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ABSTRACT

The simple concept of a well-connected relation (WCR) is defined and then developed
into a theory for studying the structure of binary relations. Several interesting partitions of a
binary relation are identified. It is shown that binary relations can be separated into families
which form a hierarchy. Finally, concepts of universal algebra are extended to the family of
“prime” relations. One application for the theory is in the logical design of data bases.

INTRODUCTION

Data in an information system have been studied from several points of
view [2, 4, 9, 10, 11]. With the growing interest in data base systems, the
possibility for structuring the data in various ways has been explored by
several authors. For example, Delobel [9] defines “elementary functional
relations” and proposes a theory based on this building block; Zaniolo [10]
defines “atomic relations” as a basic building block for data; Furtado and
Kerschberg [11] have “quotient relations.” Further, many authors have noted
and studied specific data structures, such as “functional dependencies” [4],
“multivalued dependencies” [5], “contextual dependencies” [6], “mutual de-
pendencies” [12] (which happen to be same as contextual dependencies), and
“hierarchical dependencies” [13].

In this paper we define a new building block, “well-connected relations,”
and propose a theory to study binary relations. Elsewhere [6] we have applied
this theory to the study of dependency structures of data. We have also studied
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a manipulation language for these building blocks [8]. An overview of these
applications is given as part of the conclusion.

This paper is divided into three parts. Part I introduces the basic concept of
a well-connected relation (WCR) and a few of its properties which are useful
later. Part II uses a WCR as the basic building block of any binary relation.
Several interesting partitions of a binary relation are identified, as a result of
which they can be separated into families that form a hierarchy. Part III
studies one such family from universal algebraic point of view. It is to be noted
that the Part III just introduces the broad concept of an algebra of WCRs
without going into the details of the operations. The operations have been
studied elsewhere [8].

PART 1

The concept of a binary relation may be found in the appropriate books of
mathematics (for example [1]). In this part, we define and study a well-con-
nected relation, which is nothing but a cross product between two sets. We also
review some of the set theoretic operations for the sake of completeness. The
concepts of contraction and expansion are introduced because they are useful
[8]. Some of the theorems proved here will be used in the subsequent parts of
this paper.

DerFINITION 1. A binary relation R[A,B] on the sets A and B is a mapping
from set A to set B such that every element of A is mapped to at least one
element of B.

The binary relation is partial if some elements of A are not mapped to any
element of B.

DEFINITION 2. A well-connected relation (WCR) is a binary relation W on
two sets 4 and B such that

(Vx)(xEA)Vy)(y EB)(x Wy). Q)]
The sets A-and B are called the constituents of the WCR.
NOTE 1.

(i) A binary relation is R[A,B], while a WCR is W[A4,B]. We also use
Sr[AB] and Sg[A4], which mean the following:

Sg[AB]={(a,b):(aEA), (bEB), (aRb)}
= Sk, (2)
Sr[A]={(b):(bEB) and (Aa)(aEA)(aRb)} (2a)

= B=Image set of 4 in R[4, B]. 3)
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By defmition,
Sk[4AB|=@ iff A=O or B=0.

(ii) In this paper there is no need to consider partial binary relations. Also
the mapping from set 4 to set B is always taken to be onto.

Set operations can be defined for binary relations.

(1) The union of two relations R and R, is

R,[A3,B,]=R[A,B]UR|[4,,B,],

where
Sg,[A2B)]={(a,b):a€(4,=AUA,), bE(B,=BU B))
and (aRb) or (a R, b)}. )
(it) The intersection of two relations R and R, is

R,[A5,B,]=R[A4,B]N R[4, B},

where
Sp[4:B]={(a,0):a€(4,CANA,), bE(B,C BN B)),
(aRb) and (a R, b)}. %5

The relations R and R, are disjoint if Sg, is null.
(iii) The difference of two relations R and R, is

Ry[A4,,B,]=R[A4,B]- R\[4,B],
where
Sg[A42B2]={(a,b):aE(4,C A), bE(B,C B),
(aRb)and (aR,b)}. 6)
From the above definition it is clear that
SelBa]CSa[B] and  Sg[d;]C Sx[A].
(iv) Containment: A relation R is contained in another relation R,, i.e.,

R[A’B](;R][AhBl])
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if
ACA,, BCB, and Si[4AB]CSg[4,B]. )
It is a proper containment, i.e.,

R[A4,B]CR\[A,,B)],

ACA,, BCB, and Si[AB]CSg[A4,B] ®)
It is equality, i.e.,
R[A,B]=R\[4,,B}],
if
A=A4,, B=B, and Si[AB]=Sg[4,B]. (8a)

(v) The complement of R[A,B] with respect to R,[A,B)] is defined if
R[A,B]CR|[A,,B,] Itis

E[A’B]= Ry[4,,B,),
where
SglA42B))={(a,b):a€(4,CA4)), BE(B,C By,
(AR,b)and (A Rb)}. &)

THEOREM 1. The intersection of two WCRs is a WCR.

Proof. Let W[A,B] and W,[A4,,B,] be the two WCRs, and let R;[A4,, B;]=
Wnw,.
Assume R, is not a WCR, i.e,

(Ax)(x€A4)( Ay )y EB)(x Ryy) [from (1)]
But A,C AN A, and B,C BN B, [from (5)].

@x)(x E4NA)EY)(Y € BN B)(xRo). (10)
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But
(Vx)(x€A)Vy)(y EBY(x Wy)
and
(Vx)(xEANVY)(yEB)(xWy)  [from (1)].
Hence,
(Vx)(xEANA,)(¥y)(y EBN By) (x Wy) and (x W,p).
Hence,

(VX)(xEANA)YY)YEBNB)(xRy)  [from (5)]. (11)

Here (11) contradicts (10). Hence the assumption is wrong, i.e., R, is a
WCR.

DEeFINITION 3. The contraction of a binary relation R[4, B] on the sets A4,
and B,, where A, CA and B, C B, is the binary relation R,[4,, B|] such that

Sa[41B:]={(a,b):aE€4,, bEB,, (aRb)} (12)

It is a minimal contraction if A,=A or B,=B.
It is a null contraction if A;=A and B,= B.

DErFINITION 4. The expansion of ‘a binary relatun R[A, B] within another
binary relation R[4, B;] on the sets A, and B, is defined if R,[4,, B,] contains
R[A,B]land A CA4,CA, and B C B,C B,. It is a binary relation R,[4,, B,] such
that

SplA42B5]={(a,b):a€ A,, bE B,, (aR,b)} (13)

It is a minimal expansion if A=A or B,=B.
It is a null expansion if A=A and B,= B.

THEOREM 2. Any contraction of a WCR is a WCR.

Proof. Let W[A,B] be a WCR, and let M,[4,,B,] be a contraction of W,
Then

A,CA and B,CB [from Definition 3}.
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Now,
(Vx)(x EAY(YY)(y EBYxWy)  [from (1)].
Substituting A, and B, for A and B, we can say
(VXY xEADNVYIYEB)xWy) = xM,y [from (12) and (2)].
Hence,

(Vx)(x€4)(Vy)(yEB)(xMy) = M;isaWCR  [from(1)].

COROLLARY 1. The complement of a minimal contraction of a WCR with
respect to the same WCR is a WCR.

Proof. The proof is got by showing that the complement itself is a minimal
contraction of the given WCR.

THEOREM 3. Any minimal expansion of the intersection of two WCRs within
the union of the same two WCRs is a WCR.

Proof. Let
Ry[ A3, B;]= W[4y, Bi]JU Wi[4,,B,), (14)
W[ A4, Bs]= Wi[A}, Bi]N W[ A,, B,] [from Theorem 1] (15)
and
M A, Bs}=a minimal expansion of W, A4, B,]
within R[4, B]. (16)
From the definition of minimal expansion, let
As=A, and B,CBsCB,. a7

We have to show that Mg [As,Bs] is a WCR, ie, (Vx)(x€A;(Vy)(y€E
By)(x Msy). We have

(Vx)(x €E4,N A)(Vy)(y € B)(xW1y)
and

(Vx)(xEA N A)Y(Vy)(y EBy)(xW,y)
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from (1) and Theorem 2. From the above two expressions, with (4) and (14),
(Vx)(x €40 A2)(¥y)(» € BiU By)(x Ryy).

This is the definition of a WCR, ie., the minimal expansion of the

intersection of W, and W, within R, is a WCR if Bs= B;. Again, As=A4,C A4,

N A, [from (5), (15) and (17)], and Bs C(B;= B,U B,) [from (4), (14) and (17)].
Applying Theorem 2, we can write

(Vx)(x EA5)(Vy)(y € Bs)(xMs y) [from (13) and (16)],

ie., Msis a WCR.

THEOREM 4. Two WCRs, W\[A,, B|] and W[ A,, B,], are disjoint if and only if
A, is disjoint from A, or B, is disjoint from B,.

Proof. Let AlnAz"—-g and W|ﬂ W2= W2= W3. Then
SWg[A3B3]= {(a,b) a E(A3 QAI n Az), b E(B3 c B] N Bz),
(aW,b) and (aW,b)}  [from (5)].
But 4,N A,=@. Hence 4;=0, i.e., Sy [4;B;]= [from (2a)}, i.e, W, and W,

are disjoint.
Again, let

WiNW,=W,  where Sy [A4;B;]=9.
Then
Sw|A3B3]={(a,b):aE€(4;C A,C4,), bE(B;C B,N By,
(aW,b)and (aW,b)}  [from (5)]. (18)
We have
(Vx)(x €4)(Yy)(y € Bi)(x W),

(Vx)(x € 42)(Vy)(y € Bo)(x Way)

from (1). From the above two expressions, we can write

(Vx)(x €41N4:)(V¥)(y € BiN By) (x Wy) and (x W, ). (19
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From (18) and (19), we can write

Sw,[4:Bs]1={(a,b):a€(4d3=4,n4), bE(B;= BN By,

(a W,b) and (a W, b)}.

But Sy [43B,]=0. Hence A;=A4,N4,=0 or By= B,N B,={ [from (2a)].
NOTE 2. Consider a binary relation R[4, B] where

Sx[AB]=12.

Then R by definition is a WCR.
THEOREM 5. Two WCRs are equal if and only if their constitutents are equal.

Proof. The proof is trivial and follows from the definitions of a WCR and
the equality of two WCRes, i.e., from (1) and (8a).

PART II

In this part we establish a hierarchy of the families of binary relations
(Theorem 16). The families of binary relations are based on different ways the
binary relations can be partitioned. Some of these partitions are unique for the
binary relation, and this fact is brought out by appropriate theorems. Also,
algorithms are given to find these unique partitions. Finally, this section also
contains theorems to establish different parts of the hierarchy, which is
summed up neatly in Theorem 16.

NOTE 3. We use the following terminology:
(i) A set 4 can be expressed as
n
A=l 4,=4,u4,U--  UA,
i=1
= m(A) = partition of 4,

where 4, 4;=@ for 1<i, j<n and i=j.
(i) A set 4 can be expressed a8

n
A= A4;=4,Udy - U4,

i)

=(A)=coverof 4,
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where 4,1 4;23 for 1<i, j<n.
(iii) A relation R[A4,B] can be expressed as

R(4,8]= I R{4,B)
= Rl[Al’Bl] U RZ[AZv BZ] U--+u Rn[AmBn]
= q(R)=npartition of R,

where Rj(4;, BN R{A;, B}=D for i#j, 1<i,j<n, and

A=) A4, and B={J B,

im] im=1]

(iv) A relation R{A4,B] can be expressed as

R[4,B]= U R[4, B]

i=1
= R[4, B|]URy[42,B]U - - UR,[4,,B,]

= C(R)=cover of R,

where R[4, B]1n R{A;, B]] > for 1<i,j<n, and

n n
A= 4, and B=J B,

i=1 im]

DermiTION 5. Two partitions, 7,(R) and 75(R), of a relation R[4, B] are
equal if

7T|(R) = .Hl Rli[A 1is Bli])
m(R)= .Hl Ry[ A2, By},

and

(YH(F)H( Ry = Ry)(1 <i, j<n).
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THEOREM 6. Any binary relation is a partition of WCRs.

Proof. A trivial partition of WCRs of any binary relation is one in which

each tuple of the binary relation is considered to be a WCR.
DEFINITION 6. A partition

R[A4,B]= .ﬁl VVi[Ai,Bi]

of a binary relation R[A4, B] is a canonical partition if

(i) W][A,,B]is a WCR for 1 <i<n,
(ii) B; is a set with a single element for 1 <i <n,
(iii) B;+B,; for ij and 1 <i,j<n.

THEOREM 7. Any binary relation has one and only one canonical partition.

Proof. Let R[A, B] be a binary relation. Let
B={b,b,,...,b,},

where b, b; for isj and i <i,j<n;

B,={b;} fori<i<n;

A;={a:(a€EA), (bE€B), (aRb)} for i<i<an.
Now, for 1 <i<gn,

A;=&  [from Definition 1 and Note 1(ii)],
R[A,B]=&  [from (21), (22) and (23)]
= W,[A4,, B] [from (1), (21) and (22)].

We have to show that

R[4,B]= _I"I1 W4, B]=7.(R).

(20)

@D
22)

23)

24

(25)

It then follows that #.(R) is canonical [from Definition 6 and (20), (21) and

(24)]. Hence a canonical partition exists for R[4, B].
To show (25), we have to show:

D A4=U :'.. 1A
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(i) Wil4, BN WA, B)=0 for 1 <i,j<n and ij.
(i) R[A,B]=W\[A,,B,JU WA, B,)U -+ U W,[A,,B,]=Cy{R).
(i) Assume

n
A= | 4,

i}

ButAgz U’

il

A; (. each A;C A) [from (22)).

7

A> U A4,

im1
(3a) (a€Ad) and (a& U] 4,).

im]

(3b) (b,€B)and (aRf)  [from Definition 1 and Note 1 (ii)].

a€4d; [from (22)].
Hence,
n
ac |\ 4;
im]
--a contradiction. Hence,
n
A= {J 4.

i ]

(ii) We have

BnB=& for i#j and 1<i,j<n [from (20) and (21)].

W4, B)NW;[A;,B]=@  (from Theorem 4).
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iii) Assume
R[A4,B]#Cy(R).
(3(a,))((a,b) € Sx)((3,6) & { Sw,U Sw,U -+ U Sy, }).

beB.

b=b  where 1<j<n
(a,b) € Sy, where 1<j<n,  [from (2), (22) and (24)].

(a,b)E{SWIU SWZU ot USW"}

-——a contradiction.
Hence

R[A,B]=Cy(R).

We have to show the converse, i.e., m.(R) is the only canonical partition of
R[A,B]. Assume, there is another canonical partition #(R) and

7,(R)#~m(R)
Let
7(R)= ﬁ wiC, D]
i=1
From (25),

r(Ry= 11 WA, B).
jm=1

Now, for 1<i <m, from Definition 6,

D;={d,} =a set with a single element (26)
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and
m
B=|J D, [from Note 3(iii)]. @n
iw]
But
B= |} B; [from Note 3(iii)] (28)
il
and
D,;#D; for isj, o
B,#B, for ij } (from Definition 6). (28a)
m=n,
and
@NH@ANH(1<i,j<n)(D;= B)), 9)

from (21), (26), (27), (28) and (28a).
m(R)= ‘f[l W, C,D;,)#m.(R).
(3“’»[ qup])(“’P[ Cp’Dp] e”(R))s (30)
(V)1 <j<n)([ Gy D, ] #W,[ 4, B)]).

But

n
D,€ {J D; [from Note 3(ii)).

im1
@AN(<j<n)D,=B) [from (29)]. €2))
wp[ C:,,Dp] C %[Aj,Bj] {from (22) and (24)].
But ,(C,, D, W]l4,, B] [from (30)].
w,,[C,,, Dp] C W,»[A,-,Bj].

(3(a.b)(a,b)E 5 )((a,b) & S.,). (32)
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But (a,b)E S; (. (a,b)E Sw, and Wj[A4,, B]E 7 (R)).
(a,0)ES,,, where [ C,,D,] Em(R).
bEB, and bED,

But B, and D, are both sets with a single element.

B =D,
But B,= D, [from (31)].
D,=D,.

W[ G D, | =w,[ Cpu D, ] [*." w(R) is a canonical partition].
(a,b)€S,, and S,[C,D,]corresponds to W[ 4;,B;] [from (32)].
This is a contradiction to (30). Hence,

7.(R)=w(R)=the only canonical partition of R[4, B].

NOTE 4. In a binary relation R[4, B], let
A={a,a,...,a,},
where a,q, for i%j and 1 <i, j <n. Then
Sz[a;]=1Image set of {q4;} in relation R[4, B]
={b:(bEB), (a;R))}
If A,C A, then
Sg[A;)=Image set of 4, in relation R[A4,B]
={b:(bEB)(aEA;)(aRD)}.

Algorithm 1. To find the canonical partition of a binary relation R[A4, B).

1. Find set B={b,,b,,...,b,}, where b;5b; for i+j and 1 <i, j<n.
2. Find image sets Sgl[b;] for i <i<n.
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3. Let {b;}=B; and Sg[b))=A;, and form WCRs WA, B] for 1 <i<n.
4. Then

7.( R) = the canonical partition of R[A,B]

n
= Il w[4,B] for 1<i<n.
i=1
Proof. The proof is quite straightforward when we note the following:

(i) The set B here is the same as in (20).

(ii) The sets B; are the same as in (21).

(iii) The image sets Sg[h,] are the same as the sets 4, in (22).
(iv) The WCRs W,[A,, B;] are the same as in (24).

Hence from (25) it follows that 7, (R) is the canonical partition of R[4, B].

DEFINITION 7. A partition of a binary relation R{A4, B] is a strong partition if

R[A,B]= fI R{A.;,B]=m,(R), where n> 1,
i=1

and

A= H 4; B= H B,
im=] i=}
=7TI(A), ='”1(B).
Here R[A,, B,] are called the blocks of w(R); m,(A) and m(B) are called the

image partitions of m(R); and R[A, B] is called a strong relation. If n=1, then
m,(R) has only one block, and R[4, B] is called trivially strong.

NOTE 5. In the rest of the paper, and in general, a strong relation is always
nontrivially strong unless otherwise specified.

THEOREM 8. The family of strong relations is a proper subset of the family of
relations.

Proof. We give a simple example of a binary relation R[4, B] which is not
strong, Let

Sr[AB]= {(a1,b,), (ay,b2),(a1,b,)},
A= {ay,a,),

B={b,b,}.
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It is obvious that there are only four different partitions of this relation in
which n>1, and all four are not strong, because we do not have 7,(4) and
m,(B) for any of them.

DEFINITION 8. A partition
R[A4,B]= Il W[4,B] where n>1
i=1

=7,(R)

of a binary relation R[4, B] is a prime partition if

=m(A), =m(B).
Here each block of 7,(R) is a WCR, and R[4, B] is called a prime relation. 1f
n=1, then R[A,B]is a WCR and is trivially prime.

NOTE 6. In the rest of this paper, and in general, a prime relation is always
nontrivially prime unless otherwise specified.

THEOREM 9. Any prime relation has one and only one prime partition.

Proof. Let R[A,B] be a prime relation. By definition a prime partition
7, (R) exists. To show that m, (R) is unique, assume another prime partition
m,(R) exists and

7, (R) #m, (R).

Let
n
T(R)= Il Wil By
'”pz(R)= .Hl W[ Az By,
and let

A= H A= H Ay

im] i=1
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and
B= .Hl By= .Hl By
EHVIN W #=Wy)(1<i<n, 1 <j<m).
But
Sw, € Sg.
@AN@k) (W, ;N Wy#D and W;N Wy #J).
Let

W= Wy[Awn By,
W= Wyl 42 By]s

W= W[ Az By)-

AN Ay D,
AN Ay+9,
BN B+,

B,;N By, #9,

from Theorem 4.

Without loss of generality, we can assume that W, and W, are the only
two WCRs in 7, (R) which have common elements with W),,. This is because
the following argument can be extended to the more complicated case where
more than two WCRs in 7, (R) are assumed to have common elements with
W,

Let

acAi,,

b, € By;N By;,
b, € B|;N By

(a, bl) (S SW“’

W, is a WCR).
(a,bz)ESW“} (" )

". (a,b)) and (a,b,) occur in Wy; and Wy. We have three cases:
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Case i: (a,b,)E W; and (a,b)) € Wy,
aEAzj and aEAZk,

ie., m, (R) is not a partition.
Case ii: (a,b,)€ Wy, and (a,b,) € W,;. Then

b, € By, b€ By;.
But
b€ By
B,; and B,, are not disjoint,

ie., m, (R) is not a partition.
Case iii: (a,b,) € W, and (a,b,) € W,,. Then

b, € By, b, € By,.
But
b EBy
B,); and B, are not disjoint,
ie., m, (R) is not a partition.
Hence every case leads to a contradiction.
7, (R)=m, (R)=prime partition of R[4, B].

THEOREM 10. The family of prime relations is a proper subset of the family of
strong relations.

Proof. We give a simple example of a strong relation which is not prime.
Let R[A, B] be the strong relation. Then

Sr[4B]={(a1,b1),(a1,62), (a2,5,), (a3, 55) }-

R[A, B] has only one partition with image partitions on 4 and B, and this is
not a prime partition.
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ALGORITHM 2. To find the prime partition of a prime relation, R[A, B].

1. Find set B={b\,b,,...,b,} where b,+b; for i+j and 1<i,j<n.
2. Find image sets Sg{b,) for 1 <i<n.

3. Let Sk[b)= A;, and find image sets Sg[A,] for i<i<n.

4. Let SglA)= B;, and form WCRs W][A, B)] for i <i<n.

5. Then

m,(R) = the prime partition of R{A,B]

m
= [I W[4, B for1<i<m,

ime]

where m < n, duplicate WCRs have been removed and the remaining WCRs have
been renumbered from 1 to m.

Proof. To show that

() R(4,B]=U]_ ,Wi4,B),
(i) A;,NA;=3 and B;N B;=¢ for i <i, j <m and i#j,
(ili) W[4, B10 W)[4;, B]=0 for 1<i, j <m and ij.

(i) Let (a,b;)E€ R[A4, B].
a€ Sg[b],
ie,a €4,
b, € Sg{4;),
ie, b,€B,.

(a,b)E Wi[4,,B]

€ G WI[AI’BI]

i=1

R[A,B]C 6 WA, B,).

i
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Again, let

(avbi)e G W;'[Ai»Bi]

i=1
€ W;’[Al" Bl]
b,EB,
€ S5g[4]

and

ie., (a,b)ER[A, B].
U W|[4,B]CR[4,B).
=1

Hence R[4,B]= U], WA, B]
(i) Let A;nA; =@ for i and 1 <i, j<m, and let

a€A;
€4,
But 4, = S,[b] and 4,= Sg[b;].
(a.b,)e WA, B],
(a.5)E W[4, 8]
But
Sa[4i]=B,
Se[4]=B,

Sglal=8B,=B; ('." W,and W, are WCRs),
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i.e., SR[A,] = SR[A]]- Again, if B,' = Bj,
Skl Bi]= SR[ B,],

ie, A;=A4;, "." W][A,;,B]= W] A;, B] (from Theorem 5). But duplicate WCR’s
have been removed in step 5 of the algorithm. So i=j—a contradiction.

AinA;=8  for i#j and i<i,j<m. (33)
Again, let
BNB=Z  for iw#j and i<i,j<m.
Let
b€ B,
€B,
Then

Se[5]=A;

J

} (".” W, and W, are WCRs).
A=A,
Hence i=j [from (33)]. This is a contradiction. Hence,

B.NB;=0 for i#j and 1<i,j<m. 34

(iii) This follows from (33) and Theorem 4.

DEFINITION 9. An elementary WCR, W[A,B], is one in which the second
constituent B has a single element.

A trivial WCR, W[4, B], is one in which both the constituents have a single
element.

DerINITION 10. A functional relation R[A,B) is a prime relation in which
the prime partition has only elementary WCRs.

THEOREM 11. The family of functional relations is a proper subset of the
Jamily of prime relations.
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Proof. We give a simple example of a prime relation R[4, B] which is not
functional:

Sr[AB]={(a1,b1),(a1,b2), (a2, 61), (a2, b2), (a3, b3)}.

THEOREM 12. In a functional relation, the canonical partition is equal to the
prime partition.

Proof. Let R[A, B] be a functional relation, 7(R) be the canonical partition
given by Algorithm 1, and #,(R) be the prime partition given by Algorithm 2.
Assume 7,(R)#m,(R). Let

n(R)= 11 WA ]
and
m
T(R)= 1L W[ 45 By].
@D WarE=Wy)i<i<n, 1<j<m).
But W, [A,,B.] is an elementary WCR (from Definitions 6 and 9), i.e.,
B,={b}, where b;EB.
Then
Sz[b]=44 [from Algorithm 1]
=A, [from Algorithm 2],
SR[AP,.] =B, [from Algorithm 2].
From the previous two steps,
bEB,.
But R[4, B] is a functional relation and W,[4,;, B,] is an elementary WCR;
ca B,={b}=B,

W.=W,

i [from Theorem 5).
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This is a contradiction. Hence,

7.(R)=m,(R).

THROREM 13. The family of functional relations on sets A and B is in one to
one correspondence with the family of nonpartial, onto functions from A to B.

Proof. Let R[A, B] be a functional relation. Define f: 4—B as
f(a)y=>b ifandonlyif (a,b)ESg[4B].
To show that

(i) f: A—B is functional,
(ii) f:A—B is nonpartial,
(iii) f: A—B is onto.

(i) Assume f: A— B is nonfunctional, i.e.,
f(a)=b, and b,, where b, 5b,.
(a,b))ESR[AB] and (a,b,)E Sy[4B].

R[A,B] is a functional relation;

R[4,B]= ] W|4,B] [by Algorithm 1].
im]

Consider W[4,,B,;] and W,[A4,, B,}], where
B,={b,} and B,={b,}.
Sp[Bi]=4, and Si[B;]=4, [from Algorithm 1].

a€A and a€A4, (.". (a,b)) and (a,b,) € Sg[4B)),

ie., A NA,&, ie, R[A4,B] is not a functional relation. This is a contradic-
tion.
(ii)) From Definition 1,

(Va)(a€A)3b)(f(a)="b).

(iii) From Note 1(ii), 1t follows that f: 4—> B is onto.
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Again, let f: A— B be a nonpartial, onto function. Define R[4, B], a binary
relation, as

(a,b)E Sg[4B] if and onlyif f(a)=b.

To show

(i) R[A,B]is non partial and onto,
(ii) R[A4,B]is a functional relation.

(i) This follows from the definition of R[4, B] and the fact that f:4—B is
nonpartial and onto.
(ii) We first prove that

R[4,B]= LnJ wil4,B),

i=1

where
B ={b} for 1<i<n
and
B={by,b;...,b,}, where b;%b; for i),
and

A;=Sg[B,].

Let (a,b) € R[A4,B). But {b,} =B,
Sk[B:]=4;
and a € A4,.
(a,b) € W,[A;,B].
Again, let (a,b,) € U _,Wi[4,, B;). Specifically, let
(a,b)E W,[A,B)].

B,={b}
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and a € A;. But 4,= Sy[B].

(a,b)€ R[4, B).

R[4,B)= ) W[4,B].

im]

But W;n W,=d for ij and 1<, j <n. This follows from Theorem 4 together
with

B={b} and B;={b;}
and
b#b;,  for i#j.
R[4,B]= II w][4,B).
im1
In the above, the r.h.s. would be a prime partition if

A;,NnA;=0 for iwj, 1<i,j<n.

Assume
ANA+D.
Let
a€EeA,
€A,
A; = Sg[bi],
A= SR[bj].
(a,b)ER[A,B] and (a,b)ER[A,B],
ie.,

f(@)=b;, and f(a)=1b,
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i., f:A—>B is not a function. This is a contradiction. Hence R[A4,B] is a
prime relation and

R(4,81= 1T Wi, 2]

=m,(R).
But W[A;,B;] is an elementary WCR for all 1<i<n by definition. Hence
R[A, B] is a functional relation.

DerFINITION 11. A bijectional relation R[A4,B] is a functional relation in
which the prime partition has only trivial WCRs.

THEOREM 14. The family of bijectional relations is a proper subset of the
Jamily of functional relations.

Proof. We give an example for a functional relation R[4, B] which is not a
bijectional relation:

Sr[A B]={(a1,51),(a2,01),(a3,52) }.

THEOREM 15. The family of bijectional relations on sets A and B is in one to
one correspondence with the family of bijections from A to B.

Proof. The proof is simple and on the same lines as that of Theorem 13.

NOTE. From this point, we use the following interchangeably:

(i) “functional relation” and “nonpartial onto function,”
(ii) “bijectional relation” and “nonpartial, onto bijection.”

THEOREM 16. Any binary relation lies somewhere in the following hierarchy:

FrD2%s0%,0%:0%,

where

%g =family of binary relations,
% =family of strong relations,
%p =family of prime relations,
%, =family of functional relations,

%, =family of bijectional relations.

Proof. Obvious from Theorems 8§, 10, 11 and 14.
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PART III

The concepts of universal algebra are well known [7]. In this section, we
apply some of these concepts to the family of prime relations. Most of the
universal algebraic concepts used here are from the chapter on Algebraic
Structures in [7].

It is well known that the concepts of morphisms, congruence relations and
functions can be interrelated [7]. We show that the concepts of “morphic
relations,” congruence relations and prime relations can also be interrelated in
a very similar way, thus generalizing the known interrelations.

We first define an “algebra of WCRs,” an “image algebra” and a “morphic
relation.” We then show that morphic relations are a more general concept
than morphisms (Theorem 17). We then show the interrelation between equiv-
alence/congruence relations and the hierarchy of binary relations (Theorems
18 and 19). We then show the interrelation between quotient algebras and the
algebra of WCRs (Theorem 20). Finally the morphic congruence theorem
(Theorem 21) follows very simply.

DEFINITION 12. An algebra of WCRs, &,, over a prime relation P, is a pair
(P, Q) where  is a set of operations on the WCRs in the prime partition ,(P),
ie.,

P= ﬁ W,=m(P),

i=]

w[Wl,Wz,..., Wk]= m,
where W, €m,(P) for 1 <i<k and W,Ex,(P),

wEQ,
k=“Arity” of w,

(7,2)=8,.

DEFINITION 13. An image algebra 9,(&,) is an algebra (4,{') such that:

(i) P[A4,B]is a prime relation.

(i) &,=(7,%Q).

(iii) For every w €} there exists a unique ' €',
(iv) Both w and «’ are of the same arity.

(V) If w[ Wl’ W2, cavy Wk] = VVj, then

wlapay,....q]=a,
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where g, €4, for 1 <i<k and g;€4;, with 4,4, the first constituents of W,
W,
(vi) (4,9)=3,(&,).

DEFINITION 14. A prime relation p is morphic if &,, §,(@,) and %5(&,) exist.

THEOREM 17. The family of onto morphisms is in one to one correspondence
with the family of morphic, functional relations.

Proof. We show that for every morphism there exists a morphic, functional
relation and vice versa.

(i) Let f:4->B be a morphism where f is onto and nonpartial (follows
easily from the definition of morphisms), i.e., there exist two algebras (4,92,)
and (B,{25) such that for every w,, in £, there is a unique wp in @3, w,, and
@p, are of the same arity, and

fwa (01,5 ....4)) =wp,(f(@).f(a3), ... (@)= b;. 35)

Now f is a functional relation (from Theorem 13 and Note 7). Let the prime
partition of f be

()= 1l Wi4,B] (36)
Define @, =(7,,w), where for every pair w, ,wp there 1s a unique « of the

same arity and

(W), Wy,..., W )=W, 3N
where

a,€4; in WA, B] for 1<i<k
and
BEB in W[4,B)]

To show that ¢,(@,)=(4,%,) and §B(@P)=(B,QB). From Definition 13,
conditions (i) to (iv) are met by the construction of &,. In (36),

W[A,, B;] for 1 <i<n are elementary WCRs
('." f is functional), i.e., B,={b;} =a single element set. Again, in (37),

a,€4, and f(a)=5b, for 1<i<k.
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Hence from (35),
wBl(f(al), (az), vee ,f(ak)) =wB|(bl’ bz, “eey bk) = bj,

where

b,€B,, b,eB, andsoon.
Hence 9,(@,)=(B,{5). Again, from (35),
f(wA l(a,, as,..., ak)) = wBl(bl, bz, cesy bk) = bj,

where

a,€A4,, a,€A, andsoon.

This is true even if a;, a,,... are replaced by other elements in A4,, 4,,..., ie.,

A (11,215 - -, 1)) = wp (f(@n1).f(@2), - .-, f(ar1))s
where a,, €A4,, a;; €EA,, and so on. But

f(an)=b,, f(ay)=b, andsoon.

To prove this, let
fay)#b,
=}, where i1,
ie.,
a, €4, in WA, B;].

But
ie., 4;n A, (violates definition of prime partition).

f(all)=bl’ f(02|)=b2, and so on.

f(wAl(all’aZIs .- 'xakl)) =w3|(b,,b2, ceoby)

=bj-
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Hence from (37) and the above expression, it follows that
9.(&)=(4,%,)

(ii) Let f[A4,B] be a morphic, functional relation;

n(H= 11 W[4, B]

i=1
and
& = (7, ),
where (W, W,,..., W)= W, for wEQ. From Theorem 13 and Note 7,
fis a non partial, onto function, f: 4—B.
By definition of a morphic, functional relation,
9,(&,) and 9,(&,) exist.
It is a simple matter to show that

34(€)=(4,%),

gB(@p) = (B’ QB)’

and (35) is true in this case, making f a morphism.

THEOREM 18. If R[A,B) is prime and each WCR in the prime partition has
equal constituents, then R is an equivalent relation, and vice versa.

Proof. We show that R[A, B] is reflexive, symmetric and transitive. Let

WP(R)= ﬁ VVi[AisBi],

=]
where 4, = B; for 1 <i <n. Consider a,b,c €A. Let a€ A;. Then

a€EB, (. A,=B)
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and
aRa ("." WA, B;]isa WCR).

Hence R[A, B] is reflexive.
Again, let

a€Ad; and aRb.
Then
be B, (. W[4, B]isa WCR in 7,(R)).
be A, and a€EB; (. A4,=B)
bRa (.” WJ]A,B]isa WCR).

Hence R{A, B] is symmetric.
Again, let

aRb, bRe¢ and a€A,.

bEB, and beA4,

(" W[A,,B]is a WCR and A4,= B,).

CEB"} (." W4, B]isa WCR)
aRc
Hence R{A,B] is transitive.

To prove the converse, we can assume R[A4,B] to be reflexive, symmetric
and transitive and 4 = B. A partition of 4 (and hence B) exists because R is an
equivalence relation.

Consider one class [a] of elements related to ¢ where €4 and a € B. Let
Ry[[a},[allC R[4, B] be a relation such that

Ri[[al.[a]]={(a.b): (aE[a]), (bE[a]), (aRD)).
Then R, is a WCR whose constituents are equal (trivially true).

R[A,B]=R|UR2U A URna
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where n is the number of elements in 4 (or B). Again,
RNR=0

(. each is 2 WCR and their constitutents are disjoint) for i/ and 1<, j <n.
R[4,B]= Il R=m,(R).

Here 7,(R) is prime and each WCR has equal constituents.

THEOREM 19. If R[A,B] is equivalent and morphic, then it is a congruence
relation, and vice versa.

Proof. Let

R[4,B]= ﬁ Wil 4, B]=m,(R)
i=1

and &,, 9,(&,) and $5(&,) exist. This follows from Theorem 18 and definition
of a morphic relation. Further,

A= B, for 1<i<n,

and $4(&,)=95(&,)

from Theorem 18 and the definition of an image algebra.

NOTE 8. [Implicit here is the definition that two algebras are equal, i.e.
$4(&,)=95(%,)

if A =B and the operations are identical for both.]
Let

& =(m,02),  9,(&,)=95(&,)=(4,2,)=(B, Q).

4

wl(Wl, Wz,..., Wk)=WI for wleﬂ
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and
wAl(a,,az,...,a,‘)=aj
for w, €Q,, a,E A}, a,E A4, and s0 on,
wg,(by,by,...,b)=Db;
for wy €Sy, b, € B,, b, € B, and so on. But
A=B, A,=B,,
and so on (".” R is an equivalence relation). Also
a;Rb,, a,Rb,,
and so on ("." W, W,,... are WCRs). Similarly,
a,€4;, b€EB, A;=B; and q;Rb,
Lastly
Q=03 and w, =wp,.
Hence,
a;Rb, for 1<i<k
= W (a1 a .., q4)=w(by,by,.... B).

This is the substitution property, and hence R[4, B] is a congruence relation.
Conversely, let R be a congruence relation on an algebra (4,%)), i.e.,

a;Rb; for 1<i<k

= wA(al,az,-..,ak)=wA(b1,b2,..-,bk) for W4 EQA.

From Theorem 18, R[A,A4] is prime and each WCR of the prime partition has
-equal constituents. Let

R[A,4}= 'ﬁl WA, 4;}=m,(R).
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To show that R[4, A} is morphic, we have to show that @, and 9, (&,) exist.
Let

&, =(7,,%)
be such that
(WL, Wy . W )=W, ifandonlyif w,(a,a;...,a)=a,
where
HEA,, a,€EA4,..., €4, well and w,EQ,.

@P is unique because of the following: if
Wy (byyby,....0)=b;,
where a,#b,, a,#b,,...,a;+b; and
aRb,, aRb,,..., a;Rb,
then

bl EAI, bZEA25"" bJEAj

¢’ 7,(R) is a prime partition). Hence again we get
(O(Wl, Wz,..., Wk)= W;-.
Also
9.(&)=(4,92,) (trivially true).

Hence R[A, A} is morphic.

DEerFINITION 15. Let (4,92,) be an algebra and R a congruence relation; then
the quotient algebra of R, ie. (4/R, ), is

o([a], [az),. . [a]) =[wa(ar a2 - ., 4))s

where

w, €82, and «weQ.
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THEOREM 20. The quotient algebra of a congruence relation R[A,A] is
isomorphic to the algebra of WCRs, &,(R).

Proof. All this theorem states is that the quotient set 4 /R can be replaced
by the set of WCRSs in the prime partition of R[A4,A4]. The proof is simple and
is left as an exercise for the reader.

THEOREM 21 (Morphic-congruence theorem).

(i) On two sets A and B, if a morphic relation R[A,B] exists, then two
congruence relations, C, on A and Cy on B, always exist such that the quotient
algebras are isomorphic to the algebra of WCRs.

(ii) On two sets A and B, if two congruence relations C, on A and Cgz on B
exist such that the quotient algebras are isomorphic, then a morphic relation
R[A, B] always exists.

Proof. (i) Let R[4, B] be a morphic relation, i.e.,
R[4,B]= ]I W[4, B)=m(R),
il
and
&, =(m,, %),
$4(&)=(4,8),
$5(&,)=(B,%p)

all exist. Also,

n
A= ][ 4
=]
and
n
B= 1] B,

(from the definition of a prime partition). Define C, as follows:
(aC,b) if and only if

(i)(1<i<n) (a€E4;) and (bE 4,).
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Similarly C; is given by
(aCgb) if and only if
(3i)(1<i<n) (a€B) and (bE B,).

A/Cy={A,4,...,4,)
and

B/Cy={B),B,,...,B,).

Let the quotient algebras be
(4/C4, ) and (B/Cp, )

such that

wl(Al,Az,.. "Ak)= [(A’A](a],az,.--,ak)],
where w; €Q,, w,, EQ, and a, E 4,, a,E 4,, and so on, and
wZ(Bl,Bz,.-.,Bk)= [sz(bl,bz,...,bk)],

where w, €8, wp, EQ and b, E B, b,EB,, and so on. The proof that &,
(A4/C4,Q) and (B/C4,Q,) are isomorphic follows easily from the above
definitions and is left as an exercise.

(i) Let C, and Cz be two congruence relations, and let (4/C,,Q,) and
(B/ Cg,82,) be two quotient algebras which are isomorphic, i.e.,

f([ai)[az)s- s [a]) = (fla]f]22)s - flaD),
where
f:4/C4oB/Cy (i a bijection),
W EQ,,
and

Wy Eﬂz.
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Then define R[4, B] as
R[4.8]= Il Wila)  fla]l=m(R),

and
@p =(m,,8),
where

(W, Wy, W)= Wjw(a][@]).- ... (@), ex(flar).f[ @) . fla])]

=W[[4).fla]]

for w€Q. The proof that R{A4, B] is morphic follows from the above defini-
tions and the definition of an image algebra, and is left as an exercise. Here the
image algebras are in fact the original algebras based on which the quotient
algebras were defined.

CONCLUSION

The theory developed in this paper has been applied to the dependency
structures in a relational data base which were originally studied by Codd [2,
3). When one tries to express functional dependencies and multivalued de-
pendencies in terms of WCRs, the more general contextual dependencies
follow in a natural way. (It is to be noted that contextual dependencies are the
same as Nicolas’s mutual dependencies. However the approaches taken by
Nicolas and us differ considerably. Our contextual dependencies only confirm
Nicolas’s conclusions). In Part III we have studied the family of prime
relations from a universal algebraic point of view. In particular we have
defined an algebra of WCRs. The types of operations on WCRs have been left
out and have been studied elsewhere [8]. One can conceive of several opera-
tions to manipulate WCRs. For example, in a canonical partition, the WCRs
are all elementary and we can think of the union, intersection, difference and
so on of WCRs belonging to two binary relations. Other operations can be
thought of if one considers the two canonical partitions in a binary relation—
namely, one in which all WCRs have a single element in the first constituent,
and the other in which they have a single element in the second constituent.
Now any intersection of two WCRs from these two partitions will always give
a single “tuple” of the binary relation or null. This could be thought of as the
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basis of conversion from a canonical partition to the trivial partition in which
every “tuple” is a WCR.

Lastly we note two interesting points. Firstly, in [14] the concept of a

DBTG set has been introduced. A DBTG set is nothing but a partition of
elementary WCRs. Secondly, in [15] Fagin has introduced the concept of a
boolean dependency. We note that any boolean dependency describes some
particular arrangement of elementary WCRs.
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