Journal on Satis ability, Boolean Modeling and Computation 5 (2008) 1-25

Improved SAT-based Reachability Analysis with
Observability Don't Cares

Sean Safarpour sean@eecg.toronto.edu
Andreas Veneris veneris@eecg.toronto.edu
Department of Electrical & Computer Engineering,

University of Toronto, Canada

Rolf Drechsler drechsle@informatik.uni-bremen.de
Department of Computer Science,
Bremen University, Germany

Abstract

The dramatic performance improvements of SAT solvers over the past decade have
increased their deployment in hardware veri cation applications. Many problems that were
previously too large and complex for SAT techniques can now be handled in an e cient
manner. One such problem is reachability analysis, whose instances are found throughio
veri cation applications such as unbounded model checking and trace reduction. In circuit-
based reachability analysis important circuit information is often lost during the circuit-
to-SAT translation process. Observability Don't Cares (ODCs) are an exampleof such
information that can potentially help achieve better and faster results for the SAT solver.
This work proposes to use the ODCs to improve the quality and performance of SkK
based reachability analysis frameworks. Since ODCs represent variables whosalwes do
not a ect the outcome of a problem, it is possible to satisfy a problem with fewer assigned
variables. This in turn leads to more compact solutions and thus fewer solutiongo cover
the entire solution space. Speci cally, this work presents an e cient way to identify ODCs,
proves the correctness of leaving ODC variables unassigned, and develops a reachability
analysis platform that bene ts greatly from the ODCs. The advantages of usingODCs in
reachability analysis is demonstrated through extensive experiments on unboundethodel
checking and trace reduction applications.
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1. Introduction

In today's VLSI design cycle, veri cation is a major bottlen eck as it often consumes over
70% of the design e ort [26]. Due to the ever-increasing size and complexity of designs,
the e ort and costs associated with veri cation are continuously increasing. Despite the
countless advancements in the eld, new veri cation methodologies and techniques are
required to alleviate some of the pain.

Reachability analysis is a popular procedure employed by vecation applications such
as model checking and trace reductionZ0, 31]. The e ciency of a reachability analysis
engine directly impacts the end application. Informally, reachability analysis determines
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whether a given state can be reached by another state in a citgt. Traditionally, Binary
Decision Diagram (BDDs) have been the underlying engine oftwice for reachability anal-
ysis. However, for certain problems, building and manipulding the BDDs require excessive
memory which sometimes makes the overall approach inviable Recent improvements of
SAT algorithms o er a competitive alternative for such prob lems 20, 15].

A slight derivative of the conventional SAT solver, namely the all-solution SAT solver,
is found to be an e ective engine for reachability analysis lecause it nds many reachable
states in one iteration [9]. As the name implies, all-solution SAT solvers nd all the satisfying
solutions to a SAT problem. The main challenge of all-solutimm SAT solvers is to nd
satisfying solutions comprised of few variable assignmest also known as small solutions
cubes P0]. A small solution cube has unassigned variables whose exa@lues do not a ect
the outcome of a problem. As such, a single solution cube caneztively represent multiple
larger solution cubes. For all-solution SAT solvers, small slution cubes require less memory
for storage as well as demanding a smaller aggregate run tinfer the overall problem. Thus
the e ciency of an all-solution SAT solver and the reachability analysis engine is directly
related to the ability of nding small solution cubes in a tim ely manner.

This work proposes an improved SAT-based reachability analgis engine which makes
use of the inherent circuit Observability Don't Cares (ODCs) of a given problem'. ODCs
are widely used in CAD algorithms such as circuit synthesis ad test to improve the quality
and e ciency of the overall tools [1, 6]. They provide extra degrees of freedom by not
constraining certain variables to any particular logic value.

For the majority of circuit-based SAT problems, extracting t he ODCs from the circuit
can be performed with relative ease during the circuit-to-SAT translation process. Once
available, this information can be used dynamically during the SAT solving process to
prevent logic value assignments to ODC variables, which do at a ect the outcome of the
SAT problem. Subsequently, solutions to the SAT problem wil contain unassigned variables
thus leading to small solutions cubes.

To demonstrate the correctness of the proposed approach, th work proves that leaving
ODC variables unassigned does not a ect the outcome of the mblem. Furthermore, a
novel decision-making procedure is proposed that takes adwtiage of the ODCs to nd even
smaller solution cubes. Finally, the benets of the observaility don't cares are demon-
strated within reachability analysis as well as two end appications, namely Unbounded
Model Checking (UMC) and trace reduction.

The e ectiveness of ODCs for reachability analysis applicéions are demonstrated using
a set of di erent applications. First, the performance of the all-solution SAT solver is an-
alyzed in isolation of the end application to demonstrate the e ectiveness of the proposed
procedures. Next, a UMC framework is used to show the e ect 0ofODCs on the end appli-
cation. Finally, the proposed techniques are evaluated onrace reduction problems. The
experiments overwhelmingly demonstrate that ODCs are beneial for these applications,
with performance improvements of approximately 4 over previous approaches for UMC
and orders of magnitude greater for trace reduction.

In the next section, some related work on ODC-based SAT solver and reachability
analysis approaches is presented with the major di erencesvith our work outlined. Sec-

1. This work builds on top of the advancements of [27, 28, 29]
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tion 3 provides background information on image computation and dservability don't cares.
Section 4 presents Theorem 1 stating that ODC variables can be left unasigned without
a ecting the outcome of the SAT problem. This theorem is then used to reduce the size of
the SAT solution cubes. Section5 presents a decision-making procedure that can further
reduce solution cubes as required by reachability analysiproblems. In Section6, the ap-
plication domains for the experiments are presented with tle results discussed in Sectior.
Finally, Section 8 concludes this paper.

2. Related Work

This paper builds on top of the ODC advancements of27, 28, 29]. In [28], Observability and
Controllability Don't Cares are used to improve the run time of SAT-based combinational
equivalence checkers. In7], ODCs are applied to all-solution SAT solvers, while pP9] eval-
uates ODCs for trace reduction applications. The presentedvork encompasses the above,
proves its correctness, and demonstrates the bene ts of ODE in general for reachability
analysis.

2.1 Incorporating ODCs with SAT Solvers

Improving the e ciency of SAT solvers with circuit observab ility don't cares has been ex-
plored previously [8, 10, 35, 34, 36]. In [10], ODCs are used to mark clauses afactive
which are removed dynamically from the CNF. The inactive clauses are identi ed by per-
forming a backward traversal of the CNF starting at the output variables in order to nd the
ODCs. The work of [35] exploits ODCs speci cally for if-then-else trees by simplifying the
resulting CNF of the problem. This approach is very e ective for microprocessor circuits
with datapaths which contain many multiplexers. The techniques introduced by B4, §]
recognize the bene ts of ODCs as it incorporates this infornation directly in the problem
CNF by introducing don't care literals. The work of [ 36] nds and exploits ODCs during
SAT sweeping to simplify the problem representation.

The above work is a testament to the importance of considerig ODCs in circuit-based
SAT problems. The presented work is considerably di erent fom the related work in the
way ODCs are found as well as how they are exploited by an all-dotion SAT solver within
reachability analysis. Here, potential ODCs in the circuit are identi ed through a quick
preprocessing step before the SAT solving begins. During # SAT solving process, the
active ODCs (which are pre-computed) are simply ignored theeafter by SAT procedures
such as decision-making and Boolean constraint propagatian

2.2 SAT-based Reachability Analysis

SAT solvers and all-solutions SAT solvers are found to be beneial for certain model
checking problems 9, 11, 13, 15, 18, 20]. Both [15 and [20] develop all-solution SAT
frameworks without signi cantly modifying the internal SA T engines. In [20] an implication
graph rooted at the primary inputs is used to generate small bocking clauses, while 15]
uses traditional justi cation procedures [1]. Justi cation procedures use circuit information
to determine the necessary gate assignment in order to judly other circuit assignments [1].
In [11], a reduction algorithm is developed to determine the necesary input assignments by
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performing a forward traversal of the circuit from primary i nputs to the outputs. In [ 9], the
main contribution is the use of cofactoring to reduce the solution cubes for UMC problems
while using the SAT solver from [10] which is aware of ODCs. A new all-solution SAT
solver for UMC application is proposed in [L8] with many speci ¢ contributions in the form
of algorithms and data structures based on ATPG to helpquantify primary inputs and prune
the solution space. A hybrid SAT solver is proposed in 13] where the con ict analysis and
implication routines are performed on the circuit and the CNF to achieve smaller blocking
clauses. There is also dedicated work on reducing the size eblutions cubes or blocking
clauses for solution enumeration. These work use techniqgeto generate blocking clauses
that cover as much of the solution space as possible throughhe use of heuristics such as
variable lifting (i.e., removal of variables that are irrelevant to the SAT problem for given
variable assignment) [L4, 22].

As discussed above, most of the related work on all-solution AT solvers is concerned
with reducing the size of the blocking clauses or the solutio cubes. It should be noted that
all solution cube reduction techniques implicitly make useof the problem's don't care space
to achieve smaller cubes. In contrast, the proposed work isancerned with using a SAT
solver that is explicitly aware of ODCs and makes decisionsmthe y to take advantage of
the ODCs. The result is a SAT solver that inherently nds small solution cubes even before
applying the reduction techniques. Moreover, the proposedechnigue can incorporate many
of the related work to provide further performance gains.

3. Preliminaries

This section provides some background on image and pre-imageomputation as well as
circuit observability don't cares. It is assumed that the reader is familiar with SAT solving
algorithms and their terminology [19].

3.1 Image and Pre-image Computation

Given a sequential circuit with current state variables V and next state variablesV° a set
of current states and a set of next states are labeled b(V) and Q(V9 respectively. The
transition relation from a set of state variables V to V° denoted by T(V;V%, is true for
each pair ofQ(V) and Q(V9 if and only if Q(V9 is reachable fromQ(V) in one clock cycle.
Given the above, the image and pre-image of a circuit are de néd as follows:

image(V9Y= 9V:(T(V:V9~* Q(V))
pre-image( V)= 9V%(T(V;V9~* Q(v9)

Although the image and pre-image of circuits are traditionaly computed using BDDs [5],
some techniques based on all-solution Boolean Satis abilit (SAT) solvers can also be
used [L5, 18, 20, 27]. This work focuses on nding the pre-images e ciently using circuit-
based SAT techniques. All-solution SAT solvers can compute lhthe pre-image sets by
constraining the transition relation T(V;VY to Q(VY and iteratively nding every solu-
tion that satis es the problem. These solutions are found wih respect to the current state
variables V [27]. Recent work on SAT-based Unbounded Model Checking (UMC) ad pre-
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image computation techniques have demonstrated considebde advancements in terms of
capability and run time [ 15, 18, 20, 27].

In this paper, the term state refers to a state cube which is a state encoding that may
contain unassignedor don't care variables. As such, a state may be a superset (cover) of other
states. For instance, the state cubefvy;vo;vsg = f1X 1g covers the statesfvi;vo;vag =
f101g and fvi; vo; v3g = f111g. In the context of cubes, the term small refers to the number
of assigned variables, thus a small cube may cover a larger ba.

3.2 Observability Don't Cares

Informally, a signal is an Observability Don't Care (ODC) if its value does not in uence
the output of a circuit. For the sake of simplicity, current state and next state variables are
treated as primary inputs and outputs, respectively. In the following, the terms circuit line,
signal, and variable are used interchangeably. The de nitbns provided below are common
in the circuit testing community [ 12].

De nition 1.  In a combinational circuit, a signal is unobservableif assigning it a 0 or 1
logic value does not change the value of any primary output.

De nition 2.  Given a circuit where some signals are assigned a 0 or 1 logicale, an
Observability Don't Care is a signal that is unobservable

De nition 3.  Given a gateG and an input signal w, a neighbor of w is any input signal
to gate G other than w.

De nition 4. A controlling value assignment is a logic value assignment to a gate input
(fanin) such that all other inputs to the gate are unobservde.

. >
b: > C }e f
d 9}

Figure 1. A two gate circuit

As an example, consider the circuit in Figurel. When signald is assigned a controlling
value of logic 0, signalc becomes unobservable because its value does not in uenceetvalue
of the output signal e. Since signalc is the fanout of the AND gate with fanins a and b,
both fanins become unobservable too. In summary, under the ssignmentd = 0, signals a,
b, and c are all observability don't cares.

In a circuit, the output of a multiple fanout gate can be represented by a common wire
segment that forks into multiple wire segments that directly input the subsequent gates.
The common segment is referred to as atem, while the fanin segments are referred to
as branches For example, in Figure 1, wire segmente is a stem, while wire segmentd
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and g are branches. To simplify de nitions, in the following, di erent variables are used to
identify circuit stems and branches.

From De nition 4, logic value assignment to circuit lines can result in the ceation of
ODC signals under the following three distinct conditions:

Condition 1.  When the fanin of a gate is assigned a controlling value (a 0 fo
a (N)ANDgate and a 1 for (N)OR gate)”, all other fanins excluding stems become
ODCs.

Condition 2.  When the fanout of any gate is an ODC, all of the fanins of the g&e
excluding stems (including branches) become ODCs.

Condition 3. When all branches of a stem are ODCs (due to condition 1 or 2), e
stem itself becomes an ODC.

The rst condition directly depends on the logic value assigiment to circuit lines. The
other two conditions depend on other ODC signhals and may be implied by the rst condition.
In other words, when a line in the circuit is assigned a logic &lue, the rst condition can
determine what signals become ODCs, thus implying other sigals to become ODCs as well.
In the next section, a technique is developed that can e ciertly test for these conditions
and determine when variables become ODCs.

4. Managing Observability Don't Cares in SAT

Observability Don't Cares (ODCs) are signals or variables wose values do not a ect the
output of the circuit. Since ODCs can be ignored in circuits, they can also be ignored in
SAT instances derived from them. Ignoring these variables an lead to run time savings by
skipping procedures such as decision-making and Boolean Csinaint Propagation (BCP).
Moreover, leaving ODC variables unassigned by ignoring then can lead to smaller solution
cubes. These bene ts may not be applied to every circuit-basg SAT problem blindly, as
they may alter the problem under some conditions. This secthn presents conditions common
to many circuit-based SAT problems under which ODC variablescan be left unassigned and
proves that the solution's correctness is maintained.

4.1 Structure of Circuit-based SAT Problems

In SAT-based veri cation problems derived from circuits such as combinational equiva-
lence checking 28 and bounded model checkingd] a circuit is often augmented with extra
constraints. These constraints typically restrict the value assignments to the primary in-
puts, primary outputs, and state variables. In this work, th ese variables are referred to as
boundarysignals or variables while all other variables are callednternal signals or variables.
Typically, to construct a SAT problem, the given circuit is ¢ onverted to CNF [17, 25, 33, 35|
while constraints on the boundary signals are added using d@ra clauses. Figure?2 illustrates
this construction for circuit-based problems.

2. The presented technique applies to more complex gate types. Howeer, since other logic gate types such
as multiplexers can be constructed from (N)AND and (N)OR gates, other gate types are not discussed
in this work.
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current state constraints— |
input constraint

Original output constraints

circuit

\ <_‘_ next state constraints

Figure 2. Example of a circuit-based SAT problem

Since most circuit-based veri cation problems are derived n the manner described
above, the analysis in this paper is restricted to CNF instarces generated from such prob-
lems.

4.2 Value Assignment to ODC Variables

By de nition, ODC variables do not a ect the output values of circuits. In circuit-based
SAT problems, constructed as described in Sectiod.1, these variables should not a ect the
outcome of the SAT problem either. More speci cally, leaving ODC variables unassigned
in a SAT problem should not change the outcome of the problem.Theorem 1 states this
for DPLL-based SAT solvers [L9].

The following assumptions, referred to as theignore assumptions and the subsequent
lemmas are needed to prove Theorem 1.

Assumption 1. The problem CNF must be derived from a gate-level circuit repe-
sentation as described ind.1.

Assumption 2. Additional clauses in the problem CNF are allowed only for:

(a) Redundant clauses clauses providing information already contained in the
problem CNF such as con ict clauses found by con ict analyss procedures 19).

(b) Boundary unit clauses clauses containing a single literal representing a 0 or
1 constraint on a boundary variable®.

(c) Boundary constraint clauses clauses containing only boundary variables to
prevent combination of logic value assignments from occuing on all or a subset
of these variables.

Assumption 3. In this context, a variable is identied as an ODC if and only if
it is unassigned, is not constrained by a unit clause, and atdast one of the ODC
conditions of Section3.2 holds for the corresponding signal.

Lemma 1. A SAT problem derived from a gate-level circuit as outlined in [17] without
any extra clauses in its CNF isSATISFIABLE

3. Note: these clauses may be removed through BCP; However, we do notassume that BCP is run
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Proof. For any circuit, simulating an arbitrary input vector (assi gnments of 0 or 1 values to
all primary input and current state variables) on the circui t problem will result in all circuit
lines to take well de ned 0 or 1 values [L2]. Since circuit simulation assigns values to signals
according to the circuit topology (from input to output), ev ery signal is assigned a Boolean
value according the the gate driving it and the fanins of that gate. Thus simulation ensures
that all signals from primary inputs to primary outputs are a ssigned a Boolean value that
respects the implications of each and every gate. As a resulthere cannot be any con icts in
the assignments made by the simulation process. Thus, the cesponding value assignment
to the circuit CNF must be SATISFIABLE

Lemma 2. In a SAT problem derived from a gate-level circuit, internal ODC variables do
not propagate logic values between the input and output (bowndary) variables. That is,
internal ODC variables do not accommodate implications fran the inputs to the outputs
or from the outputs to the inputs.

Proof. Consider any internal variable v that is an ODC under one of the conditions of
Section3.2. Variable v can be assigned any logic value that is implied by its transiive fanin.
However, since variablev is an ODC and its output is unobservable through any primary
outputs by de nition, the e ect of its value does not imply an y values on the fanout(s) of
v including the primary outputs.

Theorem 1. Given a CNF problem which is an instance of a circuit SAT problen that
satis es the ignore assumptions a DPLL-based SAT solver can leave the ODC variables
unassigned without a ecting the outcome of the SAT problem.

Proof. This proof uses contradiction. Assume that ignoring the ODCvariables (i.e., leaving
them unassigned) leads to an incorrect outcome of the SAT swér. There are two scenarios
under which this can occur:

Case 1. The problem is UNSATISFIABLEut by ignoring the ODC variables the SAT
solver returns SATISFIABLE

Case 2. The problem is SATISFIABLEbut by ignoring the ODC variables the SAT
solver returns UNSATISFIABLE

Each case is proved to be unrealizable below.

Case 1. The problem is UNSATISFIABLEut by ignoring the ODC variables

the SAT solver returns  SATISFIABLE

Since a CNF derived from a circuit is SATISFIABLEby Lemma 1, extra clauses added
to the CNF problem relating to the boundary variables (under the ignore assumptiong
must generate constraints such that the problem iSUNSATISFIABLHN other words,
the combination of the constraints from the extra clauses cataining boundary vari-
ables and the problem structure constraints make the SAT prdolem UNSATISFIABLE
However, in this case ignoring ODC variables changes the oabme of the SAT problem
to SATISFIABLE
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Given that all ODC variables are identi ed according to the ignore assumptionsand
that the logic value of internal ODC variables does not propajate to the boundary
signals by Lemma 2, ignoring ODC variables does not a ect thelogic value of the
boundary variables. As a result, the constraints making theproblem UNSATISFIABLE
are una ected and the SAT solver cannot return SATISFIABLE

Case 2. The problem is SATISFIABLBEbut by ignoring the ODC variables the

SAT solver returns  UNSATISFIABLE

To show that ODC variables do not a ect the outcome of a SATISFIABLEnNstance of a
circuit-based SAT problem, all CNF clauses containing ODC vaiables must be shown
to be satis able. Recall that in the CNF format all clauses are in conjunction and
each one must be satis ed for the overall CNF formula to be sais ed. The following
situations cover all possible clause types allowed in the CR problem under the ignore
assumptions. Figure3 shows an example of a three inputANDgate, as part of a larger
circuit, with inputs a; b; cand output d. The gates and the CNF in gures 3 (ii), (iii),
and (iv) help illustrate situations 1, 2, and 3 below. In these gures, \ X" denotes a
line with an ODC variable.

1. Clauses representing a gate where one or more, but not all, inputs

are ODCs and the output is not an ODC. This situation occurs only under
Condition 1 of Section 3.2 where at least one fanin of the gate is assigned a
well-de ned logic controlling value (i.e., 0 for (N)ANDgate and 1 for an(N)OR
gate). As a result of the controlling value, all clauses dened from that gate are
satis ed, also shown in Figure 3 (ii).

2. Clauses representing a gate where all inputs are ODCs. This situation

occurs only under Condition 2 where the fanout of the gate is identi ed as an
ODC. As a result, there exists a logic assignment to each vaaible consistent with
the characteristic function of the gate such that all the clauses are satis ed. This
assignment must also be consistent with the values of varides in the transitive
fanin and fanout of the gate, which can be determined throughBCP. In the

example of Figure 3 (iii), any assignment in agreement with the characteristic
function of an AND gate and the transitive fanin and fanout values will satisfy
all clauses.

3. Clauses representing a gate where the output is an ODC but one

or more input is not. This situation occurs when some of the fanin stems
are not ODCs or when some of the fanins are not unassigned. Irhts situation,

there exists a logic assignment to each variable which is caistent with the

characteristic function of the gate and all previously assjned variable such that
all the clauses are satis ed. This assignment must also be amistent with the

values of variables in the transitive fanin and fanout of the gate, which can
be determined through BCP. In the example of Figure 3 (iv), any assignment

consistent with the characteristic function of an AND gate with respect to the

assigned variables will satisfy all clauses.
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a X X X
EDRI ERRI ERUTN ES
¢ 0 X 1
(a+ d) (X +0) (X + X) (X + X)
(b+ d) (X +0) (X + X) (X + X)
(c+ d) (0+ 0) (X + X) 1+ X)

(@+b+c+d (X+X+040) (X+X+X+X) (X+X+1+X)
0) (i) (iii) (iv)

Figure 3. CNF satis ability with lazy variables

4. Redundant clauses. Since these clauses provide information that is avail-
able through other clauses, any variable assignments thatatisfy the other clauses
will also satisfy these redundant clauses.

5. Boundary unit clauses. All unit clauses are assigned a satisfying 0 or 1
value and are not identi ed as ODCs by the ignore assumptions

6. Boundary constraint clauses. There exists assignments to boundary ODC
variables that satisfy the above 5 types of clauses. If nonefdhese assignments
can satisfy the boundary constraint clauses then the proble is
UNSATISFIABLRvith or without ODC variables. Otherwise, there exists and
assignment to all variables such that the problem isSATISFIABLEN either case.

All cases are shown to be unrealizable thus contradicting te statement that unassigned
ODC variables may result in an incorrect SAT outcome.
O

It has been shown that ODC variables can remain unassigned im DPLL-based SAT
solver if the ignore assumptions and the ODC conditions are@spected. The next step is to
determine how SAT solvers can benet from unassigned ODC vaables.

4.3 Beneting from Unassigned ODCs

In the previous section it is shown that ODC variables do not aect the outcome of a SAT
problem. This fact can be used to increase the e ciency of a SA solver and to reduce
the size of its solution cubes through some minor modi catims. For instance, the decision-
making and BCP procedures simply ignore all ODCs variables Bogether thus leaving them
unassigned.

Before SAT solvers can bene t from ODC variables, these vaibles must be e ciently
identi ed. Since variables become ODCs dynamically as the 8T solver makes assignments,
identifying the ODCs must require little overhead. Indeed, much of the required analysis
can be performed as a quick pre-processing step before the SAblving starts.

The pre-processing step comprises of associatingcantrolling value and alist of variables
to every variable in the SAT problem. When an assignment is male to a variable v, if the
assigned value is the same as its controlling value, then allhe variables in the list are
identi ed as ODCs. The SAT solver can then ignore these varidles for all procedures until
backtracking occurs and the initial variable assignment isreversed.
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The controlling value is set to 0 (1) for a variable that is an input of an (N)AND((N)OR
gate. Recall that for simplicity the fanout branch and stem are treated as di erent variables.
For a given variable v, the the list is constructed by

1. adding all the neighbors ofv,

2. for each variable in the list v;, adding each variable in the transitive fanin of v; only
if that variable has a single fanout.

For example, for variable ¢ in Figure 4 the controlling value is 0 and its list contains
variables fd;eg. Similarly, for variable g the controlling value is 1 and its list contains
variables ff; a; bg.

Along with the list of variables, each stem variable also cotains a eld stating the
number of the fanouts (branches) that are ODCs. When all the &nouts are ODCs, the
variable itself and the variables in its list become ODCs as wll.

Within the SAT solver, when a variable is identi ed as an ODC, a ag is set to allow the
decision-making and BCP procedures to simply skip them and lave them unassigned. The
backtrack procedure is responsible for resetting the ODC as when the decision associated
to the initial assignment is reversed.

5. Finding Small Solution Cubes

The previous section showed that ODC variables can be identtd and ignored in some
SAT procedures. In this section the importance of leaving OOC variables unassigned is
emphasized. For SAT-based reachability analysis it is critcal to nd small solutions cubes
in an e cient manner. A solution cube containing fewer liter als covers more solutions and
reduces the number of iterations to nd all solutions. In this regard, SAT solvers that
exploit ODCs have the inherent advantage of nding small soltion cubes without applying
assignment reduction procedures]o, 28].

ad
b
8 g
e
Figure 4. Example showing bene ts of ODCs

As an example consider the circuit in Figure4 where the objective is to nd all primary
input assignments such that the output is 1. An all-solution SAT solver using observ-
ability don't cares can make the assignmentf = 1 leading to signals c;d;e; g becoming
ODCs and resulting in the solution cubefa;bg = f1;1g. Similarly, in the next iteration
it can make the assignmentg = 1 leading to signals a; b;f becoming ODCs and resulting
in the solution cube fc;d;eg = f1;1;1g. In contrast, an all-solution SAT solver with-
out any assignment reduction procedures needs up to 11 itetions to nd all the solution
minterms. These 11 minterms are made up of 8 minterms coverely the cubefa;bg= f1; 1g
plus four minterms covered by the cubefc;d;eg = f1;1;1g minus the common minterm

1



S. Safarpour et al.

fa;b;c;d;@ = f1;1;1;1;1g. Next, a novel decision-making procedure is developed to in-
crease the likelihood of nding small solution cubes as reqgued by reachability analysis
engines.

5.1 Generating more ODCs with a Novel Decision-Making Procedure

The decision-making procedure of a SAT solver can help geneimore ODCs and result in
smaller solution cubes. This can be accomplished by makingpgic assignment decisions on
variables that lead to more ODC variables. For example, congler the circuit partitioned
in fanout free cones as illustrated in Figure5. A fanout free cone is a subset of a circuit
that does not contain multiple fanouts (i.e., stems forking into two or more branches) [L2].
Assuming that primary input variables are the variables of interest, to generate small solu-
tions cubes, decisions should be made such tha& and B are ODCs rst. This will result

in the majority of primary inputs being unassigned.

Figure 5. Partition of circuit in fanout free cones

For applications such as model checking and trace reductionthe variables of interest
are often the current state and primary input variables. This means that solutions to a
SAT problem should be in terms of assignments to these varidles. Note that the proposed
technique is not restricted to only these variables of inteest.

The proposed decision-making procedure branches on variadd with both a high score
as well as a high VSIDS rank 3]. The score for each variable is calculated in a quick linear
time pre-processing step with respect to the problem size. Aariable's score represents its
ability to make other variables of interest ODCs. The objective of each decision is to branch
on the variables with the highest probability of generating the most ODCs on the variables
of interest. As such, when a satisfying assignment is foundnany variables of interest may
be left unassigned leading to a smaller solution cube.

The variable scoring scheme is calleth uence on Variables of Interest or Ivi for short®.
The lvi value for every variable is found in a pre-processing step usg two breadth- rst
traversals of the circuit. In the rst pass, an intermediate value called Variables of Interest
Predecessoror Vip is calculated for each variable. For each circuit line, theVip value
increases with the number of variables of interest that exisin its transitive fanin and scales
down with the number of its fanouts or branches.

4. Ivi and Vip are generalizations of the Lipi and Pip scores in P7] as they are concerned with any
variable of interest type instead of only primary input types.
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1: //Calculate Vip value
2: for all (gatesg in a breadth- rst manner) do
3. if gis variable of interestthen

4: if number of fanouts forg > 20 then
5: g.Vip=1

6: else

7: 0.Vip=100 5 (number of fanouts-1)
8: end if

9. else

10: for all (fanins pred) do

11: g.Vip=g.Vip + pred.Vip

12: end for

13: if number of fanouts forg > 3 then
14: g.Vip = g.Vip=4

15: else

16: 0.Pip = g.Pip/(number of fanouts)
17: end if

18 endif

19:  //Initialize Ivi

20 glvi0=0

21: glvill=0

22: end for

23: //Calculate Ivi value

24: for all (gatesg in a breadth- rst manner) do
25:  for all (fanins line of g) do

26: if (g controlling value = 0) then

27 for all (fanins neighbor of g other than line) do
28: line.lvi_0 = line.lvi_0+ neighbor.Vip

29: end for

30: else

31 for all (fanins neighbor of g other than line ) do
32: line.lvi_1 = line.lvi _1+neighbor.Vip

33: end for

34: end if

35: line .lvi = max( line .lvi 0, line .Ivi 1)

36:  end for

37: end for

Figure 6. Calculating Vip and Ivi

The algorithm in Figure 6 illustrates how the Vip and lvi variables are calculated
with exact values attributed to the variables of interest and the scaling factors. Lines 1-22
calculate the Vip values. These values are calculated di erently for variabés of interest
such as primary inputs and for other variables. For variables of interest a score is given that
is inversely proportional to the number of fanouts. The rea®n for this relation is that the
more fanouts there are the less likely it is for the variable b become and ODC. When the
number of fanouts is greater than 20,Vip is assigned the lowest value of 1. For all other
variables the Vip is found to be the sum of theVip of its fanins. These values also decrease
with the number of fanouts as shown by lines 13-16.

Lines 23-37 of Figure6 demonstrate how Ivi score for a variable is calculated based
on the Vip value of its neighbors (the other inputs to the gate). There ae two lvi scores
for each circuit line, one for each assignment phase (0 or 1)Each Ivi score for a line is
calculated based on the number of other neighboring lines tht become ODCs when this
line takes on a controlling value. The largest of thelvi scores from both phases is selected
and used in the branching procedure.

13
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Figure 7 shows theVip and lvi values on a sample circuit. For example, to calculate
the Vip value for signal e, we add the Vip value of its fanins, that is 100 for input ¢ + 100
for input d. The Ivi score fore is calculated by adding the Vip value of the neighboring
lines for each phase (i.e., 100 for neighboa + 100 for neighbor b).

Consider the circuit problem of Figure 7 in the context of a SAT problem. Since thelvi
score for variablea (along with b) is the largest among all variable scores, the rst decision
made by the SAT solver isa=0 (b= 0). As a result of this decision the primary inputs b, ¢
and d become ODCs. If the problem is satis ed without backtracking on the decisiona = 0,
the only assigned primary input variable is a which leads to the solution cubefa = 0g. This
example illustrates that the proposed scoring scheme inceses the likelihood of generating

small solution cubes.
iD= Vip = 200
Vip =100 Vip = (100+100+200)/2 = 200 | P
IVi=300 for O| |1i=150 for1 Ivi=150 for 1
Vip = 100 a t‘ g e
Ivi=300 for O b
Vip = 100 C e h ..
wvi=100 fort| d
Vip = 200 Vip = 200
Vip =100 Ivi=200 for O Ivi = 100 for 0
lvi=100 forl

Figure 7. Example of Vip and Ivi assignments

J

The overall decision-making procedure is dynamic as it pickshe variable with the
highest Ivi score from the top ten variables with the highest VSIDS scoreas proposed
in [28]. This scheme achieves a balance between solving the SAT galem quickly based
on the e ective decaying scheme of VSIDS and generating man®DCs on the variables of
interest. The experiments demonstrate the e ectiveness othis branching scheme compared
to others.

6. Applications

This section presents applications that the proposed ODC tehniques can be applied to.
Reachability analysis is discussed rst, followed by unbounded model checking and trace
reduction.

6.1 Reachability Analysis

Reachability analysis is the process of determining whethea state ¢ is reachable from
another state qy. Roughly speaking, reachability analysis can be performedy traversing

the state space backwards from statey until a state g is found or a x-point is reached,

where no new states are found16]. Pre-image computation is a central procedure of
reachability analysis as it performs the single backward stps.

14
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pre-image i )
pre-image 3

pre-image 2

initial state found
Figure 8. lllustration of reachability analysis

The SAT problem for pre-image computation is created by constaining the next state
variables S° of a circuit's transition relation T(S;S9 to the state value ¢. Thus the SAT
problem is to nd the states assignments to the problem9S®T(S;SH » (S°$ ).

A conventional SAT solver is not very e cient for pre-image computation since many
solutions, if not all, are often required. An all-solution SAT solver such as the one described
in the previous section is ideal for this type of applicationas the ODCs allow it to nd small
solution cubes e ciently.

The manner in which the state space is traversed depends on ¢hhow states are selected
by the reachability analysis engine. If the visited states ae stored in a stack-like data
structure, a depth- rst traversal is performed, while a queue-like data structure results in a
breadth- rst traversal. Figure 8illustrates a breadth- rst reachability analysis process that
eventually nds the initial state . In this gure, the black nodes represent states while
each cone represents a set of states found by one pre-image quutation step.

6.2 Unbounded Model Checking

Unbounded Model Checking (UMC), is a veri cation technique used to determine whether
speci ¢ properties are implemented correctly within a desgn. The properties can be spec-
i ed in temporal languages such as CTL and LTL [5] to de ne both correct and incorrect
circuit behaviors.

Unlike popular SAT-based Bounded Model Checking techniqueghat unfold the tran-
sition relation for a nite number of clock cycles, UMC performs model checking without
this explicit bound [2]. Instead, a single copy of the transition relation is used 6 nd a
transition path that violates the given property or to prove that such a path does not exist.

Reachability analysis is a central procedure employed by UNC engines. For simple CTL
properties such aseFqx, where the goal is to determine whether a stateg is reachable
from the initial state , reachability analysis can applied directly to UMC problems [5].

Since UMC does not use an explicit bound, it is critical that the reachability analysis
tool be capable of nding small cubes and storing them e ciently. The proposed ODC-
based SAT solver appears to be ideal for UMC problems due to & inherent small solution
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cubes. The bene't of the proposed techniques on UMC problemsire demonstrated in the
experiments.

6.3 Trace Reduction

A trace is a single sequence of states that represents specitransitions of a circuit for a
given number of clock cycles. A trace, also known as a countexxample, is the outcome of
a veri cation tool such as a simulator or a model checker. Sice the majority of veri cation
performed in the industry is based simulation techniques wth limited use of formal tools,
the traces are often much longer than necessary. In the vercation debugging process,
these traces must be analyzed to locate error sources whenrveation tools determine the
existence of errors. Since traces can often be thousands dbck cycles long, trace reduction
approaches are employed to reduce their size and thus accedée debugging.

A trace can be represented by a directed grapl& = ( N; E ) where the nodesN represent
states and the edge<E represent transitions between states. An edge from state to g
denotes thatq is a pre-image ofg and g is an image ofg. The objective of trace reduction
is to shorten the path from the initial state ¢ to the nal state o.

One approach to trace reduction is to perform reachability analysis on some of the states
belonging to the original trace [29]. All the states (or state cubes) found by the pre-image
computation steps of the reachability engine are added to tle graph G. Graph G can then
be updated with edges denoting that each newly found states; is a pre-image of some state
g, selected for pre-image computation.

Figure 9. Updating the graph G with new nodes and edges

When states found by pre-image computation already exist in he graph G, extra edges
may be drawn in G to illustrate new legal transitions. These transitions may provide a
shorter path (or short-cut) from the initial state to the nal state thus reducing the overall
trace length. For example consider the situation describedn Figure 9 where the original
trace is shown as the sequence qo; gi; (p; Oz; s > and the dashed nodes are states found
through reachability analysis. Sinceq is found as a pre-image ofy, and g; is the pre-image
of gp in the original trace, a new edge shown as dashed line can bealn directly from the
original (non-dashed) g to g4 and the dashedq, can be removed. The overall result is a
shorter path from gy to g4 which skips nodeas.

For more details about the trace reduction algorithm, the reader is referred to R9]. The
bene t of the reachability analysis engine which uses an ODGbased SAT solver on trace
reduction is demonstrated through the experiments.
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7. Experiments

The proposed ODC-based all-solution SAT solver is developedmtop of zCha 2004.11.15 P3]
as the basis of a reachability analysis framework. The all-dation SAT solver is also en-
hanced with the cube reduction procedure presented inl1p]. In this section, the bene ts
of the ODCs are demonstrated through three set of experimers. First, the ODC-based
all-solution SAT solver is compared against other approache to determine its strengths in
isolation. Next, the e ectiveness of the reachability analysis engine is shown in the context
of two applications, unbounded model checking and trace cogaction. All experiments are
run on a Sun Blade 1000 machine with a 750 MHz CPU and 2.5 GB of nmeory. A time
out limit of 500 seconds and memory limit of 500 MB are used forll experiments, unless
otherwise stated.

7.1 ODC-based SAT Solver

For the rst set of experiments, over 1000 problems based on lhof the ISCAS'89 bench-
marks are used. In these problems, current state and next sta variables are replaced with
primary inputs and primary outputs, respectively. In order to emulate pre-image computa-
tion problems, where a number of outputs are well speci ed wile others are unconstrained,
we constrain an arbitrary number of primary outputs to 0 or 1 at random. The objective
of these problems is to nd all the primary input assignments that satisfy the constraints.
In other words, the primary inputs are the variables of interest. Since all the solutions
are sought, nding small solution cubes in an e cient manner is critical in these experi-
ments. These problems are similar to scenarios found in mangroblems such as pre-image
computation [20] and circuit optimization [ 21, 30.

Figure 10 (i) plots the run time of the all-solution SAT solver with and w ithout the
ODCs against each other. Points below the diagonal line sigfy that the ODC technique
results in faster run times. Since the majority of points are below the diagonal line, it is
evident that the ODC methods developed here are e ective forall-solution SAT solvers.
On the average, the performance gain is over 1.52, while the scatter plot shows speed-
ups of nearly one order of magnitude in some cases. The reasdor this discrepancy is
that average performance gain is heavily in uenced by the lage number of problems with
speed-ups between 1-2.

Figure 10 (ii) and 11 (i) and (ii) illustrate the bene ts of the proposed decision-making
heuristic over three other methods. As discussed in Sectioh.1, the Ivi scoring scheme is
quite e ective at making decisions that produce many ODC primary inputs, but to achieve
a balance between solving each iteration quickly and ndingsmall solution cubes, a strategy
similar to [28] is employed. In this strategy the variable with the highestlvi score is selected
from the variables with the highest VSIDS scores. As shown irf28], this decision making
approach is found to be well suited for all-solution SAT problems.

In Figure 10 (ii) the proposed scoring scheme is compared against a rando scoring
scheme to show the impact of the scoring scheme alone. The dapoints in Figure 10 (ii)
clearly demonstrate the out performance of the combinedvi and VSIDS scoring scheme
over the random approach. However, there are certain caseshere random fares better
which indicates that the proposed heuristic may have room fo improvement.
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Figure 10. Performance comparison (i) with and without ODCs (ii) withr andom decisions

Figure 11 (i) compares the proposed approach (combinedvi + VSIDS) against the lazy
scoring scheme used in28] which is successful at producing many ODC variables in gemal.
Like the proposed scheme, the lazy method is also a hybrid whbh picks the variables with
the highest lazy score from a window of variables with high VEDS scores. In pg] it was
shown that the lazy scheme outperforms the pure VSIDS schemor circuit-based problems.
Figure 11 (i) clearly demonstrates that the proposedlvi + VSIDS scheme is superior to
the lazy + VSIDS scheme as the majority of points are consistatly under the diagonal line.

In Figure 11 (ii), the proposed scoring scheme (combinedvi and VSIDS) is compared
with the pure Ivi scoring scheme to illustrate the trade-o between solving fo solutions
quickly and nding small solution cubes. The out performance of thelvi and VSIDS scheme
shown in Figure 11 (ii) clearly emphasizes the importance of utilizing the dynamic nature
of VSIDS. It is interesting to compare the general distribution of the points of Figure 11
(i) with that of Figure 10 (ii). Although the schemes used are quite di erent, their general
performance versus the proposed scoring scheme appears te similar. Therefore, the pure
Ivi and random scheme share some similar properties.

The scatter plots of Figures 10 and 11 clearly demonstrate that the proposed scoring
scheme is superior to the other on the average. Thdvi score allows for signals to be
selected to produce many ODC on the variables of interest, wite the VSIDS scheme allows
for a dynamic decision procedure able to adapt to the changig nature of the SAT problem.

7.2 Unbounded Model Checking

In this section, the SAT-based reachability analysis framewerk is evaluated on unbounded
model checking problems. The UMC problems are of typeEFp, where p is a reachable
or unreachable state picked at random. The UMC algorithm use a hybrid BFS and DFS
approach where the next state for pre-image computation is cbsen as the state with the
smallest hamming distance to the initial state gy [29]. The smallest hamming distance
is a greedy heuristic used to reach the initial state with the fewest number of iterations
possible. The data structure used to nd whether a newly fourd pre-image is already found
by the reachability analysis engine is similar to the tree stucture described in 29]. Instead
of using an explicit timeout or memory limit, the number of state cubes visited by the
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Figure 11. Comparison of different decision making heuristics

unbounded maodel checker is limited to 1000 since it is relaito both memory requirement
and performance.

Table 1 shows the results of the presented ODC-based SAT solver versia justi cation
engine similar to [15 on UMC problems. This justi cation approach is a state-of-th e-art
technique for creating small cubes from each SAT solver sotion, which is shown to be
competitive relative to other techniques such as 20]. Our implementation of [15] is built
on top of zCha and makes use of the circuit-based justi cation engine, as described in1],
each time the SAT solver nds a solution.

For each of the ISCAS'89 circuits shown in column one, the nurber of solution cubes
found by the proposed approach and the justi cation approad is shown in columns two
and three, respectively. Columns four and ve give an insigh into how the UMC problem
is solved by showing the maximum depth visited by the reachabity analysis engine for
each respective approach. The run times required to solve # problems for the proposed
and the justi cation approaches are shown in columns six andseven, respectively, with the
faster approach shown in bold face. The nal column present he average speed-up of the
proposed approach with respect to the justi cation approad.

The results of Table 1 show a fairly similar behavior in terms of the number of solu-
tions found and the depth visited by the UMC engine. For reactable problems that are
solved within the alloted 1000 solutions, these numbers do ot provide much insight in the
e ectiveness of the ODC techniques. This is due to the fact that a reachable state can be
found quickly when a \lucky" state is selected for pre-image omputation which leads to the
initial state. The run time of the UMC tool (in columns ve and six) allow us to evaluate
the e ectiveness of the di erent techniques.

The UMC results can be split into two sets, the easy reachablg@roblems that are solved
with few solution cubes and the harder problems that are not slved within nding 1000
solution cubes. The techniques are comparable on the easyglems, with the justi cation
approach performing slightly better. However, for the more interesting harder problems,
the proposed approach is overwhelmingly faster. Indeed, fahe 13 cases where the solution
limit is reached by both approaches (\1000" shown in columnswo and three in Table 1), the
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Table 1. Comparison of proposed and justi cation techniques for UMC p roblems

circuits proposed | justi cation | proposed | justi cation | proposed | justication | speed-up
# solutions | # solutions depth depth time (s) time (s) ()
51196 2 2 1 1 0.01 0.01 1.00
s1238 1 1 1 1 0.01 0.01 1.00
$13207.1 170 2 88 1 0.10 0.01 0.10
513207 37 1 1 1 0.03 0.01 0.33
1423 9 1 1 11 0.01 0.01 1.00
51488 1000 1000 21 21 112.03 398.90 3.56
s1494 1000 1000 21 21 120.51 397.49 3.30
s15850.1 1000 1000 434 373 0.71 3.13 4.41
515850 1 1 1 1 0.06 0.07 1.17
s208.1 1 1 1 1 0.09 0.08 0.89
s27 8 1 1 1 0.01 0.01 1.00
5298 1000 1000 511 701 122.17 500.00 4.09
s344 1 1 1 1 0.01 0.01 1.00
s349 1000 1000 364 387 0.72 3.16 4.39
s35932 2 2 1 1 0.01 0.01 1.00
$35932 6 1 1 1 0.01 0.01 1.00
s382 28 1 1 1 0.02 0.01 0.50
s38417 1000 1000 463 504 0.84 2.70 3.21
s$38584.1 1000 1000 462 512 0.81 2.57 3.17
s38584 1 1 1 1 0.01 0.01 1.00
s386 1000 65 24 18 1.31 0.09 0.07
s400 6 1 38 25 0.01 0.01 1.00
s420.1 1000 1 1 91 141 0.18 0.13
s444 11 1 1 1 0.01 0.01 1.00
s510 11 1 1 1 0.01 0.01 1.00
s526 1000 1000 543 617 1.63 3.41 2.09
s526n 1000 1000 511 511 14.80 114.19 7.72
s5378 1000 1000 511 511 13.52 114.14 8.44
s641 1000 44 511 26 1.38 0.08 0.58
s713 1 1 1 1 0.01 0.02 2.00
s820 1 1 1 1 0.02 0.02 1.00
832 1000 1000 411 238 2.43 8.42 3.47
s838.1 102 1 49 1 0.18 0.01 0.06
$9234.1 101 1 48 1 0.18 0.01 0.06
s9234 1000 1000 511 511 41.92 312.42 7.45
s953 1000 1000 511 511 33.95 256.37 7.55
[ average 896.70 715.41 326.97 297.68 25.46 114.46 2.24 ]

proposed technique is always faster. On average the ODC-bagdechnique requires a run
time of 25.46 seconds, while the justi cation-based technige requires a run time of 114.46
seconds for all experiments. These results demonstrate thhdhe ODC approach is e ective
for BMC, as it is able to nd more solutions quickly with an ave rage of 4 performance
improvement.

7.3 Trace Reduction

In this section the e ectiveness and e ciency of the proposed reachability analysis frame-
work is demonstrated on the trace reduction application. The traces are generated using
directed random simulation where control inputs such asenable and reset are set ap-
propriately, while other signals are assigned randomly forthe entire trace sequence. The
trace reduction approach is limited to nd at most 10,000 state cubesvia pre-image com-
putation and an explicit timeout is not used. Since the compation techniques of previous
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works [4, 24, 32] are not publicly available, and due to the fact that the assetions and errors
used are also unknown, the results cannot be compared.

Table 2 illustrates the results of the experiments on all ISCAS'89 ad ITC'99 circuits
for traces of length 50, 100 and 1000. The rst column shows th circuit names while the
remaining columns are organized into three sections basednctheir original trace length.
The rst column of each section labeledorig describes the original length of each trace (50,
100, or 1000). The next two columns under thetrace length label of each section show
the resulting trace length after applying the pre-image computation technique (pre-img)
followed by the reachability analysis technique feach). More speci cally, the pre-image
computation technique is the single step pre-image processedcribed in Section6.3 and the
reachability analysis technique is the proposed method intoduced in Section6.1. The fourth
and fth columns of each section labeled withrun time show the processing time in seconds
required for pre-img and reach, respectively. Note that both the pre-image computation
and reachability analysis are based on the proposed ODC-badeSAT solver.

Table 2 shows how both techniques e ectively work together to redue the trace length.
For many circuits, the original trace length is rst reduced greatly by the single step pre-
image (pre-img) technique and further reduced by the reachability analyss (reach). For
example, the trace for circuit s344 is rst reduced from 50 cbck cycles to 33 clock cycles
using pre-img, and then again from 33 clock cycles to 1 clock cycle usingeach.

Analyzing the results in Table 2, notice that many traces are reduced to having a single
clock cycle (length of 1), or a very short trace size after aplying reachability analysis.
This result can be partially attributed to the state selecti on heuristics of Section5.1. These
techniques result in smaller cubes, which increase the nundy of short paths created through
the graph G and the likelihood that they will lead to the initial state.

Table 3 provides more insight into the results in Table 2 by providing the average length
reductions achieved by the di erent components of the propsed approach for traces of size
50, 100, and 1000. Similar to Table2, the summaries are provided for each original trace
length separately. Column one presents the name of the comgéion method: single step
pre-image computation (pre-img), reachability analysis (reach), or combined. For each trace
length, the overall average reduction is presented under ta label avg. reduced This eld
is calculated by adding the reduction in size over all circuis divided over the number of
circuits. Since not all circuit traces are reduced by the prgposed method, this number may
not provide a good representation of the average factor of muction achieved. Instead, the
columns labeleda ected and reducedshow the percentage of traces that are a ected by each
approach and the amount by which they are reduced, respectely. For example, for traces
of length 50, the proposed approaches separately achieve.08 and 3.81 reductions while
the combined approach reaches 19.67 reductions. Furthermore, approximately 70% of the
circuits are a ected by the pre-img techniques which results in an average reduction of
13.77 . Similarly, the reach technique and the combined approach a ect 37% and 74% of
traces for a reduction of 8.45 and 25.72 , respectively.

The overall bene t of these reduced traces is that the subsegent debugging task is much
easier. For manual debugging, the veri cation engineer carconcentrate on these reduced
traces in order to nd the error source. For automated debugdng, the impact is much
greater since sequential debuggers are limited by the lengtof the traces [7/]. Thus reducing
the trace lengths can provide bene ts to both manual and autanated debugging.
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Table 2. Results comparing reachability analysis approaches for tr ace reduction problems

circuits trace length run time (s) trace length run time (s) trace length run time (s)
orig | pre-img | reach | pre-img | reach || orig | pre-img | reach | pre-img | reach || orig | pre-img | reach | pre-img | reach
s208.1 50 25 25 0.00 0.56 || 100 51 51 0.07 0.60 1000 244 244 0.08 9.26
s298 50 1 1 0.00 0.00 || 100 3 1 0.59 0.86 1000 1 1 0.34 0.01
s344 50 33 1 0.00 0.00 || 100 55 1 0.31 0.00 1000 10 5 0.42 0.08
s349 50 33 1 0.00 0.00 || 100 55 1 0.32 0.00 || 1000 10 5 0.39 0.08
s382 50 3 1 0.00 0.17 || 100 4 2 0.75 0.00 1000 1 1 0.89 0.00
s386 50 1 1 0.00 0.00 || 100 2 2 0.09 0.00 1000 2 2 0.06 0.00
s400 50 3 1 0.00 0.01 || 100 2 1 0.69 0.01 1000 2 1 0.74 0.05
s420.1 50 21 21 0.01 1.20 || 100 44 44 0.13 0.97 1000 505 505 0.14 25.85
s444 50 2 1 0.01 0.01 || 100 3 1 0.98 0.93 1000 1 1 0.67 0.01
s510 50 24 24 0.00 0.87 || 100 10 10 0.13 0.66 1000 25 25 0.12 0.56
s526 50 2 1 0.00 0.03 | 100 3 1 1.27 0.86 1000 1 1 1.09 0.03
s526n 50 2 1 0.00 0.03 | 100 3 1 1.26 0.86 || 1000 1 1 1.17 0.02
s641 50 3 3 0.00 1.65 || 100 4 4 1.81 2.10 1000 2 2 1.72 5.86
s713 50 3 3 0.00 1.65 || 100 4 4 1.80 2.01 || 1000 2 2 1.76 2.88
s820 50 1 1 0.00 0.00 | 100 1 1 0.00 0.00 || 1000 1 1 0.38 0.00
s832 50 1 1 0.00 0.00 | 100 1 1 0.00 0.00 || 1000 1 1 0.4 0.00
s838.1 50 26 26 0.00 1.87 || 100 45 45 0.26 2.07 || 1000 510 510 0.27 48.48
s953 50 6 5 0.00 1.38 || 100 1 1 2.52 0.00 || 1000 1 1 3.25 0.01
51196 50 8 1 0.00 0.05 || 100 14 1 0.89 0.12 || 1000 5 1 1.11 0.03
51238 50 8 1 0.01 0.05 || 100 14 1 0.84 0.11 || 1000 5 1 0.96 0.02
51423 50 50 2 0.01 3.41 || 100 57 2 6.19 3.55 || 1000 15 3 6.24 67.61
s5378 50 50 50 0.04 0.89 || 100 100 100 23.76 1.03 || 1000| 1000 1000 | 26.18 5.86
$9234.1 50 50 50 0.04 22.67 | 100 100 100 50.26 1.76 || 1000| 1000 1000 | 49.89 | 11.55
59234 50 34 34 0.02 1.67 || 100 36 36 46.99 1.66 || 1000 35 35 47.41 | 10.76
s13207.1|| 50 50 50 0.28 3.52 || 100 100 100 96.76 4.20 || 1000 | 1000 1000 | 105.92 | 7.61
513207 50 50 50 0.23 3.29 || 100 100 100 91.57 4.17 || 1000 | 1000 1000 | 98.79 7.74
s15850.1|| 50 50 50 0.12 5.82 || 100 100 100 | 145.67 | 87.18 || 1000 | 1000 1000 | 140.31 | 9.01
515850 50 50 50 0.07 3.45 || 100 100 100 96.18 4.19 | 1000| 1000 1000 | 222.94 | 8.09
s38417 50 50 50 1.07 40.58 || 100 100 100 | 311.05 | 154.30|| 1000 | 1000 1000 | 340.83 | 25.74
s38584.1|| 50 50 50 1.27 11.83| 100 100 100 | 336.97 | 12.37 || 1000| 1000 1000 | 375.70 | 25.68
538584 50 50 50 1.26 59.15 || 100 100 100 | 315.11 | 185.30|| 1000 | 1000 1000 | 344.44 | 23.85
b01 50 6 2 0.09 0.00 || 100 4 4 0.10 0.04 1000 4 4 0.9 0.04
b02 50 2 2 0.04 0.00 || 100 4 4 0.04 0.01 1000 4 4 0.4 0.01
b03 50 14 2 1.17 0.07 || 100 26 2 1.20 0.05 1000 8 8 1.32 13.54
b04 50 50 50 6.57 3.79 || 100 100 100 6.26 4.54 1000 | 1000 1000 6.89 27.88
b06 50 3 1 0.65 0.00 || 100 3 3 0.63 0.04 1000 2 2 0.62 0.03
b07 50 43 43 0.35 1.81 || 100 51 51 0.34 1.70 1000 56 56 0.28 14.56
b08 50 43 7 0.11 1.17 || 100 92 2 0.16 0.00 1000 329 5 0.16 0.02
b09 50 50 17 0.16 0.96 | 100 97 97 0.17 1.56 || 1000 82 82 0.18 18.70
b10 50 22 22 0.36 1.19 || 100 45 21 0.31 1.56 || 1000 32 32 0.59 9.56
b1l 50 35 25 1.44 3.06 | 100 98 88 2.50 4.07 | 1000 550 550 1.92 27.68
b12 50 14 14 8.03 5.97 || 100 20 20 7.51 2.50 1000 36 36 7.89 34.85
b13 50 45 45 2.10 2.22 || 100 99 98 2.05 2.80 1000 | 1000 1000 2.57 19.54
b14 50 50 50 42.48 1.84 || 100 100 100 47.68 24.18 || 1000| 1000 1000 | 52.92 3.93
b15 50 49 49 76.63 6.19 || 100 100 100 56.65 43.78 || 1000 87 87 52.11 | 230.41
Table 3. Effectiveness of each component of the proposed trace redudion technique
| | orginal size 50 | orginal size 100 | orginal size 1000 |

approach || avg. reduced| aected | reduced || avg. reduced| a ected | reduced || avg. reduced| a ected | reduced

pre-img 10.08 70% 13.77 16.88 2% 22.66 266.35 71% | 362.84

reach 3.81 37% 8.54 6.10 35% 15.36 2.77 15% 12.40

combined 19.67 74% 25.72 36.21 2% 49.01 327.76 72% | 446.59
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8. Conclusion

This paper demonstrated the bene ts of ODCs for reachability analysis problems. We de-
veloped an e cient way to identify ODCs during the SAT solvin g process and proposed
to leave such variables unassigned. As a result, SAT solutits can be found with fewer
assigned variables, thus leading to smaller solution cubesThe advantages of small solu-
tion cubes make the proposed approach ideal for reachabilitanalysis applications, such as
unbounded model checking and trace reduction. Experiment®n these applications demon-
strated results of up to an order of magnitude better in terms of performance when using
the proposed ODC techniques.
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