
stage,whereeachstepin this new stageperformsoperationson
8 points simultaneously. A radix-� FFT would combinelog �
butterfly stagesinto a singlestage,operatingon � pointssimul-
taneously.

An efficient parallel FFT is thereforestructuredas follows.
To minimize interprocessorcommunication,the overall compu-
tation is performedwith aslarge a radix aspossible.This turns
out to be radix-D, where � is the numberof pointsassignedto
eachprocessor(i.e., � � � � $ ). Thus,the log � stagesof the
butterfly aregroupedinto setsof log � stages.At eachradix-D
stage,a processorreceives� pointsfrom otherprocessors,per-
forms log � stagesof the butterfly on thesepoints, and sends
the resulting � datapoints to the processorsthat usethem in
the next stage.

To makegooduseof the processorcache,the radix-D stages
arefurthersubdividedinto smallerinternalgroups.For example,
a processormight performthe log � stagesin the radix-D com-
putationthree-at-a-time,essentiallyperforminga radix-8 com-
putationwithin the radix-D computation. We call this smaller
radix the internal radix. This further sub-divisionproducesa
smallerprocessorworking setthanwould bepresentif all log �
stageswere performedin a single sweep. We use this more
efficient parallelFFT in the resultswe presentbelow.

5.2 Working Set Hierarchy
The prototypical1 Gbyte problemcorrespondsto a 64 million
point complexFFT on 1024processors,yielding 64K pointsper
processor.

Workingsethierarchiesfor radix-2,radix-8,andradix-32FFT
computationson this datasetareshownin Figure5.
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The first and most importantworking set (lev1WS) contains
the setof dataitemsneededto performa singlestepof a stage
sweep.If the internalradix is 2, the lev1WSsimply consistsof
the two datapointsthatareat distance2 � from eachother. The
missrateis 0.6 missesperop whenthelev1WSwith radix 2 fits
in the cache.For internalradicesof 8 and32, lev1WSconsists
of the relevant8 or 32 datapoints,andbringsthe missratesto
roughly0.25and0.15missesperoperation,respectively. These
missescanbeeasilyprefetched.Thus,asmallcacheis sufficient
to significantlyreducethe missratefor parallelFFT.

The only other working set in a parallel FFT (lev2WS) is
simply the entiredatasetassignedto a processor.

Scaling: The size of the important, level 1 working set de-
pendsonly on the internal radix. The choiceof internal radix
is independentof the problemsizeand the machinesize,anda
small radix suffices to keepthe capacitymiss rate small. Con-
sequently, a small cache(a few Kbytes) is sufficient for any
problemsize or machinesize. The lev2WSdependson � and
$ , but is not expectedto fit in a cache.

5.3 Grain Size
Communication Costs: The computationto communication
ratio is mosteasilyestimatedby consideringtheoperationsthat
a processorperformsin a singlestageof the radix-D computa-
tion ( � � � � $ ). Within a single stage,a processorperforms
5� log � operations,and then communicatesall 2� double-
words computedin that stageto other processors.Thus, the
overall computationto communicationratio 5

2 log � � 5
2 log � � ,

anddependsonly the grain size � � .
This ratio is unfortunatelyinexactdueto quantizationeffects.

Considerour prototypical problem, with 1024 processorsand
64K pointsper processor. The resultingradix-64K FFT groups
the butterfly into setsof log64K or 16 stages.The difficulty is
that thewholeproblemonly requireslog64� � 26 stages.The
secondstagewould thereforeperform only 10 stagesof com-
putationfor one communicationstage,less than the 16 stages
assumedby the model.

The actualcomputationto communicationratio canbe deter-
minedby notingthat thewholecomputationperforms5� log �
operations,and it communicatesthe 2� words of data twice
betweenprocessors.For our prototypicalproblem, � � 64M,
yielding a ratio of 33. While this ratio would be sustainableif
thecommunicationswerebetweenneighborprocessors,unfortu-
nately it canbe shownthat communicationin the FFT exhibits
little locality for mostprocessorinterconnectiontopologies.The
exceptionis a hypercubetopology, which is becominglessand
lesscommonin large-scaleparallel machines.The ratio of 33
operationsper word would thusbe difficult to sustain.

Load Balance and Concurrency: A very simpledistribution
of the FFT computationis quite adequatefor load balancing.
Furthermore,thereis morethanenoughavailableconcurrencyto
keepa very largenumberof processorsbusy(ignoringprocessor
stallsdueto communication).

Desirable Grain Size: We haveseenthat a 1 Mbyte dataset
per processorproducesa computationto communicationratio
that is difficult to sustain.A finer-grain machinewould clearly
exacerbatetheproblem.Let us thereforeexaminehow this ratio
wouldchangeif thesameproblemweresolvedonacoarser-grain
machine.On a machinewith one-sixteenthasmanyprocessors
( $ � 64), we find that the computationto communicationratio
surprisinglydoesnot change.This is anartifactof thequantiza-
tion of levelsdiscussedearlier: therearestill two communication
stagesin the computation.

Let us now considerjust how coarsethe machinegrain must
beto producea sustainablecomputationto communicationratio.
If we evenusetheoptimisticexpressionfor computationto com-
municationratio of 5

2 log � � derivedearlier, a ratio of
�

requires

thenumberof datapointsperprocessorto be � � $ � 2
2
5

�
. The

exponentialgrowthrateof per-processormemoryrequiredto im-
provecomputationto communicationratioshasbeenpreviously
notedin [4]. The consequencesof this growthratearequitese-
vere. Increasingthe computationto communicationratio from
33 to a more easily sustainedratio of 60, for example,would
require the per-processordata set to be increasedto roughly
270 Mbytes. A ratio of 100, which may be requiredby some
machinesfor good performance,would require approximately
18 Terabytesof dataper processor. It is clearly unrealisticto
try to significantly increasethe computationto communication
ratio by increasingthe nodegrain size.

Scaling: Sincethemain factor limiting performance,thecom-
putationto communicationratio, dependsonly on grainsize,the
“desirable”grain size is essentiallyindependentof the problem
size or numberof processors.MC scaling thereforeproduces
comparableprocessorutilization on larger machines.

5.4 Summary
The FFT is a difficult computationfor large scaleparallel ma-
chines.While the FFT is easilyblockedfor a cacheto provide
high per-processorperformance,the communicationvolumein-
herentin the computationis sufficiently high that communica-
tion costswill certainlydominatetheexecutiontime. While one
might concludethat the solution to this high communication
volumeis to increasetheprocessorgrainsize,unfortunatelythe
grainsizeincreasethatwouldberequiredto significantlyreduce
communicationvolumesis unrealisticallylarge.

6 Hierarchical N-Body Methods
The classicalN-body problemis to simulatethe evolutionof a
systemof bodies(e.g. starsin a galaxy)undertheforcesexerted
on eachbody by the whole system. Typical domainsof appli-
cation include astrophysics,electrostaticsand plasmaphysics,
amongothers.As in manyothercomputationaldomains,hierar-
chical solutionmethodshaverecentlyattracteda lot of attention
for N-body problems,sincethey constructefficient algorithms
by taking advantageof fundamentalinsightsinto the natureof
physicalprocesses. The two most prominenthierarchicalN-
body methodsare the Barnes-HutandFastMultipole methods.
We shallusea three-dimensionalgalacticBarnes-Hutsimulation
asour examplein this paper[10].



6.1 Description of Computation
The computationin N-body problemsproceedsover a number
of time-steps.Every time-stepcomputesthe forcesexperienced
by all bodies,andusestheseforcesto updatethe positionsand
velocitiesof the bodies. The force-computationis by far the
most time-consumingphasein a time-step,and we focus on it
in our analysis(althoughour measurementsinclude the whole
application).

Themaindatastructureusedby theBarnes-Hutmethodis an
octreewhich representsthe computationaldomain. The root of
theoctreeis a cubicalspacethatcontainsall particlesin thesys-
tem. Internal cells of this tree representrecursivelysubdivided
spacecells,andthe leavesrepresentindividual bodies.The tree
is traversedonceper body to computethe net force acting on
thatbody. The force-calculationstartsat the root of the treeand
conductsthefollowing testrecursivelyfor everycell it visits. If
thecenterof massof thecell is far enoughawayfrom thebody,
theentiresubtreeunderthatcell is approximatedby a singlepar-
ticle at thecenterof mass.Otherwise,thecell mustbe“opened”
and eachof its subcellsvisited. A cell is determinedto be far
enoughawayif therelationship

�
����� is satisfied,where � is the

lengthof a sideof thecell, � is thedistanceof thebodyfrom the
centerof massof the cell, and � is a user-definedaccuracypa-
rameter( � is usuallybetween0.5 and1.2). In this way, a body
traversesdeeperdown thoseparts of the tree which represent
spacethat is physicallycloseto it, andgroupsdistantbodiesat
a hierarchyof length scales. For large problems,higher order
momentsthanthe centerof mass(for example,quadrupolemo-
ments)areusedto increaseforce-computationaccuracywithout
making � too fine. We assumethe useof quadrupolemoments
in our discussion.

6.2 Working Set Hierarchy
There are three important levels of the working set hierarchy
in thesemethods. Theseare shown in Figure 6 for a small
problem simulating1024 particleson 4 processors.We start
with a smallerproblemin this applicationthan the prototypical
problem usedfor other applicationsbecausethe working sets
hereare measuredthroughsimulationrather thananalysis,and
becauseit is impossible to simulatethe prototypical problem
on our multiprocessorsimulator. The small problem,however,
exposesall the important characteristicsand constantfactors,
andthe scalingtrendsthat we discussbelowhavebeenverified
by simulatingsomelargerproblemsandmachines.
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Figure6: WorkingSetsfor theBarnes-HutApplication: n=1024,
theta=1.0,p=4, quadpolemoments.

The lev1WS in this applicationis the amountof temporary
storageusedto computean interactionbetweena particle and
anotherparticle/cell. It is only about0.7 Kbytesin size. Having
a cachelarge enoughto hold the lev1WSreducesthe missrate
from 100%with no cacheto about20% in mostcaseswe have
simulated.While this is a large reduction,the missrate is still

not low enoughfor effective performancesincemost of these
missesare to nonlocaldata,and are not predictableenoughto
be easilyprefetched.

The lev2WS is the most important working set in the ap-
plication. It comprisesthe amountof from the tree neededto
computethe force on a singleparticle. Thesedataincludepar-
ticle positionsas well as cell positionsand moments. If the
partitioningof particlesamongprocessorsis doneappropriately,
most of thesedata will be reusedin computingthe forces on
successiveparticles. Cacheslarge enoughto hold this working
settakethemissratequitecloseto the inherentcommunication
missrateobtainedwith infinite caches(0.2% for this problem).
For this small problem,the sizeof the lev2WSis 20 Kbytes.

Beyondthe lev2WS,the missratedecaysmuchmoreslowly
until thecachesizereachesthe lev3WS.Thesizeof the lev3WS
is roughly the maximumof (i) the amountof datain a proces-
sorspartitionand(ii) the amountof datathat a processorneeds
to computethe forceson all the particlesin its partition. Thus,
the lev3WSsizedecreaseswith increasingnumberof processors
and increaseswith increasingforce computationaccuracy(de-
creasing� ). However, sincethe lev3WSmarksthe culmination
of a slow decreasein missrate,andsincethecapacitymissrate
is alreadyvery smallafter the lev2WSis reached,the lev3WSis
not importantto performanceandwe do not considerit further.

Scaling: A realisticproblemthatpeoplerun todayis onewith
64K particlesand � =1.0. When run for 512 time-steps,this
problemtakesaboutthreedayson a singleprocessorof anSGI
4D/240. We usethis problem,runningon 64 processors,asthe
startingpoint for our discussionof scaling. The lev1WS and
lev2WS sizesfor this problemare 0.7 Kbytes and 32 Kbytes,
respectively.

The total dataset size increaseslinearly with the numberof
particles,and is about230 bytesper particle when quadrupole
momentsare used. It is independentof � and essentiallyinde-
pendentof the numberof processors.

The lev1WS staysat 0.7 Kbytes independentof the number
of particles,thenumberof processors,and � . It changesslightly
only with theorderof momentsused,andhencewith thenature
of an individual interactions.

Thesizeof the importantlev2WSis proportionalto thenum-
ber of interactionscomputedper particle, which is of order
1�
2 �
	�� � [3]. The lev2WS thereforescalesvery slowly with

the numberof particles � , more quickly with the accuracypa-
rameter � , and is independentof the numberof processors� .
The constantof proportionalityin the abovesize expressionis
about6 Kbytes. How the lev2WS scaleswith larger problems
thereforedependson how � and � are scaled,as we examine
below.

Under memory-constrained(MC) scaling, � would increase
linearly with � . If no other parametersare scaled,the size of
the lev2WSgrowsvery slowly, goingfrom 32 Kbyteswith 64K
particlesto 40 Kbyteswith a million particles(aboutthe largest
numberof particlesthat peoplerun on the largestparallel ma-
chines today) and to only 60 Kbytes with a billion particles
(inconceivabletoday). Scaling only � , however, is naive. In
practice,all of � , � and the time-stepresolution 
�� are likely
to bescaledsimultaneously, in orderto scaletheir contributions
to the overall simulationerror at the samerate [9]. This leads
to the following rule: If � is scaledby a factor of � , 
�� must
be scaledby a factor of 1

4
�

�
and � by a factor of 1

8
�

�
when

quadrupolemomentsareused.A caveatis that � is likely to be
decreasedat this rate only up to a certainextent( � =0.5 or so),
at which point higherordermomentssuchasoctopolemoments
would be usedto increaseforce computationaccuracywithout



reducing � much.
The lev2WSgrowsfasterwith MC scalingunderthis realistic

parameterscalingrule, since � —thedominantcontributorto the
working setsize—isalsoscaled.Evenunderthis model,a bil-
lion particle problem( � =0.6, octopolemoments)would havea
lev2WSof under300Kbytes. However, MC scalingof this sort
causestheexecutiontime to grow rapidly, so thatMC scalingis
in fact unrealisticin practicefor this application.

Time-constrainedscaling,while asymptoticallylimited in the
amountthe problemcanbe scaled,is morerealistic in practice.
In thiscase,thecontributionsof changing
 � and � to theexecu-
tion time don’t allow � to scalelinearly with � . In fact, � scales
slower than

� �
, where

�
is the factor by which � is scaled. �

thereforescalesmore like 1
16
� � . The result is that both the data

setsizeandthe lev2WS(proportionalto 1�
2 �
	�� � ) still increase

in size, but muchmore slowly thanundermemory-constrained
scaling.For example,startingfrom our 64K particleproblemon
64 processors( � =1.0), a 1K processormachineunderTC scal-
ing would run 256K particles( � =0.84)ratherthanthe1 million
( � =0.71)underMC scaling.Thelev2WSsizein thiscaseis only
25 Kbytes. A million processormachinewould run not a bil-
lion particlesbut ratheronly about32 million ( � =0.6, octopole
moments),andthe lev2WSsizewould be about140 Kbytes.

Thebottomline is thatalthoughtheimportantworking setfor
this applicationis not trivial for large problems,it is still well
under100Kbytesfor thelargestproblemspeoplecanrun today,
and is likely to stay reasonablysmall evenfor problemswhose
solutionis beyondthe realmof possibilitiestoday.

6.3 Grain Size
Communication Costs: Modelingtheamountof communica-
tion in theBarnes-Hutmethodaccuratelyis very difficult. Using
somecurvefitting from [7] and someof our own, we find that
the communicationper processorrequiredto computeforcesin
a time-stepscalesas �

1 � 3 � 3
� 1 � 3 �
	�� 4

�
3� , and that the communica-

tion to computationratio is therefore �
� 2 � 3
� 2 � 3

� ��� 4 � 3 �� ���
�

. Every unit
of computation(a particle-particleor particle-cellinteraction)is
equivalentto about80 instructionswhen quadrupolemoments
areused,andeveryunit of communicationin theaboveexpres-
sion is 3 doublewordsof data.

Our prototypical problem for grain size discussions,which
uses1 Mbyte of main memoryper processoron a 1024proces-
sor machine(1 Gbyte total), solvesa problemwith about4.5
million particles(a very large but feasiblecomputationby to-
day’s standards).Let us assumethat � � 1 	 0. Every processor
is responsiblefor about4500particles,and the communication
to computationratio is very small, lessthan1 doubleword per
10,000processorbusycycles. Sincethe accesspatternsof this
applicationare not predictable,communicationlatenciesmight
not be hiddenas effectively as in the regularcomputationswe
havediscussedso far. However, the communicationto compu-
tation ratio is very small, andcommunicationdoesnot become
a bottleneckuntil thenumberof particlesperprocessorbecomes
very small.

Load Balance and Concurrency: Theconcurrencyin theap-
plicationscalesasthenumberof particles� , andloadimbalance
is alsonot a significantfactor until the numberof particlesper
processor( � ��� ) becomesvery small. Given that � is typically
large (4.5 million in the prototypicalproblem),this alsomeans
that very large numbersof processorscanbe usedeffectively.

Desirable Grain Size: The important per-processorgrowth
ratesfor this applicationin termsof � , � , 
�� and � are as fol-

lows. Thedatasetsizescalesas � � , thecomputationas 1�
2 �
� ���

���

� ,

theworking setas 1�
2 � 	���� , theconcurrencyas � , thecommuni-

cationas �
1 � 3 � 3

� 1 � 3 
�� � 	�� 4
�
3� , andthe communicationto computation

ratio as �
� 2 � 3
� 2 � 3

� ��� 4 � 3 �� ���
�

.

Clearly, we would get very good speedupson our 1 Gbyte
problemon a coarser-grainedmachinethan 1 Mbyte per pro-
cessor, such as the 64-processormachinewith 16 Mbytes of
memoryperprocessor. However, solvinga 1 Gbyteproblemon
64 processorswould takea very long time. Let usseewhathap-
penswhenwe go to the finer-grainedmachineinstead,solving
the same1 Gbyteproblemwith 16K processorsand64 Kbytes
of memoryper processor. Every processornow hasabout280
particles.The communicationto computationratio increasesto
about1 doubleword per 1000 instructions,but is clearly very
small still. However, particularly given the large number of
processors,loadbalancingmay becomea problemat this point.
The resultis that thegrainsizecanprobablybepushedto a few
hundredkilobytesper processorfor a 1 Gbyteproblemwithout
compromisingparallelperformancemuch.

Scaling: Finally, let us seehow thedesirablegrainsizescales
with problem size. A memory-constrainedscaling model, in
which the processorgrain size remainsconstant,provideshigh
processorutilization for this application. The numberof parti-
cles per processorremainsthe same,so load balancingis not
affected,and the communicationto computationratio either in-
creasesextremelyslowly (if the accuracyis not scaledaswell)
or staysconstant(if accuracyis scaled)[8]. The cachesize
neededper processorgrows, but is still relatively small, as we
haveseen.However, suchmemory-constrainedscalingto keep
the grain size constantcausesthe executiontime to increase
very rapidly. If thegoal is to run a problemin thesameamount
of time, � doesnot grow nearly as quickly as � . The grain
sizeneededthereforedecreases,asdoestheefficiencyof a node
(sincebothcommunicationandsynchronizationincreaserelative
to computation,andthe load balancegetsworse).

6.4 Summary
Our resultsshow that fine-grainedmachines,with well under
1 Mbyte of memoryanda coupleof hundredkilobytesof cache,
can be very effective for this application. A coupleof issues,
however, may inhibit going to a very fine grain. First, for large
problems,the amountof fully associativecacheneededwill be
aslargeasor largerthanthelocal memorypernode.Theuseof
realistic—set-associativeor direct-mapped—cacheswould fur-
ther increasethe required cachesize, resulting in an expen-
sive designpoint that may not be appropriatefor other kinds
of computations.Preliminaryresultswith direct-mappedcaches
for small problemsshowthat the kneesin the missrate versus
cachesizecurvesare not aswell-definedaswith fully associa-
tive caches,and that the direct-mappedcachesize requiredto
hold the importantworking set is aboutthreetimesas large as
the correspondingfully associativecachesize. Set-associative
cachesanddatarestructuringmight reducethis factor of three.
While we havenot simulatedlargeproblemswith direct-mapped
caches,there is little reasonto believethat the factor increase
in requiredcachesize will be much different as the problem
scales.

The secondissueis that althoughthe force-calculationphase
can be parallelizedvery efficiently on large numbersof pro-
cessors,someother phases—suchas building the octree and
computingthe momentsof cells—do not yield quite as good
speedupsdue to larger amountsof synchronizationand con-
tentionthattheyencounter. Thesephasesconsumea small frac-
tion of the executiontime on moderatelyparallel machines(at



leastup to 512processorsfor largeproblems),but may become
significantfor very fine-grainedmachineswith very largenum-
bersof processors.

7 Volume Rendering
Our nextapplicationis from the field of scientificvisualization.
Volume visualizationtechniquesare of key importancein the
analysisand understandingof multidimensional sampleddata.
This application,which rendersvolumesusing optimized ray
tracing techniques,usesa parallel versionof the fastestknown
sequentialalgorithmfor volumerendering[6].

7.1 Description of Computation
The volume to be renderedis representedby a cubeof voxels
(or volume elements).The outermostloop of the computation
is over a seriesof framesor images.Successiveframescorre-
spondto changinganglesbetweenthe viewer and the volume
beingrendered.For eachframe,raysarecastfrom the viewing
positioninto the volumedatathroughevery pixel in the image
planecorrespondingto thatframe. Thevoxeldataareresampled
at evenlyspacedlocationsalongeachray by trilinearly interpo-
lating thevaluesof surroundingvoxels. Raysarenot reflectedat
all, but passstraightthroughthe volumeunlessthey encounter
too much opacity and are terminatedearly. Finally, ray sam-
plesarecompositedto producean imageor frame. The goal of
the applicationis to render individual framesin real time (30
frames/second),so that an interactiveusercanview the volume
from arbitrarily changingpositionsefficiently.

7.2 Working Set Hierarchy
There are three important levels of the working set hierarchy
in this application.Data reuseis affordedacrosssamplepoints
alonga ray (lev1WS),acrosssuccessiverays(lev2WS),andper-
hapsacrosssuccessiveframes(lev3WS).Theseworking setsare
shownin Figure7 for a 256x256x113voxel datasetof a human
head.While smallerthanour prototypical1 Gbyteproblem(the
dataset is about30 Mbytes) for reasonsof simulationfeasibil-
ity, thisdatasetis a very realisticreal-timechallengefor today’s
parallelmachines.

The voxel datain this applicationare read-only. An octree
datastructureis usedto find thefirst interesting(non-transparent)
voxel in a ray’s pathefficiently, aswell asto determinewhether
the neighboringvoxels arounda samplepoint are interesting.
Thelev1WSconsistsof thevoxel andoctreedatathatarereused
acrossneighboringsamplepointsalonga ray. This working set
is very small: about0.4 Kbytes. A cachethat accommodatesit
reducesthe readmissrateto about15%,which is still too large
to be acceptable,particularlysincethe missesarepotentiallyto
nonlocaldataand the accesspatternsarenot regularenoughto
be easilyprefetched.

The lev2WS is the most importantworking set. It measures
the fractionof thedatausedin computinga ray that is typically
reusedby thenext ray. This reuseowesitself to thepartitioning
scheme,which assignseveryprocessora contiguousrectangular
subblockof pixels in the image plane. Successiverays cast
by a processorthereforepassthroughadjacentpixels and tend
to referencemany of the samevoxels in the volume. The
lev2WS is about16 Kbytes for this dataset, and a cachethat
accommodatesthis working set reducesthe read miss rate to
about2%.

After the lev2WS is reached,the miss rate diminishesmore
slowly until the lev3WS is reached. The size of the lev3WS
dependson how quickly theanglebetweentheviewing position
and the dataset is changedbetweensuccessiveframes. If the
changeis gradual,asin our simulations,a givenprocessorrefer-
encesmanyof thesamevoxelsin successiveframes;otherwise,

the overlapmay be negligible. Thus,the lev3WSsizecanvary
from thevoxelsreferencedby aprocessorin oneframeto almost
the entire voxel dataset. For our dataset and simulations, the
lev3WS is about700 Kbytes, and a cachethat accommodates
it bringsthe missratedown to the communicationmissrateof
0.1%. The lev3WSis thereforelarge, but is not very important
to performanceandwe do not considerit further.
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Figure7: Working Setsfor the VolumeRenderingApplication:
256x256x113 head,p=4.

Scaling: With � voxelsalonga singledimension,the dataset
for thevolumerenderingapplicationis roughly4� 3 bytes. The
two importantparametersthatmightbescaledin thisapplication
are � and the numberof processors� . The lev1WS size is
independentof eitherof these.The lev2WSis alsoindependent
of � , butgrowsproportionallyto � , correspondingto thenumber
of voxelssampledalongaray. Thesizeof thelev2WSis roughly
(4000+ 110*n) bytes.Note that � hereis only thecuberoot of
the datasetsize.

Sincethe executiontime grows at the samerate as the data
setsize( � 3), time-constrainedscalingis essentiallythesameas
memory-constrainedfor this application. Thus, the important
working setgrowsasonly the cuberoot of the numberof pro-
cessorsundereither scalingmodel, with a very small constant
factorof only 110bytes.Evenfor a very large,1024x1024x1024
problem,far from renderablein realtimeoneventhelargestma-
chinestoday, the lev2WSis only 116 Kbyteslarge. For a while,
also, the push in using larger machinesis going to be to ren-
der relatively small datasetsin real time, ratherthan to render
biggerdatasets. Finally, asdatasetsget larger, the octreewill
probably be usedto skip transparentvoxels along a ray even
after the first nonemptyvoxel is found, which may reducethe
sizeof the lev2WS.Thus,the importantworking setof this ap-
plication is likely to remainrelatively small (under100 Kbytes
or so) for a while to come.

7.3 Grain Size
Communication Costs: The most importantand heavily ref-
erenceddatastructure,the voxel dataset,is accessedin a read-
only fashion. Thus, if the entirevoxel dataset were replicated
in the local memoryof every processingnode,therewould be
essentiallynocommunicationduringrendering(exceptthesmall
amount of communicationgeneratedby the ray-stealingper-
formedto ensureloadbalancingtowardtheendof therendering
phase[6]). However, such replicationwould imply either un-
reasonableamountsof local memoryper processoror that large
datasetscannotbe run. In our sharedaddressspaceimplemen-
tation, the dataset is not replicatedat all in main memorybut
only to someextentin the caches.Becauseof this, communi-
cationis generatedwhenaccessingvoxel data,sincevoxel data
get replacedin the caches.

If thecacheprovidedis significantlysmallerthanthelev3WS,
asis very likely, we canassumethatalmostall of thevoxel data



that a processoraccessesduring a frame are not in its cacheat
the beginningof that frame. Sincethe viewing anglechanges,
the most reasonabledatadistribution acrosslocal memoriesis
an interleavedor randomone to minimize contention. Thus,
the first accessesto voxel data in a frame haveno more than
a randomchanceof being satisfiedin local memory, and are
likely to generatecommunication.Two bytesof dataare read
pervoxel, so that thetotal volumeof communicationin a frame
is somewhatlarger than2� 3 bytes(sinceprocessorsoverlapto
someextentin the voxelsthey access).Sincea frame involves
more than 300� 3 instructions,the computationto communica-
tion ratio is very large, close to 600 instructionsper word of
communicateddata, independentof � or � (seethe limitations
of this analysisbelow). If cachesyield reuseacrossframes,the
computationto communicationratio will be evenlarger.

Our prototypicalproblemamountsto a 600x600x600voxel
problemon a 1024-processormachine,with everyprocessorbe-
ing responsiblefor about1000 rays. Sincethe computationto
communicationratio is independentof � or � , it is 600 instruc-
tions per word in this caseaswell.

Load Balance and Concurrency: After a processorhaspro-
cessedits staticallyassignedrays, it stealsrays from otherpro-
cessorsif it is idle. Stealingintroducesadditionalsynchroniza-
tion andcommunication,andis themainsourceof performance
lossif thenumberof raysstolenby aprocessoris largecompared
to the numberinitially assignedto it. In the prototypicalprob-
lem, everyprocessoris assigned1000rays,so that the amount
of stealingis not significant.

Desirable Grain Size: The important per-processorgrowth
rates for this applicationin terms of � and � are as follows.
The dataset size scalesas �

3
� , the computationas �

3
� , the im-

portant working set as � , the communicationas �
3
� , and the

communicationto computationratio staysroughly fixed. The
concurrencyin the applicationis equal to the numberof rays,
which growsas � 2: Thereis oneray perpixel, andthereare � 2

pixels in the 2-d imageplaneprojectedfrom the dataset.
Runningthe600x600x600voxel dataseton a coarser-grained

machinethan1 Mbytesper processor(e.g. 64 processorswith
16 Mbytesper processor)is obviouslynot a problemfrom the
viewpointof processorefficiency. However, a 64 processorma-
chinewouldclearlynotbeableto renderthisdatasetin realtime.
Let us seewhathappenswhenwe solvethesame600x600x600
voxel problemon a finer-grainedmachine,with 16K processors
and 64 Kbytes of memoryper processor. The communication
to computationratio (ignoring task stealing)is still about600
instructionsper word. However, everyprocessornow processes

roughly
�
600
�

3 � 2

16384 or 66 rays, likely to be too few for goodload
balancingwithout excessivestealing.As in Barnes-Hut,a grain
sizeof a few hundredkilobytesis thereforelikely to beadequate
for goodparallelperformanceon the 1 Gbytedataset.

Scaling: Finally, we examinehow the desirablegrain size
changesas larger problemsare run. If the dataset size is in-
creasedby a factor of

�
, keepingthe memoryper processoror

grain size fixed (and thereforescaling � by a factor of
�
) will

causeeveryprocessorto processa smallernumberof rays (de-
creasingby a factor of

� 1
�
3, sincethe size of a ray grows by

a factor of
� 1

�
3). This is not a problem until the numberof

raysper processorbecomesvery small, in which caseincreased
synchronizationandcommunicationdueto taskstealingdetract
from performance. To maintain the samenumberof rays per
processorand henceroughly the sameprocessorefficiency, the
amountof memoryper processor(the grain size)mustincrease

by a factor of
� 1

�
3 whenthedatasetsizeis increasedby

�
(the

working setsizeper processoralsogrowsas
� 1

�
3). That is, the

numberof processorsincreasesby a factorof
� 2

�
3 ratherthan

�
.

However, theexecutiontime growsas
� 1

�
3 aswell in this case,

which is notdesirablefrom theviewpointof real-timerendering.
Fortunately, thenumberof raysneededperprocessorto retain

high processorefficienciesis small. And we mentionedearlier
that the dataset sizesare not likely to get too much larger in
the near future, sincethe goal today is still to get moderately
sizeddatasetsrenderedin real time. Thus,the memoryneeded
per processorfor this applicationis small and likely to remain
so for sometime to come.

7.4 Summary
Our general conclusion is that fine-grainedmachines(under
1 Mbyte of memoryper processor)are likely to perform very
well on this application.

8 Discussion

We begin our discussionby bringing togetherthe results for
the various applications. Table 1 showsthe growth rates for
themostimportantapplicationcharacteristics,includingdataset
sizes,total operationsperformedon thesedata,availablecon-
currency, communicationvolumes,and the sizes of the most
importantworking sets.Table2 thenshowsthe implicationsof
thesedata,includingthesizesof the importantworking setsfor
our prototypical1 Gbyte,1024processorproblem,expressedas
a function of total data size (DS), and the desirableamounts
of per-processormemory. Table2 also showsgrowth ratesfor
both as the problemis scaled. (We note that for the FFT the
‘desirable’grain sizeof 1 Mbyte is not really all that desirable,
but that enormousincreaseswould be requiredto improve the
situation.)

Our results show that reasonablyfine-grainedparallel ma-
chines,with memoryof 1 Mbyte per processoror less,can be
effective for the applicationclassesstudiedhere. However, we
now briefly discusssomepragmaticreasons,bothhardwareand
software,why coarser-grainedmachinesare likely to continue
beingbuilt in the nearterm.

On the hardwareside, one reasonis the fact that memory
chipshavelarge capacitybut currentlyprovidevery narrow in-
terfaces(1–8 bits wide). Thus, building the high-bandwidth
memorysystemsthat are neededby high-performanceproces-
sorsrequirestheuseof multiplememorychipsin parallel,result-
ing in substantialamountsof total memoryper node. Another
reasonis that the distributed-address-spaceprogrammingmodel
that is commonin today’s large-scaleparallelmachinesseverely
limits theability of a processorto efficiently accessmemorythat
is not local to it. Sucha model alsomakesfine-grainedparal-
lel computationlessattractivebecauseof the large fixed costs
associatedwith exchangingdata betweenprocessors.A final
hardwarereasonis the relative costsof processorsand mem-
ory. It makeslittle sense,for example,to place$50 worth of
memoryon a $1000node. A machinewith 4 times as much
memorywould not costsignificantlymore andwould be much
moreversatile.Many of thesereasonsmay disappear, however,
dueto continuallyimprovingtechnologyandintegrationlevels.
Within a decade,we are likely to seechipswith morethan100
million transistorseach[5]. This will allow processors,caches,
andmemoryto resideon thesamechip. Decisionsabouthow to
partition the transistorson a chip amongprocessor, cache,and
memorywill then involve entirely different tradeoffs. The data
presentedin this papershowthat fine-grainmachinesshouldbe
seriouslyconsidered,sinceapplicationscanusethemeffectively.



Table1: Importantapplicationgrowth rates.

Important
Application Data Ops Concurrency Communication Working Set
LU � 2 � 3 � 2 � 2

� $ const.
CG � 2 � 2 � 2 � � $ const.
FFT � � log � � � log $ const.
Barnes-Hut � 1�

2 � �
	���� � � 1
�
3 � 3 � 2

�
3 � 	�� 4

�
3� 1�

2 log �
VolumeRendering � 3 � 3 � 2 � 3 �

Table2: Summaryof importantapplicationparameters(DS is total datasetsize).

Cache Memory
Growth Size for 1G prob Growth Desirablegrain

Application Rate on 1K P Rate size
LU const. 8K const. � 1M
CG const. 5K const. 1M
FFT const. 4K const. 1M
Barnes-Hut log ��� 45K const. � 1M
VolumeRendering 3

�
��� 70K 3

�
��� � 1M

On the softwareside,reasonsfor coarsergrainnodesinclude
supportfor a sophisticatednodeoperatingsystem,supportfor
multiprogramming, and the flexibility to run applicationswith
limited parallelismmoreeffectively. However, thesecapabilities
arenot necessarilyasimportanton large-scalemachinesasthey
areon small ones.

In summary, the grain size issueis a complexone. In this
paper, we have taken an applications-orientedview; the other
issuesmust also be taken into accountto reach more defini-
tive conclusionsabouthow to actually build large-scaleparal-
lel machines.We are currently exploringtheseother tradeoffs.
Overall, it may turn out that designsthat split the costequally
betweenprocessorsand memorywill be the most competitive,
in that theywill bewithin a smallconstantfactorof theoptimal
designfor any given application.

9 Concluding Remarks

We havepresentedanapplication-drivenstudyof issuesrelevant
to determiningthe appropriatedistributionof resourcesamong
processors,cache,and main memory for large-scalemultipro-
cessors.We first showedthat all of the applicationclasseswe
studiedhavea hierarchyof working sets,eachof whosesize,
performanceimpact and scalingpropertieswe identified. Our
conclusionis thatrelativelysmall(in somecasestrivially small)
cachessuffice for all theapplications.Onereasonfor this is the
bimodalityin theworkingsetsof applications:Theworkingsets
are either very small, so that small cachessuffice, or too large
to be expectedto fit in caches.Fortunately, the small working
setshavethe mostimpacton performance.

Next, we examinedcertainother importantcharacteristicsof
the computations—communication, computation,data require-
ments, concurrency, and load balancing behavior—to reflect
upon desirablegrain sizesfor machinesto supportthesecom-
putationseffectively. We found that relatively fine-grainedma-
chines,with large numbersof processorsandsmall amountsof
cacheandmemoryper processor, are appropriatefor all of the
applications.
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